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ANNALES MATHEMATIQUES BLAISE PAscAL 9, 21-62 (2002)

Global-Local subadditive ergodic theorems
and application to homogenization in
elasticity

Christian Licht
Gérard Michaille

Abstract

We establish a global-local ergodic theorem about subadditive pro-
cesses which seems to be a flexible tool to identify some limit problems
in homogenization involving several small parameters. When the sub-
additive process is parametrized in a separable space, we show that
the convergence takes place in the variational sense of the epiconver-

gence (or I-convergence). Some applications are given in the setting
of nonlinear elasticity.

1 Introduction

The Ackoglu-Krengel subadditive ergodic theorem asserts, for a subaddi-
tive process A — Sy, the existence of a pointwise limit for the sequence
Sa,/meas (Ay) where (A,), is a family of cubes in R? whose size tends to
infinity. This result seems to be firstly used in the setting of the calculus
of variation by G. Dal Maso-L. Modica [10]. In this context, we would like
to generalize this theorem to sequences indexed by convex sets. Indeed, ho-
mogenization of nonconvex integral functionals with linear growth seems to
require this generalisation (see Y. Abddaimi-C. Licht-G. Michaille [2]). In
these applications, the limit density (or its regular part in a nonreflexive case)
appears to be the limit of a suitable subadditive process and it is of interest
to study, from a variational point of view, the “stability” of the limit with
respect to perturbations. This is the reason why we study the variational
property of the previous convergence when the process depends on a param-
eter in a metric space. On the other hand many mathematical modelings in
homogenization involve several small parameters and the limit problem, in
the sense of epiconvergence, depends on their relative behavior. The previous
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(global) subadditive theorem or the local and more generally the global-local
version, according to the various relative behaviors, seems to be an efficient
mathematical tool to identify the limit problem. Consequently, we study the
pointwise limit of S4, @, /meas (A,)r? when the “size ” p(A,) tends to infin-
ity and that of the cube @, tends to zero where S is defined on the product
By(R?) x By(RY) of bounded Borel sets of R? and RY.

The paper is organized as follows. In section 2, we investigate the in-
variant case : the subadditive set function is invariant when the set index is
translated in Z¢ in the global version, when the set index is translated in R?
in the local version. The result obtained in the global version is well known
when the indices are [0, n[¢. We give a complete proof of the generalization to
a suitable family of convex indices (4, ), through some arguments of Nguyen
Xuhan Xanh-H. Zessin [18] and various ideas explained in M.A. Ackoglu-U.
Krengel [3] and U. Krengel [11]. After giving the local theorem, we mix the
two versions to obtain a global-local subadditive theorem and a complete
description of the limit.

In view of some applications (see G. Bouchitté-I. Fonseca-L. Mascarenhas
[7]), we generalize, in section 3, the previous global result to the quasiperiodic
case.

Section 4 is devoted to the random case. The subadditive set function
takes its values in L}(Q, T, P) where (2,7, P) is a probability space and
the translation of the index in Z?¢ modifies the function through a group of
P-preserving transformations in the global version. When the family (Ag)n
is constituted of suitable intervals of R¢, we recover the Ackoglu-Krengel
ergodic theorem. Our generalisation is perhaps known (see for instance var-
ious remarks in U. Krengel [11], chapter 7) but we give an exhaustive proof
which is a natural extension of the proof of the invariant case and a complete
description of the limit in the nonergodic case. We recall without proof the
local version due to M.A. Ackoglu-U. Krengel [3] and we give a global-local
subadditive theorem.

In section 5, when the subbaditive process depends on a parameter vary-
ing through a separable metric space and when the set valued maps w

epi Sa(w,.) are random sets, where epi Ss(w,.) denotes the epigraph of
Sa(w,.), we establish, in the global case, a variational almost sure conver-
gence of previous sequences with respect to the parameter : the limit is
obtained in the sense of epiconvergence (also called I'-convergence). The
method consists in applying the previous results to the Baire approximate
of —84, /meas (A,) which is a superadditive process. The conclusion then
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follows thanks to a characterization of epiconvergence by the pointwise con-
vergence of the Baire approximate. We do not give the local or global-local
version which are easy adaptations of the previous method.

In the last section, we first recall some results about stochastic homoge-
nization of nonconvex integral functionals and particularly those with linear
growth, and give three applications. In the two first one, using Theorem
5.2 about almost sure epiconvergence of parametrized subadditive processes,
we establish the continuity of homogenized energy or homogenized density
energy with respect to some parameters. The last application concerns a
modeling of elastic adhesive bonded joints. At least three parameters ap-
pears : the stiffness of the adhesive, the thickness ¢ of the layer filled by
the adhesive and the size A of heterogenities. Using the global or the local
subadditive ergodic theorem, we give the limit problems corresponding to
the cases A << ecore <<\

2 The invariant case

2.1 The global theorem

In the sequel, By(R?) will denote the family of all the bounded Borel sets of
R¢, § the euclidean distance in R?. For every A in By(RY), |A| will denote
its Lebesgue measure and we define the positive number p(A) := sup{r >
0 : 3B,(z) C A} where B,(z) = {y € R%: §(z,y) <r}.

A sequence (By)nen Of sets of By(RY) is said to be regular, if there exists an
increasing sequence of intervals I, in Z¢ and a positive constant C indepen-
dent of n such that B, C I, and |I,| < C|B,|, Vn € N. This last inequality
will be used only in section 3.

A subadditive Z-invariant set function is amap, S : By(R%) — R, A >
S4, such that

(1) VA, B € Bb(Rd) with ANB = 0, Saup <S4+ Sg,
(i) VA € By(RY), Vz € Z%, S, 4 = Sa.

Theorem 2.1: Let S be a subadditive Z?-invariant set function such that
S
Y(S) = inf{ﬁ :I=[ab], a, b€ Z% Vi=1,...,d, a; < b; } > —o0,
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and which satisfies the following domination property : there exists a positive
constant C(S) < +oo such that |Sa| < C(S) for all Borel sets A included
in [0,1[¢. Let (An)nen be a regular sequence of Borel convez sets of By(R?)
satisfying ngrfw p(An) = +00. Then

San . S[Om[
nl—lgloo | An] meN*{ }=0S).

PROOF: The proof is divided in four steps. In what follows, [t] denotes the
integer part of the real t.

S
First step. We establish lim ——[(—)dl[i {M} This is a well known
n—+oc0 N mEN*
result but, for the sake of completeness, we give 1ts proof.

Let m < n be in N* and consider the following partition
[07 n[d: UzEmZdﬂ[O,n-—m]d(z + [07 m[d) u Rn,rn

where card(mZ?N[0,n —m]¢) = [2])? and R, is a finite union of Z* trans-
lated of [0,1[¢ with card(Z? N Ry m) = n® — [2]*m®. Thus, by subadditivity
and invariance
S 0,n[¢ n_,S ml[d m. ;. n
Lol < YRR 1 (1= (Y1) S

nd T\ iyt md

Letting n — 400, we obtain, for every m € N*

lim sup —-——8[0 ol S[O’m
natoo N T Tmd
thus
lim su M = liminf M — inf {S[O:m[d}
n—>+oop nd  motoo md meN* ¢ md 7’

S
Second step. We establish lim 2onl? 1(S).
n—+o00 nd

Fix I = [a,b], a, b € Z%, a; < b;, i = 1,...,n. By invariance, we may
assume a = 0. For m large enough, let us consider the partition

[0’ m[d= AI,m ) RI,m
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where Aj, is the subset of [0, m[? constituted of all the disjoint Z%-translated
of I included in [0,m[¢. Considering each component of b € Z¢, it is straight-
forward to check that

|_‘/_1._I_’."L| 1 IRI ,ml

~ — and

md || md ~0

S
when m tends to +o0o. Therefore, by the arguments of the first step lim 2loml o

S m—+o0 M -
so that lim 0.n
II I no+oo nd

verse inequality being obvious.

