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ON A THEOREM OF ROLEWICZ FOR SEMIGROUPS OF
OPERATORS IN LOCALLY CONVEX SPACES

by
Mihail Megan and Alin Pogan

Abstact. The purpose of this paper is to extend a stability theorem of
Rolewicz to the case of semigroups of operators in locally convex topological
vector spaces. The results obtained generalize the similar theorems proved
by Datko,Pazy,Zabczyk, Rolewicz and Littman for the case of Cp-semigroups
of operators in Banach spaces.

1.Introduction

Let X be a locally convex space whose topology is generated by the family
of seminorms {|- |, : v € I'}.The space of all continuos linear operators from
X into itself will be denoted by B(X). For all A € B(X) and for all 3,y € T
we shall denote

| Allse = sup{lAzl, : Jalo < 1}.

It is obviouse that A € B(X) if and only if for every v € T' there exists
B = B(v) € T such that ||A]js < 0.

Recall that a family 8 = (S(t))i»0 of continuous linear operators from X
into itself is a Cy-semigroup on X, if

31)5(0) = I (the identity operator on X);

82)S(t + s) = S(t)S(s), for all ¢,5 > 0;

s;;)%i_{rng(t)x ~z|ly=0,forallz € X and all y € T

For details about Cy-semigroups in locally convex spaces see for instance
[2] and [5].

In what follows we denote by ® the set of all functions ¢ : [Ry xI' = T
with the properties

501) 99(0)7) =7, for all v € ri

©v2) o(t+8,7) = p(t,0(s,7)), for all t,s > 0 and all vy € T".

In this paper we consider a particular class of Co-semigroups defined by
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Definition 1.1. A Cy-semigroup S = (S(t))s50 is called ®-semigroup, if
there exists ¢ € @ such that

NS (@)llpey < oo forall (t,7)€ IR xT.
Hence if S is a ®-semigroup, then there exists ¢ € ® with
15l < IS@llotaleloem forall (t,7,2) € R x T x X,

Definition 1.2. A ®-semigroup S = (5(¢))s»0 is said to be
(i)exponentially bounded (and denote e.b.) if there exists ¢ € ® and
M,w : T — IR} such that

IS@lloena < M(y)e*™  for all (t,7) € IR x T}

(ii)uniformly exponentially bounded (and denote u.e.b.) if there exists the
functions M and w from (i) satisfy the conditions:

Mo(7) :=sup M(¢(t,7)) < oo and wy(y) :=supw(p(t,v)) < oo for all
>0 >0

It is obvious that if S is u.e.b. then it is u.b.
Remark 1.1. If X is a Banach space then every Cp-semigroup S is a ®-
semigroup with u.e.b.(see [7]).
Definition 1.3. A ®-semigroup S = (S(t)):»0 is said to be
(i)stable (and denote s.) if there are ¢ € ® and M : ' — IR} such that

”S(t)"w(t,'y),‘y < M('Y) for all (ta 7) € IR+ X F;

(it)uniformly stable (and denote u.s.) if it is stable and the function M
from (i) satisfies the condition

Mo(7) := sup M(p(t,v)) < oo forall v e€T;
>0

(iii) exponentially stable (and denote e.s.) if there are ¢ € ® and
N,v:T — IR} such that

ISWlloterrn < N(w)e™) for all (t,7) € IRy x T;

~r

I}

el
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(iv)uniformly ezponentially stable (and denote u.e.s.) if it is e.s. and the
functions N and v from (iii) satisfy

No(v) := sup N(p(t,7)) < oo and wo(y):= inf v(p(t,7)) >0 forall yeTl.
>0 2

Remark 1.2. It is obvious that

u.es. = us. = ue.b.

¢ ¢ U

es. = s. = e.b.

In Banach spaces we have that
ues. & es = us. & s.

In stability theory in Banach spaces a well-known result due to Rolewicz

(8] is
Theorem 1.1. Let S = (S(t))s>0 be a Co-semigroup on the Banach space
X with the norm || - ||.S is w.e.s. if and only if there exists a non-decreasing

continuous function R : IRy — IR, with R(0) = 0,R(t) > 0 for allt > 0

and

R(||S(t)z|)dt < oo forall z € X.

0\8

In [8] Rolewicz proved a slightly, more general result valid for so-called
evolution families.