< 7v(S), which concludes this second step, the con-

Third step. We adopt the following notations. Let (A, ),en be a sequence of

convex sets of By(R?) such that 5111 p(An) = +o0o. For m < n, m € N*,
n (o o]

we set

An,m = Ulzemze - (z+[o,m[ch,.}(2 + [0, m[d)
An,m = U{zemZd : (2+[0,m[*)NAn#£0} (Z + [Oa m[d)
We will need the following lemma (see Nguyen-Zessin [18])

Lemma 2.2: If (An)nen is a sequence of convez sets of By(R?) with ligl p(4,) =
n—+00
+00, then

an Anm
A\ Al _
|Axl|
when n tends to +00.
Finally, let
- SA vy
I := limsu ==, 1, = liminf —""
n‘—)+00p |An m| n—++00 'An,ml

Sa, Sa,.
1:= limsu | = lim inf —=2
n——)—{—oop |A | n—+00 'Anl

Our aim, in this step, is to establish [ = [ := [.
The finitness of I,, follows from
Sa, .. < card{z € mZ® : (z+[0,m[?) C A,}
Anml — |4

nml

S[O,m[d
S[O,m[d

md
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The inclusion 4, ,, C A, implies, by subadditivity, invariance and domina-
tion

SAn |An ml + SAn\An,m
| An| — IAnmI |An| |4n|
IAnm‘ lAnm\An m|
< +C(8§)———0
|An,m| TRRRA VW
thus, by Lemma, 2.1 B
1<, (2.1)

With the same computation, the second inclusion A,, C A, m implies

I, <L (2.2)
Let € > 0 and m(¢) € N be such that, for every m > m(e)
S[O’m{d
md

For a fixed m > m(e) and for every I € By(RY), finite union of mZd-
translated of [0, m[¢, by subadditivity and invariance

v(S) <e.

ST = 81 — card{I NmZ*}Sjg e < 0. (2.3)

(Note that S™ is a non increasing subadditive mZd-invariant set function.)
For every subadditive set function ¥ defined on finite unions of mZ9-translated
of [0, m[? we define

v
(B = inf{lTIl :I=[a,b], a, bemZiVi=1,...,d, a; < b;}.

With this definition

Sio i
Y™(SE™) > (S) - [:nd[

According to the regularity of the sequence > (An)nen, there exists a sequence
of non decreasing intervals (I, ;u)nen Where T nm = Ulzemzd : (2+[0,m[d)nIn20}(2+
[0, m[?). Taking I = A, , in (2.3), we obtain

> (2.4)

Shm . Sio,m[e _ S%ln,m > Inm | Tn.m|
|Apm| — m [Anml — Tnml [Anml

m m Ijn,m
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thus

-m

Somld s om
*‘—dZ’Y (8™) (2.5)

I
(note that lim inf l;ﬂ > 1) so that [, > —oo.
n—+4o00 An,m

Taking I = A, ,, in (2.3) we obtain

7 Spomf¢

In — =235 <0, (2.6)

Consequently, from (2.6), (2.5) and (2.4)

Since (2.1), (2.2) give ) B
l-1<l,—-1,<e (2.7

we obtain the desired result letting ¢ — 0.

Sjo,m :
Last step. We identify I. By (2.1), (2.6) | — —[On;—d[d < 0 so that, according to
the second step I < y(S). On the other hand, from (2.5) and (2.4)

. S[O,m(d

l o

> (s
Sjo,mjd
> y(8)-5E

and we complete the proof after letting m — +o0. 0O

Remark: In the definition of subadditivity, assertion (i) can be replaced by :
VA, B € By(R?) with ANB = 0 and |0A| = |0B| = 0, Saup < Sa +
Sp. Indeed all the sets considered in the proof have a Lebesgue negligeable

boundary. This remark will be applyed in section 6 for the various processes
defined from infimum of integral functionals.

2.2 The local and global-local theorems

We denote by P(R?) the set of intervals of the form [a,b] in R? and we
consider a subadditive R%-invariant set function defined in P(RY), that is a
map S : P(R?) — R which satisfies
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S
i) VI,..., I, disjoints sets in P(R?) such that I = | JI; is in P(RY),

Sr < 25:81“

"::1

ii) VAe P(R?), Ve € R?, S;4 4 = Sa.

=1

For every zo in RY, let Q(xo) be the cube in P(RY) of size r centered

at zo. We have the following elementary local result (cf M.A. Ackoglu-U.
Krengel [3])

Theorem 2.3: Let S be a subadditive and R?-invariant set function defined
as above and satisfying

d:= sup{l—%—l : I € P(RY), |I]| #0} < +oo.
then S S
: Qr(zo) — — _I . q
ll_r)I(l)————rq S: sup{uI : I e P(R?), |I| #0}.

PROOF: For every € > 0 let I, be such that

S,
<> 5 —¢. 2.8
%] 28)

On the other hand, there exists r(e) > 0 such that for 0 < r < r(¢) there
exists I] in P(R?) included in I, a union of disjoint translates of Q,(zo) with

I = Ua;,- + Qr(z0), |\ I| < €|l

i=1

Subadditivity and invariance yield

St 5a.(20)

. 2.
[ = e (29)
But
Si, < §IT 6IIE\'IE|
IIEI |IE| IIEI
< Suis (2.10)
A '
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So.
Estimates (2.8), (2.9) and (2.10) implies ——=* - ) > 5 (64 1)e. Going to the

So S,
limit in 7 and € we obtain lim inf —2=% (I") > S. Obviously lim sup ——=21 2Qr(20) o )
r—0 r—0 r?

and the proof is complete. O

We now consider a subadditive set function & indexed by a product of
Borel sets. More precisely the map § : By(RY)xP(RI) — R, AXT — Says
is such that

i) for every I in P(R?), I C [0,1[%, A — Saxr is a subadditive Z?-
invariant set function satisfying all the hypothesis of section 2.1 and
Theorem 2.1 and where the constant in the domination property does
not depend on 1.

ii) for every A in By(R%), A C [0,1[¢, T — Sa,s is a subadditive RS-
invariant set function satisfying all the hypothesis of previous Theorem
2.2 and where the constant § does not depend on A.

Then as a corollary of Theorems 2.1 and 2.2 we obtain the following

global-local and local-global subadditive ergodic theorems in the determinis-
tic case

Theorem 2.4: Let S be a subadditive set function satisfying hypothesis i)

and ii) and (An)nen be a regular sequence of Borel conver sets of By(R9)
satisfying lim, 100 p(An) = +00. Then

. . Sa X Qr(x0) . SAxI
lim lim =220 — inf su Al #0, |I| £0
n—+o00 r—0 IAn|Tq AeP(zd)Iep(gq){|A| {II I |¢ ‘l?é }
= 8. S e Sment
and
e SAuxQn(zo) Saxr
lim lim —/——2 = gy nf Al#£0, |I|#0
r—0n—+oo IAnl'rq IEP(RQ)AEP(Zd){lAI iII l l# ‘ l';é }
= i D Somn e
Moreover if
. Saxr
inf  sup A”AOI O} = sup inf xL 14| #0, |I| £ 0
achiz o AL A ONT#OY = oup ol Tar 141 # 0 11# 0y
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. . .S
then, for every sequence (T, )nen Of positive reals tending to zero, lim —2rX%@m(z0)
n—too | Ap|rh
exists and is equal to this common value.
ProoF: We have s
AnXQrp q(zo) sup AnxI

Going to the limit on n and according to Theorem 2.1

SAxI

S
lim sup ZAnxQralz0) o Al [T

mf su
n—+00 IAn | Th p

On the other hand

lim S[O,m[-*:qum) _inf SAer,.q(zo) < SAnxQea@)
motoo  mird A |AlrE |An|rd

Going to the limit on n and according to Theorem 2.2

Sax S4nxQrp (z0)
f < f n rn \T0
sup g a (A |1| lim inf 14,2

and the proof is complete.

3 The almost periodic case.

With the notations of the previous section, we now consider an almost peri-
odic subadditive set function, that is a subadditive map S : B;(R¢) — R
satisfying : Vn > 0, 37, C R4, 3L, > 0 such that

(i) R?= T, + 1[0, Ln]d
(ii) |Stya — Sal < n|A] for all ¢ in T;,.
If moreover S satisfies the growth condition
(ii1) 3C > 0 such that S4 < C|A],

we have the following global theorem.

Theorem 3.1: For every cube A of the form [a, b[?, 111:1 IS—SA—I exists and is
s—+oo |8
Sjo,s
equal to lim 222
s—+o0 8
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PRrOOF: The proof is divided in two steps.

) . . Spse .
First step. The limit [ := lim —= exists.
§—+00 S

Let s be a fixed positive real, t > s intended to tend to 400, and consider
a net made of the (sz),czqs-translated of [0, s[%. Before to perturb this net by
a family (¢ )zezd t, € T;, we begin to disconnect its elements by a distance of
order L,. More precisely, we consider the family ((s + L n)Z+[0,5[%),cza. We
now perturb the corresponding net by [0, L,]? to obtain a family of disjoint
translated of [0, s[? by suitable elements of T;, as follows : for every (s+ L )%,
there exists t, € T, such that (s + L)z € ¢, + [0, L,]? and we consider the
family (¢, + [0, s[%),ez4, t2 € Ty, t; € (s + Ly)z — [0, L,]%. We finally have

[0,¢*= | (t- + [0, s[*) | Ny
ZGIst
where I; = {z € Z¢ : t, + [0,s[*C [0,¢[%}. An easy calculation gives
t
[s - 2Ln]d < card(I,;) < [g]d and the left bound gives | N, ;| < td—[s
By subadditivity and hypothesis (iii), we obtain

]dd

+2L,

t

Sour < D2 Seertoit + Ct — [ L,,]dsd)

ZEIs,t

and by (ii) and the right bound of card(Z;), we infer that

t

S[o,t[d < Card(Is,t)(S[o,s[d + 773d) + C(td - [s T+ oL ]dsd)
n

R
3+2L,,] s)-

IA

t
[;]“(S[O,s[d +nst) + C(t? - |

Dividing by t¢, we obtain

Sio.4/4 S.q.80.5¢
O < S 4 )+ 00 - |

S

Y e

Letting ¢ — 400, we deduce that

S Sio.s
limsup 22 < [‘” +n+C(1—(

t—+o00 td

d
+2L1’) )’
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and going to the limit on s we finally find that

: Sio ¢ Sio,sf¢
O - 1im inf 98
imeup =3 < imint <3+

and we end the proof of this step after letting n — 0.
Second step. Let A be a cube of the form b+ [0, a[?. By (i), there exists
7; € T, such that tb € 7 + [0, Ly]¢. Consequentely tA = 7 + Iy + [0, ta[¢
where I, ; € [0, L,]? and by (ii), we obtain
Sln,e+[0,ta[“ Sia Sl,,,g+[0,ta[d
) TS RA S (ta)d
The conclusion will follow if we prove

e ere o e Sty et[0,tald
1 Tloe+{0bal 12
im inf lim inf ) 2 l (3.12)

n—0 t—=4o00

. . S, 1+(0,tafd
lim sup lim sup ——=—
n—0 t—+o0 (ta)
Proof of (3.13). The cube l,; + [0,ta[? is a perturbation of [0,ta[? by an
element of [0, L,]%, so that, using again the perturbed net made of the family
(t, + [0, s[%) ez« considered in the first step, we infer as (3.11) that

<l (3.13)

Sl ¢++[0,ta[d ta—l—L,, dr S\d S[() s{d ta ds S\d
net0talt Y. T U 1— il
ottt o [0t Daga g0 S0t ) 4 o0 - [
where we have used | ¢ < card(I,;) < [t—a—tﬁ]d. Then (3.13) is
s+2L, ~ T s

easily obtained after letting ¢ — 400, s = +00 and n — 0.
Proof of (3.12). We have I, + [0, ta[*C [0,ta + Ly[* so that [0,ta+ L,[*=
Ly +[0,ta[*UN,; and by subadditivity Sjg oL@ < S, +{o,tait + C| Nyl with
| Ny sl = (ta+ Ly)? — (ta)?. Therefore
So,ta+Ly[¢ < S, 1+[0,tal? ta

(ta+ Ly)* —  (ta)? +C- (ta + L,,)d)'

S o
Letting t — +o0 and by the first step, we obtain, Vi > 0, ! < lim inf Ol +{0tal?

to+oo  (ta)d
which is (3.12). O

For an application of this result, consult G. Bouchitté-I Fonseca- L. Mas-
carenhas [7]. Similar results have already been obtained by the same argu-
ments in the framework of the homogenization of almost-periodic integral
functionals (see A. Braides [8]).
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4 The Stochastic case

4.1 The global Theorem

Let (Q2, 7, P) be a probability space and (7;),¢z+ be a group of P-preserving
transformations on (2, 7), that is

(i) 7, is T-measurable,
(ii) Po7,(E) = P(E), for every E in T and every z in Z¢,
(i) 7, 074 = Toqs, T, = 7,1, for every z and t in Z¢.

In addition, if every set E in 7 such that 7,(F) = E for every z € Z4 has
a probability equal to 0 or 1, (7;),cze is said to be ergodic. A sufficient

condition to ensure ergodicity of (7,),cz« is the following mizing condition :
for every E and F in T

lim P(r,ENF)= P(E)P(F)

|z]—=+00

which expresses an asymptotic independance. In the sequel, F (resp. F,,, m €

N*) will denote the o-algebra of invariant sets of 7 for (7;),cz4) (resp. for

(72)2emze, and EZ (resp. E*™) will denote the conditional expectation op-
erator with respect to F (resp. to F™).

A subadditive process for (7,),czs is a set function S : By(R?) —
LY(Q, T, P) such that

i) VA, B € By(R%) with ANB =0, Saup < S + Sp

ii) VA € By(R%), Vz € Z¢, S, 14 = Sa o 7, (covariance).
The following result generalizes Theorem 2.1 in a stochastic framework and
gives an explicit formula for the limit in the non ergodic case. For the study

of the speed of convergence in the ergodic case (more precisely in the in-
dependent case), we refer the reader to G. Michaille-J. Michel-L. Piccinini

(15]
Theorem 4.1: Let S be a subadditive process for (T,),cza such that
mf{/mdP I=1Ja,b], a, beZi Vi=1,...,d, a; < b; } > —o0,
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and which satisfies the following domination property : there exists f in
LY(Q, T, P) such that, for all Borel sets A included in [0,1[¢, |Ss| < f.

Let (An)nen be a regular sequence of convex Borel sets of Bb(Rd) satisfying
lim p(An) = +o00. Then almost surely

n—+00

oS4, w) . e Sompe
1 Al N : .
e A e B g (@)

Moreover, if (7,),cz4 is ergodic

Sa,(w)

. _ [Om[d
S S = i ostary =000,

PRrROOF: We acknowledge the result in the additive case (see for instance

Nguyen Xuan Xanh-H. Zessin [18] or U. Krengel [11]. In this case, almost
surely

Sa.(w) _ LF
o A E” Spaa(w)
and more generally, if the process is associated to a (7;),emze group where
m € N*, then, almost surely

lim SA"((JJ) — E]:m S[o,m[d

n—too | Ayl m?

(w)-

For every subadditive process ¥ for (7;),emze, m € N*, defined on finite
unions of mZ%-translated of [0, m[? we set

mf{/ |—I—|dP I=1a,b], a, bemZdVi=1,...,d, q < b}

The main ingredient of the proof is the following mazimal inequality (this is
an easy adaptation of U. Krengel [11], Theorem 2.6 and Corollary 2.7, p.205)
which allows us to estimate the probability of the event {w : I,(w)—1,,(w) >
a} corresponding to inequality (2.7) of section 2 :

Lemma 4.2:/mazimal inequality] let (I,)nen be a reqular sequence of inter-
vals with vertices in mZ?, with constant of regularity C, and S™ be a non
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positive subadditive process for a group (7;),emzé, m € N*. Then, for every
a > 0 the probability of the set

Sm
E, ={weN: inf T}(Tj) < —a}
satisfies

P(E,) < —2"Cﬁ§f—m).

First step. Let Iy, 1, L, and | be defined as in the proof of Lemma 2.1. We
establish that [ = [ almost surely. We will denote by [ this common value.
Like in section 2, the inclusion A4,,, C A, implies, by subadditivity and
domination

SAn < SA—n,m }—An,m I SA" \An,m

St Anml | 1
S Ln,m =N, + f o Tz
|4 ml 14n] | A4 2

zezdn(Z,.,,,.\Aﬂ,m)
where almost surely
lim i Z for,=0
novtoo |An| 2€240(An,m\A, )

(see Nguyen Xuan Xanh-H.Zessin [18], Corollary 4.10). Hence, almost surely

1<, (4.14)
Similarly, A, C A, implies, almost surely

L <L (4.15)

Let o > 0 be fixed. As {w: [(w)—l(w) > a} C Emg = {w: In(w) =1, (w) >
a}, it suffices to show that Ve > 0 and for m large enough

24¢

@

P(Em,a) S
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prov1ded that we have established for m large enough —oco < [,(w) <
lm(w) < +00 a.s., hence —00 < [(w) < l(w) < 400 as..
Let € > 0 and m(e) € N* be such that, for m > m(e)

S[Om[d
<
e ———dP —y(8)<e

(apply Theorem 2.1 to the Z%invariant and subadditive set function A
/ SadP).