A shorter proof of Rolewicz’s theorem is given by Q.Zheng ([10]) who
removed the continuity assumption.Another proof of (the semigroups case)
of Rolewicz’s result was offered by Littman in [3].The case R(t) = t* was
originally proved by Datko in [1], and R(t) = ¢* by Pazy in [6].

In this paper we attempt to generalize Theorem 1.1. for the case of -
semigroups in locally convex spaces.

Firstly, we observe that Theorem 1.1. is not valid in locally convex spaces.
Example 1.1. Let X be the space of all complex continuous functions on
IRy and T’ = IR} = (0, 00).

The family {| - |, : v € T'} given by

|z}y = |z(y)| forall ye€T
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determines a structure of locally convex space on X. It is easy to see that
¢: IRy xT > T, o(t,y)=re*
belongs to ® and S = (S(t)):0 defined by
S(t)x(s) = e"'z(se*) forall (t,s) € IRy x IR, andall z€ X,
is a ®-semigroup with
ISElpemy =€t forall (¢,4)€ IRy xT.
and hence S is u.e.s. We observe that for z(s) = s we have that
7|S(t)x|7dt = 7'yetdt =00 forall yel.
0 0
Example 1.2. Let I' = IR and let X be the space of all complex continuous
functions z with the property that there is M, > 0 such that
|z(t)] < Mc|t| forall ¢e IR.
The family {|- |, : v € I'} defined by
|zly = |e(y)] forall yeT
determines a structure of locally convex space on X. The function
¢:IRxT =T, oty)=ye™
belongs to ® and S = (S(t))s»0 defined by
S(t)z(s) = e'z(se™*) forall (t,s)€ IR, xIR andall ze€X,

is a ®-semigroup on X.
Because

IS#)]| = e* forall (t,v)€IRxT,

it follows that S is not u.e.s.,even if

/1S(t)r|7dt < 1~,1MI/e—fdt = 4IM, < oo forall (¢,7,2)€ IRy xTx X.
0 o]
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We observe that from Theorem 1.1.it results
Theorem 1.2. A Co-semigroup S on the Banach space X is u.e.s. if and
only if there exists a non-decreasing continuous function R : IRy — IR, with
the properties:

(1)R(0) = 0;

(22)R(t) >0 forall t>0;

(¢41)R(ts) < R(t)R(s) for all (t,s) € IR%;

(iv) :fzz(us*(t)u )dt < co.

In this paper we generalize this theorem for the case of u.e.b. ®-semigroups
in locally convex spaces.

2.Preliminares

We start with the following
Lemma 2.1. Let f : IR, — IR, be a non-decreasing function with f(0) =0
and f(t) > 0 for all t > 0.Then

F:IR, — IRy, F(t)= /f(s)ds
0

s a continuous bijection.
Proof. We observe that F(0) = 0 and F is a non-decreasing function.If
there exists ¢#; < ¢; such that F(t;) = F(t;) then

jf(S)dS =F(t) - F(t) =0,

wich is a contradiction. Hence F is strictly increasing and because tlirglo f(t) >
0 it folllows that

tim F(t) = [ fls)ds = oo,

which shows that F is also surjective.
Lemma 2.2. If S = (S(t))i>0 is a ®-semigroup then

OIS+ Mlersma < NSOloemall S logs.otem et
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for all (t,s,7) € IR2 xT;

ES(nt) ot < kIzll 1S )l okt ete-1)tm)

for all (t,n,v) € IRy x IN* x I.
Proof. (i) We observe that

1S(t + s)zly = 1S()S(s)zly < ISl S ()2l <

< NSO llomall S(lots.ettaneem|lo ey =
= [|S()lo(em Ml S (Sl o+ otem|leot+sms
and hence
I1S(t + S)Htp(ﬂsn) < “S(t)"&p(m)”S(s)||w(t+s.'v).<p(tn)

for all (¢,s,7) € IRZ x T.
(i1) It follows from (i) by induction.
Lemma 2.3. If S is a ®-semigroup with u.e.b. then

IS(t + Dllowsrma < Mo()e DS ($)llptsimar

for all (t,s,7) € IR: x T with s € [t,t +1].
Proof. Indeed,ift > 0,y € I and s € [t,t + 1] then by Lemma 2.2., we have
that