Q
On the other hand, let Z,,, denote the family of finite unions of mZ?-translated
of [0,m[? and consider the additive process .A™ for the group (7;),emza de-

fined in Z,, by:
Ar[n = Z S[o’m[d O T,.

zeInmZd

Substracting this process from the restriction of S to Z,,,, we get a non positive
and non increasing process S™ for the group (7;),emze¢ defined on Z,,:

Smi=8— A" <O. (4.16)

By additivity and covariance
S[O m[d
™A™) = | —=~dP
yam) = [ ot

so that, for m > m(e)
YH(S8™) > —e. (4.17)

Moreover, according to the well known results related to additive processes
recalled at the begining of the proof, w almost surely

m ()
A‘nm
Bl e T
A%, )
T noiee Ayl
_ EfmSIOJZ{"’
m
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Taking successively (An,m)nen and (4, ,,)nen in (4.16) and going to the limit
on n, we obtain, as in (2.5), (2.6), w almost surely,

Sm
I (W) = Lyn(w) > inf ’__"‘(w_) (4.18)
n |In,m|
Im(w) = L(w) < 0. (4.19)

Inequality (4.18) implies
{w:l,—Ln < —a} CE,.

By (4.17) and the mazimal inequality (Lemma 4.1) _applyed to the process S™
for the group (7;).emz4, for m > m(e) (note that (I5m)nen is non decreasing
and therefore is a regular sequence of intervals with constant 1) we get

24¢

P{w:l, — Ly, <—-a})< - (4.20)

The almost sure inequality —oo < [, follows after letting o tend to +o00 and

lm < +o0 follows from (4.19). On the other hand (4.18) and (4.19) imply
Im(w) =1, (w) < —inf —2m -~

so that Ey o C E,. Therefore, by the mazimal inequality and (4.17), for
m > m(e)

P{we: [w) ~lw)2a}) < PUwER: ln(w) - ln(w) > a})
dm(Qm d
< _ZST) 2%
a
As € and « are arbitrary, the proof of this step is complete. Note that we
have also proved : I, =1, =1 a.s..

Second step. We prove that [ is almost surely invariant, that is Vz €
7%, l(w) = l(Tw) as..
From (4.19) and the invariance of L,, for (7;),cmz4, we have

{w: Urmw) —l(w) > a} = {w: UTmw) — Lin(Timew) + Lin(w) — l(w) > a}
C {w: Lp(w)—lw) > a}
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thus, for m > m(e), by (4.20),

P{w: Utpw) —l(w) >a}) < PH{{w: Lp(w)—Il(w) > a}

_ 2
a
which yields
UTmew) < l(w) a.s.. (4.21)
{From (4.21),
P{w: l(w) = l(w) >a}) = PHw: l(Tmw) — (Tm-1),w) > a}

< P{{w: Urmow) — l(w) > a}
<%

so that, going to the limit on ¢

l(rw) < lw) a.s

On the other hand, noticing that A, ,+2 C 4, ,,,,, where |2|; = max;—; 4|z,
we obtain

SAn,m(Tzw) > SAn m+|z(1( ) |An m+|z|1!
S v |

and finally, going to the limit on n,

7

nm+|z|1| |An ml

l(w > l(w) a.s. (4.22)
Collecting (4.21) and (4.22), the proof of the second step is complete

Last step. We identify I. Let us set for all m € N*, f,,(w) := EF(—=224 Om[dl).
ma
We first prove | < 1nf* fm. Indeed, by (4.1), (4.6), for every m € N*,

Spo,m
I<L,=E™ 2omi* and, by invariance of [ and with F C F,,,
md

l=E"l < E”'L,

Sjom
— EF(E.Fm n;‘d[ )
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On the other hand, by (4.15), Fatou ’s Lemma, (4.17), for every E € F and
m > m(e), up to a subsequence with respect to n

Sm
/ (1= Lp)dP > / lim —=~mdp
E

v

lim sup Inm g p
n—+400 E IImml
> Y™(SE™) > —e.

Thus
Fon ( Slomld

s
- / B (2l ap - ce
E

meN*

> / inf f, dP — Ce.
E

According to the previous inequality, letting e — 0

VE € F, /ldP=/ inf fm dP.
B E

meN

As léllfx . fm is F-measurable, we may conclude ! = E7 (infen« fm) = infrmens fim

a.s. which completes the proof. O

Remark: The remark of section 2 about subadditivity reamins valid in this
stochastic case.

4.2 The local and global-local theorems

With the notations of subsection 2.2, we consider a subadditive process for a
group of P-preserving transformations (7;)zcre on (2, 7) defined in P(R?).
More precisely, we consider a map S : P(R?) — LY(Q, 7, P) satisfying
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i) VI4,..., I, disjoints sets in P(R7) such that I = UIi is in P(R9),

s i=1
Sr < ZSI,»,
i=1

ii) VA € P(RY), Yz € RY, Sgp = Sp0 T

M.A. Ackoglu and U. Krengel have proved in [3] the following local the-
orem which generalizes Theorem 2.2

Theorem 4.3: Let S be a subadditive process for a group of P-preserving
transformations (T )zere and satisfying

d:= sup{/ ||II|l dP : I € P(R?), mes(I) # 0} < +oo0.

S,
then lim 2Qr(z0)

r—+00 T

We now consider a subadditive process S indexed by a product of Borel
sets. More precisely

exists almost surely.

S: Bb(Rd) x P(RY) — LY(Q,T, P)
with

i) for every I in P(RY), I C [0,1[9, A — Saxs is a subadditive process
for (7,),cz¢ satisfying all the hypothesis of section 4.1 and Theorem 4.1
and where the function f in the domination property does not depend
on I.

ii) for every A in By(R%), A C [0,1[¢, I — Saxs is a subadditive process
for (T;)zers satisfying all the hypothesis of previous Theorem 4.3 and
where the constant § does not depend on A.

Then as a corollary of Theorems 4.1 and 4.2 we obtain the following
global-local and local-global subadditive ergodic theorems, the proof of which
being an easy extension of the proof of Theorem 2.2.

Theorem 4.4: Let S be a subadditive process satisfying hypothesis i) and
i), (An)nen be a regular sequence of Borel convez sets of By(R?) satisfy-
ing lim, 0 p(Ar) = 400 and (rm)men be a sequence of positive numbers
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tending to zero. Then almost surely the two following limits exist :

. . SA X . . SA X
lim lim —SpXermi®o) Q"’;(“) and lim lim —S2i=rmlT0) Q’";(“)
n—+00 m—+00 |An | Tm m—+00 n—+00 |An | Tm

S
If these two limits are equal, lim SAnXQry (z0)

exists and is equal to this
n—+00 | An|r% 1

common value.

5 Parametric subadditive processes

In what follows, we assume that 7 is P-complete and that (7,),cz« is ergodic.
This section is concerned with the variational property of the almost sure
convergence studied in section 4, when the subadditive process depends on a
parameter which belongs to a separable metric space. For convenience and
in view to use some usual concepts of the calculus of variations, the process
S will be assumed to be superadditive that is —& is subadditive.
More precisely, (X, d) being a given separable metric space, we consider the
map

S: By(RY) x X — LYQ, T, P), (A4,z) — Sa(z,.)

satisfying hypotheses :

(i) for every x € X, A Su(z,.) is a superadditive process;
(ii) VA € By(R?), (z,w) = Sa(z,w) is B(X) ® T measurable;
(iii) VA € By(RY), Vw € Q, T+ S4(z,w) is lower semicontinuous (Isc).
(iv) 3a >0, 38 > 0, 3¢ € X such that VA € By(R%), Vz € X,

Sa(z,w) + (ad(z, z0) + B)|A| > 0.

In this context, under (i), (ii) and (iii) every set valued map w — epi Sy (., w),
where epi S4(.,w) denotes the epigraph of z — S4(z,w), is a random set and
with the terminology of R.T. Rockafellar [17] or H. Attouch-R J.B. Wets (5],
every map (z,w) — Sa(z,w) is a random Isc function.

We recall that for f, f,: X — R,

[ =epilimf, <= epilimsupf, < f < epiliminff,
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where

epilimsupfy(z) := suplimsup inf f,(y)
e>0 n—+oo YEB(z.€)

— s liminf i
epiliminf f,(z) sup lim inf yeg}g 9 fa(y),

B(z,¢) denoting the open ball of X with radius € and centered at x. We then
say that f, epiconverges to f. Let us also recall the following “variational
property” of epiconvergence (cf Attouch [4]):

Proposition 5.1: Assume that (f,) epiconverges to f and let z, € X be
such that
fa(zn) <inf{ fu(y):ye X } +€n,
assume furthermore that the set {z,, : n € N} is relatively compact, then
any cluster point © of z, is a minimizer of f and 1ir£ inf{ fo(y) :y€e X} =
n—-4-00
f(z).
For any g : X — R, and k € N*, we define the Baire approzimate of g
by
9*(z) == inf{g(y) + kd(,y)}.
yeX

If g is Isc in X, non identically equal to +oco and satisfies :
Ja >0, 38 > 0 Izo € X such that Vz € X, g(z) + ad(z,zo) + 8> 0

then g* is lipschitzian with Lipschitz constant k and g = sup gF.
keN*
Moreover, if the sequence (f,),en satisfies the above properties where the

constants «, # and z, do not depend on n, we have :

epiliminf f, = sup lim inf f¥
keN* n—+00

epilimsupf, = sup lim sup f,'f.
kEN* n—+oo
For more details see C. Hess [10]. For another approximation process see H.

Attouch-R J.B. Wets [5] and for a complete study of epiconvergence see H.
Attouch [4].

In these conditions we state in the theorem below that the almost sure
convergence in Theorem 4.1 is variational in the sense of epiconvergence.
When § is additive, we recover the law of large numbers for random lsc
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functions firstly established by H. Attouch-R.J.B. Wets [5]. For more details
and an upper bound of the tail probabilities of the law, we refer the reader
to G. Michaille-J. Michel-L. Piccinini [15].

Theorem 5.2: If S satisfies (i) — (iv) and —S satisfies the hypotheses of
Theorem 4.1 including ergodicity for each fizted x € X, we have w-almost
surely

Sa.

Si0.m[d
epzlzmn.HoolA (Lww) = sup {/Q——[:?[—(.,w)dP(w)}

nl meN*

= 8(,.))-

PROOF: z + ad(z,zo)+ 0 being a continuous perturbation of z I - l( w)
it suffices to prove our result for the non negative process A — Sy(z,.) +
(ad(z,z0) + B)|A| ( see H. Attouch [4] for stability properties of epiconver-
gence). We adopt the same notation for this new process.

First step. There exists ; € T, P(;) = 1 such that Vw €

Sa S[O,m[d
2w > sup { [ 02 w)ap))

It is easily seen that, for every fixed z, A — —infyex {Sa(y, .)+kd(z, y)|A|}
is a subadditive process satisfying all the hypothesis of Theorem 2.1 (the
measurability comes from the measurability of w — epi S4(.,w) , see H.
Attouch-R J.B Wets [5] or C. Hess [11] ). Therefore, D denoting a dense
countable subset of X, there exists ; € 7, P(Q;) = 1 such that Vw €
and Vz € D

ngxfm(l‘i*:l(.,w))k(x) — /Q (S—[:r’l-rd'ﬁ(.,w))k(x)dP(w)

> /Q(M(.,w))k(x)dp(w) Vm € N*.

mé

By equi-lipschitz property of the Baire approximations, the above inequality
is satisfyed for every (w,z) in €; X X. Going to the limit on k, we obtain
finally

S Sio,m
epiliminflff l( w) > sup { —[Ton—( w)dP(w)} Yw € Q;.
n meN*
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Second step. There exists Qy € T, P(Q2) = 1 such that Vw € Q,

S
epzlzmsuplA l( ,w) < sup { —%m—[d(.,w)dP(w)}.

For every e > 0, z € X,

. Sa Sa
inf —2(y,w) < —==(z,w).
YEB(z.¢) IAn|(y = I( )

According to Theorem 2.1, there exists Q, € 7, P(2;) = 1 such that Vw €
Q

. Sa Sio,mp
limsup inf y,w) < su / z,w)dP(w
n——)+oc1>j y€B(z.¢) IAn|( ) - melg* { Q md ( ) ( )}

We conclude by an argument used in H. Attouch-R J.B. Wets [5], lemma 2.5.
Indeed, let D be a dense countable subset of the epigraph of

®:z > sup { Som* (z,w)dP(w)},

meN* Q md

let IIx D its projection on X and set 2 := Ngem,p§2z. Taking the supremum
on ¢ in above inequality, we deduce that Vw e Do, {(z,7) €D : ®(z) <r}is

a subset of the epigraph of z — epilimsup——(z,w) which is closed. Taking

IAI

closures of both sides yields the desired result. O

6 Some applications to Homogenization

Let us first recall the probabilistic setting related to general stochastic ho-
mogenization. Let M™*" be the space of m x N matrices. We now consider a
probability space (2, 7, P) and the set G of all functions g from R x M™*N
into R, measurable with respect to the first variable, and such that there ex-
ists three positive constant «, # and L with, for every a, b in M™¥" and
z a.e. in R?

aflalf — 1) < g(z,a) < B(1+ |al?)

l9(z,a) - g(2,b)] < L(1+ al”™" + [b]"")|a — b] (6.23)
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where 1 < p < +00. We equip G with the trace o-field ¢(G) of the product
o-field of RR“*M™M and define the group of transformation (T2)zeze in G,
by 7:9(z,a) = g(z + 2, a).

We finally consider a map f from Q x R x M™*¥ into R, which is
T ® B(R*) ® B(M™*%) measurable and such that, for every w in Q, f(w, ., )
belongs to G. In the sequel, to shorten the notations, f will also denote the
partial map w — f(w,.,.) from € into G.

It is clear that the maps 7, f from Q into G are (7', 0(G)) measurable. The
process f is said to be stationary if, for every z in Z¢, Po f~! = Po(7,f)"},
and is said to be ergodic if Po f~'(E) € {0,1} for every E in ¢(G) such that,
7.(E) = E for every z in Z4.

The two following sufficient conditions ensure the stationarity and ergodicity
of f (see G. Dal Maso-L.Modica [14])

(ST) If, for all finite families (z;, a;);e; of RY x M™*N the random vectors

(f(-,i,0:))ier and (f(.,Z; + 2, a;))ier have the same law for every z in
Z¢, then f is stationary.

(ER) I, for all finite families (z;, a;, r;)icr and (y;, b;, sj)jes of REX M™*N xR,
TN P([f( i+ 2,a) > ri] O [£(,95,b5) > s5))
= P([f (2, @) > ml) P([f (., 95, b)) > s5])

then f is ergodic.

In the context of integral functionals and when d = N, applying Theorem
4.1 to the following subadditive process

0
Sa(g,a) := inf{ﬁ g(z,a+ Vu)dz : ue€ WyP(A,RN)}
A

defined in the probability space (G, Q(G)P o f~') image of (Q, 7, P) by a
given stationary process f, we obtain

i M — inf Ej:S[O,m[d(f(')va)
: _ 2OmEAJ R/ )
notoo | LAl meN- md

(w)

where E¥ denotes the conditional expectation operator with respect to the
o-field of all the events E € T satisfying 7,f(E) = f(E), Vz € Z¢. This
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limit is the density (or its regular part when p = 1) of the almost sure limit
in the sense of epiconvergence for the strong topology of LP(O,R™) of the
following sequence indexed by ¢, and defined in L?(O, R™)

£ 3 1,p m
an(w’u):{/;f(w,gn,Vu) dz if u e W?(O,R™)
+00 otherwise

when ¢,, tends to zero.

More details can be found in G. Dal Maso-L. Modica [14] when p > 1,
f ergodic, f(w,z,.) convex and in Y. Abddaimi-C. Licht-G. Michaille [2]
when p = 1 and f is assumed to be stationary only. It is precisely about
this last extension that some encountered technical difficulties ([2], pp. 195-
199) motivate us to generalize subadditive theorems to sequences indexed by

convex sets. We now give two new applications respectively using Theorem
5, 4.1 and 2.2.

6.1 Application to optimization of integral functionals
in stochastic homogenization
Let (X, d) be a separable metric space. According to the probabilistic setting

stated above, we consider a map f from X x Q x R? x M™*? into R which is

B(X)® T ® B(R?Y) ® B(M™*4) measurable and which fullfils, for every fixed
6 in X conditions (i) and (ii) below.

(i) ww f(f,w,.,.) is a stationary and ergodic process.