1St + 1)”«:(!+1,w)n < |’S(5)”¢'(3n)n|ls(t +1- 5)”w(¢+1,7).¢(s,7) <

< M(p(s, 7)) () samysy <

< Mo(’Y)ewm 1S (Mo e

Lemma 2.4. Let S be a ®-semigroup with u.e.b. If there exists
P: IR, xT — IR, such that
NS loema < P(E,7) for all (t,7) € IRy x T;

(37) tl_l_{g P(t,y) =0 for all y € T;
(i31) P(t,(s,7)) < P(t,7) for all (t,s,7) € IR:Z xT

then S s u.e.s.
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Proof. Let A:T — P (IN*) be the function defined by

A(y) ={n € IN*: P(n,v) < e7'}.

From (ii) it resullts that A(y) is non-empty for all for every v € I.

If we denote by n(y) = min A(y) then from A(7) C A(p(t,7)) and (i) it
results that

n(¢(t,7)) <n(y) forall (t,7)€ IR, xT.

For all (¢,7) € IR, x T there is a natural number p such that pn(y) <
t< (p+)n(y).
If p=0 then

”S(t)”‘P(M)n < M(V)etw(v) < 1’\40('7)6"(")%(7)_

If p> 1 then

”S(t)”w(m).’v < ”S(Im(')'))”w(pn(v)n)ﬂ”S(t - Pn('Y))"tp(tn)m(p'n(v),'v) <

14
< M(p(pn(y),7))el=PrNeEr M TT |S(n(1)) lotknin) me(k-1)n() ) <
k=1

< Mo(3)e" ) T P(n(y), 0((k - Dn(1),7)) <

k=1

P
< My(y)erMent) I1 P(r(v),7) < My (y)eMwe-r <
k=1

< Mo(,y)eﬂ('v)wo('v)i—le-tvw) - N(.r)e—w(*r)’

where
N(Y) = My(y)etOMoM+1 o0 piy) = '
(7) = Mo(y) (™) ool
Because
No(7) = sup N(p(t,7)) < Mo(n)e"™M*M+ <
>0
and

. =in ! 1
(1) = igfulet ) = el oy 2 iy > O
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finally we obtain that S is u.e.s.

3.The main results

In what follows for every ¢ : IRy x I' = T" we shall denote by R, the set
of all functions R : IR, x I' — IR, with the following properties

r1)R(0,7) = 0 for all v € T}

r2)R(t,y) >0 for all t > 0 and all v € T}

r3) tlgglo R(t,7) = oo for every v € T}

ra)R(t,7) < R(t, ¢(s,7)) for all (t,s,7) € IR} x I

rs)R(s,7) < R(t,7) for all (s,t,7) € IR% x T with s < ¢.
Lemma 3.1. Let p € ® and R€ R,.

Then for every (r,7y) € IRy x T the set

B.y) = {t>0: E(t,y) <7}
i3 bounded and the function

6:IR, xT — IR}, &(r,7)=1+supB:(7)

satisfies the inequality

8(r,(t,7)) < 8(r,y) for all (r,t,7) € IR, x T.

Proof. From tlim R(t,v) = oo it follows that B,(y) is a bounded set for all

(r,v) € IRy x T.
On the other hand,by

R(t,7) < R(t,¢(s,7)) forall (t,s,7)€ IR} xT
it results that
B.(¢(t,7)) C B:(y) forall (r,t,y)€ IR} xT

which proves the lemma.
Theorem 3.1. Let S be a ®-semigroup and let ¢ €  which satisfies Defi-
nition 1.1. If there are R € R, and K : T — IR}, such that for ally € T
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(1) Ko(v) = sup K(p(t,7)) < o
and

(i)sup [ RUSEwtsmia)ds < K ()

then S is u.s.
Proof. If R € R, then by Lemma 2.3. it follows that

t+1

IS(t + l)llv(tﬂn)m
R e ) < / R(IS(5)llotsm s 7)ds < Kol)

for all (¢,v) € IRy x T
This inequality shows that

1St + D19~ < Mo()e*™6(Kol7),v) = Mi(7)
and hence
1S oy < Ma() forall (7)€ [1,00) x I.
If t € [0,1] then
IS@loma < Mo(r)e*™ < Mo(y)e™ < M),
which shows that
ISOlloema < Mi(y) forall (2,7) € IRy x T.
Moreover we observe that

Mo(p(t, 7)) = sup M(p(s,¢(t,7))) = sup M(e(s +t,7)) =

s>0 s>0

= sup M(¢(s,7)) < Mo(y)

s>t

and similarly

wo(ip(t,7)) Swo(y) and  Ko(e(t,7)) < Ko(v)
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for all (¢,4) € IRy x T.
These inequalities together with Lemma 3.1. imply that

My(p(t,7)) < Mi(7) 2 1Sl et

for all (t.v) € IRy x I and hence S is u.s.