Let now 1 < p < +00, a be a fixed matrix in M™*¢ and b a fixed element
of R™. For every § € X, w € Q and every open bounded subset A of R¢,
we define the functional F?(.,w, A) in LP(A,R™) equipped with its strong
topology, by

FO(u,w, A) = { /;f(O,w,x,Vu) drifuel, + WOI"”(A, R™)
400 otherwise

where [, is the function defined by l,(z) = a.z + b. We assume

(i) if 6, — 6 in (X, d), the sequence (F%(.,w, A))nen epiconverges w-a.s.
to the lower semicontinuous envelope F¥(.,w, A) of FY(.,w, A).
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Condition (ii) is satisfyed for instance if (F*(.,w, A))nen is non increas-
ing. Note also, that when p > 1, Fé(.,w, A) = F(.,w, A).
We now define the random infimum

I (w,0) = inf{/ f(6,w, E,Vu) dz:u €l + WHP(O,R™)}
o
where O is a given open bounded subset of R¢. Note that

inf  F(u,w, l(9)
u€LP(O,R™) €

I (w,0) = meas(O) meas(10)

We finally define the process
S:By(RY) x X —» L}, T, P)
by
0
Sa(0,w)= inf F(u,w, A).
weLP (A R™)
Then, according to conditions fulfiled by the process w — f(f,w,.,.), and to

hypotheses (i), (ii), S is a parametrized subadditive process. Thanks to (ii),
we actually have continuity of § +— S4(6,w). Applying Theorem 5.2, we de-

. . S oy
duce that w a.s., —I(w, .) epiconverges to —I = —meas(O) inf, N~ El';‘[‘f(—;—)

Therefore, if the set {f.(w) : € > 0} of e-minimizers of I.(w,.) is relatively
compact in X, we have

lim I (w, 8) = sup I(0).
limyI.(«,0) = sup 1(9)

So, roughly speaking, for maximizing the random energy I.(w, .) with respect
to a (physical) parameter 6, it suffices, for the small values of €, to maximize
the deterministic homogenized energy I.

6.2 Application to the continuity of an homogenized
density with respect to a geometrical parameter

Let us onsider D; CCJ0,1[%, ¢ = 1,2 and A = {D,, D;} equipped with
the probability presence p; and p, of D; and D;. We set Q@ = AZ*, define
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the classical Bernoulli product probability space (2,7, P) and the random
chessboard D(w) = U,¢z2(w, + 2} in R2.

Let now f : R* — R be a given function satisfying the growth conditions
6.23 and a, b two numbers in R. We denote by Z(R?) the set of all the inter-

vals of R? of the form [a, [, a, b € Z2 and define a parametrized subadditive
process

S : Z(R?) x [0,80] — L}(Q, T, P)
by

: 1 :
Sa(d,w) = 1nf{/A f(Dv) dzx : m_eM//;v dr =a, v=>bin AN Ds(w)}
where Ds(w) = U,ezz(hsw, + 2), hsw, = {z € w, : d(z,R?\ w,) > 6}. It

is easily seen that this process satisfies all conditions of Theorem 5.2. We
would like to establish the continuity at 6 = 0 of the almost sure limit

Sjo,n
L) = lim 2225 ).

n—+00 N
We proceed as follows : w a.s.
lim lim M((5 w) = sup lim Stontt ——(0,w)
§—0n—400 2 ’

5€[0,00] n—+00 ’n,2

S
= lim sup 22 —5—(6,w)
n—+400 56[0,50] n

= L(0)

where we have used Theorem 5, for processes restricted to Z(R?), in the
second equality. In the deterministic case, the limit L(0) forms part of the
definition of a non local homogenized problem studyed in M. Bellieud-G.
Bouchitté [6]. In our case, above result is an essential tool for describing this
problem in a probabilistic setting.

6.3 Application to a modeling of elastic adhesive bonded
joints

Here, we extend or give more direct proofs of some results of [12], [13] to
where we refer for a detailled presentation of the problem (see also [1]). This
problems devoted to the modelling of elastic adhesive bonded joints.
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Let O be a domain with lipschitz boundary in R® whose intersection S
with the plane z3 = 0 is assumed to have a positive two dimensional Hausdorff
measure H>(S). In the sequel z = (Z, z3) denotes a current point of R3. If ¢ is
a small positive parameter intended to tend to zero, B, := {z € O : +z3 < ¢}
(respectively O, := O\ B.) denotes the interior of the part of the reference
configuration filled by the adhesive (respectively by the adherents). The
adhesive and the adherents are assumed to be perfectly stuck together along
St :={z € O: %3 = ¢}. They are modeled as hyperelastic. The small
positive parameters . and A are associated respectively with the low stiffness
and the size of heterogenities of the adhesive. We will denote by s the 3-uplet
(i, €, ), and s tends to zero means that there exists a sequence ((tn,€n, An))n
going to (0,0,0). Moreover, we assume that lim,_,o £ = I with I € [0, 400[.
The stored strain energy associated with a displacement field v is then given
by the following functional where w denotes a random parameter

Fi(w)(v) = / h(z, Vo(z))dz + / b(w)(-’;,Vv(z))dz.

The structure made of the elastic bodies and the adhesive is clamped on
a part [y of 00 with H3(Ig) > 0, and is subjected to applied body forces f
and applied surface forces g on I'y := O \ I'y. We shall make precisely the
following assumptions on the exterior loading and Bk :

(H) (f,9) € L*(O,R3) x L*(T';,R®) and there exists ¢ > 0 such that for
all e < eg, Be = S x (—¢,+¢€) and (supp(f)UT;) N B = 0.

If we define L by

L(v) = /O f(@)0(z) dz + /F 9(2)v(z)da,

equilibrium configurations of the structure are given by the displacement
fields @,, solutions of the problem

min{F,(v) — L(v)}
where the minimum is taken over the space
V ={ve W"(O,R3) :v =0 on Iy}.
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We study the behavior of %, when s tends to zero. Due to the small stiff-
ness in the layer B, the limit displacement field @, can at the limit develop
discontinuities along S to which B, shrinks, and converges in L2(©, R3) to a
solution of the limit problem :

min{/o Oh(z,Vu(z))dz +1 /S(b°°'2)h°m([v](x) ® e3) dH, — L(v)}

Oh is the quasiconvex envelope of h, (b°2)h™ is the density of the surface
energy defined below and [v] is the jump of the displacement field v through
S. Actually, arguing as in [13], it suffices to exhibit the almost sure epilimit
of F.

The limit problem describes the equilibrium of deformable bodies filling
the closure of O* = O N {+z;3 > 0} as reference configurations, made of hy-
perelastic materials with energy density Qh, subjected to the loading (f, g),
clamped on I'y and constrained along S to which B, shrinks.

The density b is assumed to be a stationary and ergodic process, that is
satisfies (ST) and (ER) with d = 2 and m = N = 3, with, more precisely,
value in the class F of bulk energy densities satisfying the two uniform con-
ditions

3,8, C € R* such that & a.e. in R%and V(Q, Q') € M3*3 x M3x3
(Hz) { alQP <b(z,Q) < B(1+|QP)
16(z,Q) - b(z,Q") < C|Q - Q'|(1 + |Q| + Q')

and the following behavior at infinity

(H3) There exist b°%, C', 0 < m < 2 such that Q@ > b°%(%, Q) is positively
homogeneous of degree 2 and

[5°%(Z,Q) — b(%,Q)| < C'(1 +|Q|*™) V(&,Q) € R? x M>3.

It is easily seen that the process w — b°? also satisfies (ST) and (ER).
Moreover we assume that the deterministic density h satisfies (Hs). In the
sequel, to shorten notations, we omit the random variable w. In order to

work in a fixed space, we extend F; by +oo in L?(O,R3)\ V and we define
the limit energy by

F(v) = {/OQh(x,Vv(x))dm + I/S(bOO,Z)hmn([v](.’L‘) ® e3) dH, if v € V]

400 if not,
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where
Vii={ve L*(O,R?) : ve WO\ S,R3),v=0o0n Lo}

and where (b°2)h™ is defined in Theorems 6.1, 6.4 below and depends on
the relative behavior of A and e.

The limit problem is defined in term of epiconvergence in the space
L?*(O,R3) equipped with its strong topology. More precisely we want to
prove that, almost surely, F' = epilim,_,q F§, that is, the sequence of random
functions (Fy), fulfils the two following conditions for every w in a set €’ of
full probability and every u in L?(O,R3) :

(Ey1) for every u, converging to u F'(u) < liminf,_, F,(u,),

(E2) there exists v, in L?(O,R3) converging to u in L2(O,R?) such that
F(u) > limsup,_,q Fs(us).

In [12], [13], the cases 151(1)% €]0, +o0] were studied. We give a new and
L]
. €
more direct proof for the case h_r)% Y= +o0o and we complete the study to
8

€
the case lim — = 0.
s—0 \

. €
6.1.1 Case A << € (ll_l)l(l)x = 400).

Theorem 6.1: Almost surely F; epi-converges to F' where for every Q in
M3x3

1
(67%)*™(a) := inf - [ inf{ / (5, Q+Ve(y))dy : o € Wy (kY,R?)} dP.
Q kY

ProoF: The proof is divided in three steps.

First step. We prove the lower bound (F;) for regular elements u of
V), that is for every element of the space V[ ) of all the functions u whose
restrictions u% to O are the restrictions to O* of C®(0, R?) — functions.

It suffices to assume lim ~inf Fy(us) < 4+00. Therefore, for a subsequence
not relabelled, the bounded Borel measure

z

Vs := Xo.h( Vs) dz + ux.b(5, Vus) dz
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tends weakly to a bounded Borel measure v. Our method consists in an-
alyzing the limit measure v. More precisely, if v = v* 4 v*™9 where v° is
absolutely continuous with respect to the Lebesgue measure on O and %9
is the singular part of v, we prove

u® > Qh(.,Vu) dx
“sing >1 (boo,Z)hom oo([u] ® 63)H2 I.S

For proving the first inequality, by the differentiation of measures, it
suffices to establish for almost all zg in O

. v(B,(%0))

lim ——2—2 >

1 meas( B, (ao)) = @0 V(o)

where B,(zo) denotes the open ball of R? with radius p and centered at z.
Let zo be fixed in O\ S and p < d(zo,S). According to the Alexandrov
theorem, for p €]0, d(zo, S)[\/N where N is a countable set

v(Bo(a))  _ iy Vs(Bo(o))
p—0meas(B,(z0)) ;l»l—r{tll ll—lgtl) meas(B,(zo))
= limlim - h(z,Vus) dz.

p—035-0 meas(B,(20)) J g, (z0)

But by coercivity of the quasiconvexification Qh and by weak lower semicon-

tinuity of the integral functional v +— Qh(z, Vv) dz in Wh2(B,(zo), R?),
B,(z0)
we have ’
lim h(z,Vus) dz > / Oh(z,Vu) dz.
570 By (o) By (o)
Therefore

) v(B,(%o))
%m = 50 meas(B,(20)) Ji, (@0)
Qh(z0, Vu(zo))

Oh(z,Vu) dz

for almost all 2 in O. ‘
We now prove the lower bound for x*™9. Denoting by C,(zo) the cylinder
S,(zo)x]—p, p| where S,(xo) is the open ball of R? with radius p and centered
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at zo on S, it suffices to establish for H, almost all z¢ in S

: V(CP(IO)) 00,2Yhom oo
lim (S,(z0) > (b%%)"™ *([u](20) ® e3)

As in the proof of the first bound

v(Cyp(0)) — lim Vs(Cp(zo))
Hy(Sy(0)) s=0 Hy(S,(z0))

. 7] I
= llm—————/ b(—, Vu,) dz. 6.24
IS, (w0)) Js,ipgoen A ) (629)

Thanks to (H;), the elements u of V or V[| can be extended by zero
in R?x] — ¢, +¢[. We will use the same notation u for such an extension.
With regard to the strain energy of the adhesive, the smoothing operator
u € V{1 = Reu € V defined by

u(Z, |z3|) — w(Z, —|z3| u(Z, |z3]) + u(z, —|z3]) .
Reu(z):z{ CAEN) Dy ) 4 M) )
u(z) if not
where U, (z) := sign(z3) min('”‘s—“l, 1), allows us to replace Vu, by
1 - .
2_8(1‘(3”1 |z3]) — u(Z, —|z3])) ® e3 + V(us — R.u)
and finally by .
—2—6[u](a:0) ® ez + V(us — Reu)
Indeed by the lipschitz property of b
T 7 z
lim 11m———~——/ b(=, Vu,) dz 6.25
P35 F(S,@0) Jsputeet N * ) (625)
N u T
= limlim ——— b(—,VR.u + V(u;, — R.u)) d
p—05—0 H2(Sp($0)) Sp(zo)x]—eel (’\ ( )) *
T © z 1
= limlim —2% b, — - .
p0 50 Hy(S,(0)) Sp(o)x]—e | (3 gelul(z) ® s+ V(u, = Rew)) de

But by a De Giorgi trick (see L. Modica-G. Dal Maso [14] and C. Licht-
G. Michaille [12], [13]), one can modify v, := u; — R.u in the boundary
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of Sy(z0)x] — €,¢[ by a function w, € Wy*(Sp(ee) X] — t(€), t(€)[, R3) where
IimﬂeEZ =1 so that

.. I
limlim ——— / b
p—=05-0 Hy(S,(z0)) Sp(zo)x]—t(e) t(e)]
X

. . 7 71
2 hmsuphmsup—*—/ b ul(20) ® 3 + Vuw,) da.
0 50 Ha(Sy(z0)) Spegy XM ()‘ 26[ (z0) ® €3 )

Recalling (6.24), (6.25), (6.26), according to (H3), and after a change of scale,
we obtain

AED)

=0 Hy(S,(20))

; 2—16[’“](150) Qes+ Vu,) dz  (6.26)

—~~~
> &

. . 7
> limsuplimsup ————
p20 50 Ha(S,(20)) Js,(zeyxi—t(e)t(e)]

1
> llimsuplimsup meas(Ay) inf{/ b7%(Z, [u](z0) ® €3 + V) dz :
S As

r 1
b(;, ?[u](zo) ® ez + Vw;) dz

p—0 s—0
€ W*(4,, RY)}
where A, = 1S5,(zo)x] — %2, X[ By (H,), (H;), (ST) and (ER), the
subadditive process

0
A Sy = 1nf{/ b°%(Z, [u)(z0) ® €3 + Vo) dz : ¢ € W2 (A, R?)}.

satisfies all the conditions of the global Theorem 4.1. Thus we finally obtain

tim (Ce(20))
=0 H(S)(20))

for every w € ' with P(QY') = 1.

> l(boo,2)hom({u](x0) ® 63)

Second step. We prove (FE,) for every u € V[ ], that is : there exists v,
converging to u in L*(O, R®) such that F(u) > limsup,_,q Fs(us).

Let (Si)ier(n be a family of disjoint cubes in R? with size 1 such that
Hy(S\ |J Si) =0. We have

i€l (n)
! / (62)vom () (z) ® e3) dH,

= lim > LH,(S;) (62) ™ ([u](a:) ® es) (6.27)
tel(n)
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where a; € S;. Let us consider us; an e-minimizer of

Sisptasl = inf{ b°2(%, [u](a;) ® e3 + V)dz
lS'X]"‘:"‘)‘[
12lg 1€ L€ ps
6 € Wi (5Six] - 5, +5LRY) }
and set

uspn(2) = Reu(z) + z —2)‘—81;3,(;)

i€l(n)
Wthh defines an element of W'?(O,R®) if we extend u,; by zero in R®\
/\S x] -
1€ I(n )

:\—[ According to the global subadditive Theorem 4.1, for every

LH,(S;)(6°%)"™([u)(a:) ® e3)
o ﬂHZ(Si)i/ 00,2
- £1—1>%25H2(§Si)25 %S,-x]——+ [b (& ul(a) @ ea + Vus,) do

_ 1 2 00,2__ . ] £
= tmue [ - ( ,[u1<az)®e3+(ws,,)(A)> da

= limpu

z
s—0 Six]—e el b()\ % [u](al) ® ez + — (Vusz)(:\-)) dzx

= limpy b(E

, Vg ) dz + o(n).
s—0 S,-X]—E,+E[ A o ( )

Summing over 7 and going to the limit on 7, we obtain by (6.27)

00,2\ hom U e 5 = lim lim p I_i-
’/s(” Yoo (u)(z) @ e5) dH, = lim i B

0 ) s,n .
n $ ’0 Six]—e,+e[ A

By a diagonalization argument, there exists a map s — n(s) such that

s—0

[ @) ful(z) @ eo) iy = limy g [ v da
S Six]—e,+e] A

where us := u;y(;). Moreover using the Poincaré inequality, it can be easily
proved (see [1]) that u, strongly tends to u in L?(O, R?®) when s tend to zero.
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Thus

G(u) := inf{limsup Fy(v,) : vy — u in L*(O,R3) }

s—0

< l/s(b°°’2)h°’"([u](x) ® e3) dHs + /(;h(x,Vu) dx

(note that u; = u in O,). Taking the lower semicontinuous envelope denoted

by cly_w12(0\s,r3) of the two members with respect to the weak topology of
W20\ S,R?), we obtain

clywrago\sx Clu) < 1 / (5%°2)Rm ([u] @ e3) dH, + / Qh(z, Vu) dz
S o

where we have used the compact embedding of W12(0\ S, R?) into L?(S, R?)
for the first term of the right hand side and the integral representation (see
for instance Dacorogna [9]) of the quasiconvex envelope of the second term.