The main result of this paper is
Theorem 3.2. A ®-semigroup S is u.e.s. if and only if there exists p € @,
Re€R, and K : T — IR} such that

(i)KoC;) = sup K (p(t,7)) < o0

and

(i6) [ RUISOllotoner 1)dt < K()

for all v €T.
Proof.Necessity. It results from Definition 1.3. for

Nk
R(t,y)=t and K(vy)=—771,
(t.7) =25
where N and v are given by Definition 1.3.
Sufficiency. Because

t+1

st1>10p / R(lls(s)llv(sn).m'”dt < R(”S(s)”w(s,v)m')')ds < K(v),
¢ %

Q\'S

for all v € T, by Theorem 3.1. it results that there exists M; : I' — IR} such
that
IS lloeny < Mi(7) and  Mi(p(t,7)) < Ma(2,7),

for all (¢,7) € IRy x T (i.e. Sis us.).
Let F': IR, x I — IR, be the function defined by

F(t,y) = /R(s,v)d&
0
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By Lemma 2.1. the function t — F(t,+) is an increasing continuous bijection
for every v € I. If we denote by f, = F(-,7)! then from R € R,, it follows
that F € R,

Fotm)(8) < fy(s) forall (t,s,7) € IRL xT.

and

E(IS®Mlogem.m v)dt < / ISt BUS Blloe . v)dE <
0

< My(7) [ RSOl V)t < Mi(n)E (7) < Ma(1)Ko(7) = Ma)

forally € T.
If we denote by

g(t) 7) = MA}_P{:_;%M

then for ¢t > 0 and 4 € T we have
i t
tF(g(t,7),7) = /F(g(t,v)ds < /F(g(s,‘/)IIS(t = $)lotmetsm» 7)ds <
0 0

< [ Flgts, DMi(e(s,1),1),ds < [ FUSO)lotomar)ds < Ma(7)

and hence
“S(t)llw(m).'v < P(t: )

for all £ > 0 and v € T', where

M. M) i t>0
Pt = { A (E), e

It is easy to see that

tlirglo P(t,y)=0 forevery y€T

33
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and
P(t,¢(s,7)) < P(t,7), forall (t,s,7)€ IR} xT.

An aplication of Lemma 2.4. proves that S is u.e.s.

The discrete variant of Theorem 3.2. is given by
Corollary 3.1. A ®-semigroup S is u.e.s. if and only if there exists ¢ € ®,
ReR, and K : T — IR}, such that

(1) Ko(7) = sup K(p(t,7)) < oo

and -
(12) Z R(IS() e 1) < K(7)
n=0
forallv €T.
Proof.Necessity. It is a simple verification for
_ _ N(y)e®™
R(t,y)=t and K(y)= PR

where N and v are given by Definition 1.3.
Sufficiency. Let M3 : I' — IR} be the function defined by

Ma(y) = sup M(p(t,7))e“#7),

£>0

where M and w are given by Definition 1.2.
We observe that

“S(S)ILP(S,‘Y).‘Y < ||5(f)”w(z,~,)n||5(3 - t)”v(s,v),v(t,‘y) <

< M(p(t, 1) M SOl o1y < Ma()IS )l ofen)r
for all (s,¢,v) € IR% x I’ with s € [t,¢ +1].
If we denote by

t
Ri: IRy xT' — IRy, Ry(t,7) = R(W’V)

then R; € R, and

n+1

J BIS Ol it = 5> [ Ba1SOllotemyn )it =
0 n=0

n
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- Z R(I5®) ”*’“ et it < 3 RIS lytuoyon) < K(7)

) n=0
for all v € I‘.
From Theorem 3.2. it results that S is u.e.s.
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