But (see Attouch [4] for the first equality)
G = CIL2(O,R3)G S dw—-er'A’(O\S,R3)G

so that
G(u) < l/s(b°°’2)h°'"([u] ® e3) dH, + /OQh(x,Vu) dz

and we conclude the proof after noticing that the infimum in the definition
of G is attained.

Thard step. If u is not smooth, for (E;) we approximate u by us strongly
in WH*(O,R?) and consider us,, = us — R.u + Reus and conclude as in [13].

For (Es), we reason by density and a diagonalization argument. O

Remark: 1t is straightforward to establish (cf [13]) (5°2)tm(Q) = (bhom)>2(Q)
where, for every Q € M?3*x3,

Pom(@) = lim - inf] /k U@, Vo)) dz: o € Qo+ Wi (Y, RY)}.

ka+oo kN
This new expression of (6°+2)h™ is conform to physical intuition : since \ is

lower than €, we begin to homogenize the layer, then we let the thickness of
the layer tends to zero.
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Remark: In the non ergodic case, according to Theorem 4.1, we obtain the
following expression of the density of the surface energy :

(8°%)"*™(a) = inf FE’C inf{ / b°2(§,Q+Ve(y))dy : ¢ € Wy (kY, R%)).

6.1.2 Case ¢ << X (limy,400 & = 0). We assume that b(.,Q) is Z*-

periodic and that b*(Z, .) is convex. Let ¥ =]0, 1[2, we denote by Wpar oY x]—

r, [, R?) the space of the elements of the Sobolev space W12(Y x] —r, [, R3)
with null trace on the faces ¥ x {—r}, ¥ x {r} and with equal traces on the
opposite faces of ¥ x| — r, r[.

Theorem 6.2: Under above hypothesis, F; epi-converges to F where, for
every Q in M3*3,

(™) ™(Q)
= lim inf{— ! Y2 (%,Q+ Vo) dr:pe W;,’ezr,o(f/x] —r,7[,R?*)}

r—=0 T J¥ x]—rr|

- / b2, Q) dz.
Y

PROOF: First step. We prove (E,) for every u € V[ ] by the strategy of the
previous case. With the same notations, the bounded Borel measure

X
vs := xo.h(., Vus) dz + uxBeb(X,

tends weakly to a bounded Borel measure v and we will prove

Vus) dz

v® > Qh(.,Vu) dzx
Vsing Z l (boo,2)hom oo([u] ® 63)H2 [S

The first inequality is already proved in Theorem 6.2. For the second, we
have also

v(Cp(x0))
I (S, (20)) (6.28)

57



C. LicHT, G. MICHAILLE

oo I
> limlimsup ————< / b
p=0 550 Ha(Sp(20)) Js,(z0)x]—t(e) t(e)

1
> [limlim sup moas(A)) inf{/ b°%(Z, [u)(z0) ® €3 + Vi) dz
$ A,

1
, ig[u](wo) ® ez + V) dz

> 8

=0 s 4,0 1INeas

pEe Wol’z(Asa R3)}

where A, := %S,sp(xo)x] — t—(fl, ﬂ/\ﬂ[ but here ?—()%)— tends to zero. Let us set
for any Borel bounded subset A of R? and any bounded interval I of R :

0 o
Si, g =inf{ [ ,%(Z,[ul(z0) ®es+ Vo) dz:p € Wll)’e2r,o(f4 x I,R)}.
AxI

By subadditivity and Z?-invariance of A — S;,; and by the growth condi-
tion, it is easy to obtain from (6.28)

. V(Cy(z0)) . Sk(s)f/x]_@,f_(ﬂ[
lim ——2222 > limsu X
p=0 Hy(Sp(z0)) ~ 50 P Hy(k(s)Y) 249

(6.29)
where k(s) = [§] + 1. Let us set for every A € P(Z?) and every I € P(R)

0 o
Sﬁxl = lnf{ % ?boo,2(.’l~3, [U](Jfﬂ) ® ez + VQO) dr:p€ Wpl)’gr,o(A x T, R3)}
x

By convexity of b°+2(%,.) and the subdifferential inequality, it is straightfor-
ward to show (see S. Miiller [16])

# S#
MO e e w WIIR £ ke wite
Hy(k(s)Y) 249 24

The conclusion follows from (6.29) by applying the local Theorem 2.2 to the
subadditive set function I — Sﬁx r

Second step. To prove (E.) we also reproduce the outline of the proof of
the previous case A << e. With the same notations, let u,; be a minimizer
of the problem

A -
inf{= [ b, [u](a:) ® es + V) da = € Wiy o(¥ x]— =, <[, R?)}
2e Yx]-£,5] ? A
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and set \
T
usn(z) := Reu(z) + Z %Us,i(x)
i€l(n)
which defines an element of Wh2(O, R?) if we extend u,; by Y-periodicity
with respect to the variable Z and by zero with respect to the variable zs3.
Taking into account the periodicity assumption and the inclusion S -
k(s)Y + 2z where k(s) = [% 5]+ 1 and z; € Z?,

(6>%)P™ ([u] (a:) ® e3)

A
= lim — b°°’2 x i v si) d
302 Jyug_c.s (& [(e) @ €5 + V) do
> limsup ;i/ b%(Z, [u](a;) ® e3 + Vug;) dz
T 50 H2(§Si)25 Llg;x]-£,¢ ’ ' "

A

thus

LH,(S3) (6°%)"™ ([u] (@) ® es)
> lu?_%xp ;e 112((2,))2% /s.x]—— . b°%(Z, [ul(a;) ® e3 + Vu,;) dz.

The end of the proof is then identical to that of the previous case.

Third step. In the case when u is not smooth, we reason by a density and
a diagonalization argument.

Last step. It remains to establish

1 -
11_1}1(1) 1nf{ b%(%,Q + V) dr:p € Wll)’gr,O(Yx] —r,r[,R3)}
r ¥ x]—r,r|

[ b>%(z, Q) di.
Y

A change of scale gives

inf {

b%(Z,Q + V) dz : ¢ € Wpero(Y x] — r,7[, R?)}
2r ¥ x]—rr|

. - = 1
= lnf{ boo’z(.’L‘, Q + V(P + _63(p) d.'l; N (p E per O(YX]O 1[ R3)}
¥'x]0,1{ r
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where Vo and O5p denote respectively the two matrix valued functions
(2=, 3=¢,0) and (0,0, Z¢). Let us set for every p in Wper o(Y 10, 1[, R?)

- ~ 1
2,(p) = / B2z, Q + Vo + Lop) da,
¥x]0,1[ r

B(p) = /Y 6°2(%,Q) di + Tp—oy(0)

where Ij,—o; denotes the indicator function of the set [p = 0]. Noticing
that any set {@r} of minimizers of (®,), is relatively weakly compact in
Wf,’gr’o(Y x]0, 1[, R3), according to the properties of epiconvergence (see sec-
tion 5), it suffices to establish the epiconvergence of ®, toward @ in the space
Wll)’ér’O(Y x]0, 1[, R?) equipped with its weak topology, when r — 0. Bound
(E») is trivial (take the sequence (y,), equal to the sequence of null func-
tions). Let us prove (E1). Let (¢,), be a sequence converging to ¢ weakly in
Wf,’ezr,o(Yx]O, 1[, R?) and satisfying lim inf ®,(p,) < +o00. Coercivity of b2

implies that |V + 2850)| L2# o ms) < C and that dse, strongly tends to

0 in L3(Y x]0, 1], M3?). We infer that 83¢ = 0 and consequentely ¢ = 0. On
the other hand, by subdifferential inequality

@,(pr) > /Y bo2(Z, Q) di + f

Y x]0,1]

= / b%(%,Q) dI + f < Ob®%(,Q), Vi, > dz
Y

Y x]0,1{
1 1
+—/ / < Ob%(%,Q), Oz, > dT dis
TJy Jo

where the last integral in the right hand side is obviously equal to zero.
Letting 7 — 0, we finally obtain (E;). 0

~ 1
< 8b°°’2(i, Q), Vr + ;33(,0,- > dx
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