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ON THE HYPERGROUPS WITH FOUR PROPER
PAIRS AND WITHOUT SCALARS *

Mario De Salvo, Domenico Freni, Giovanni Lo Faro

1. INTRODUCTION. -

We remember that a hypergroup H is a non-empty set equipped with a
hyperoperation such that the following two conditions are satisfied:

(11)  ¥(x,y,z)eH® (xy)z=x(yz) (associativity);
(1.2) vxeH, Hx=xH=H (reproducibility).

Given a hypegroup H, we say that a pair (x,y) e H® is proper, if the hyperproduct
X-y is not a singleton. Moreover an element x € H is said to be a left scalar (respect.
right scalar). if ¥ y ¢ H, (x.y) (respect. (y.X)) is not a proper pair. An element is called
scalar if it is at the same time left scalar and right scalar.

In (3], [4], [3], Freni, Gutan C., Gutan M. and Sureau Y. have determined all the
hypergroups which have at the most three proper pairs.

In the present paper the authors succeed in finding all the hypergroups with
exactly four proper pairs and without right scalars. The corresponding left case can be
cbtained for symmetry. (We remember that if the set of scalars is non-empty, then the
set of left scalars is equal to the set of right scalars (see [3]). This case is handled in
other papers from the same authors ).

Obviously we have that |H| €{2, 3, 4}. otherwise there would exist at least one
scalar.

In the rest H denotes a hypergroup without right scalars, P(H) the set of proper

l'l‘b.is work is producad by support of the Iltaian M.U R.S.T. (quota 40%). No varsion of this paper will be
published elsewhere.
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pairs of H and S the set of left scalars of H. Besides M=H\S indicates the
complement of S in H and U means the set of left scalar identities (the elements acH
such that vxeH, a-x=x).
If |H| =2, we obtain only the total hypergroup of size two.
1f |H| € {3,4}, then we have to consider two cases :
(I) S=9 ; (I1) S#e.

2. SOME PRELININARY RESULTS. -

In this section, H will denote a hypergroup (finite or infinite).
Every element a<S$ defines a map a:H—H such that vxeH, 4(x) =a-x. This map is
clearly surjective, in consequence of reproducibility.

We prove now :

(2.1) PROPOSITION.- (i) VaeS,a-SCS and a-M2M;
(ii) If & is injective, then a-S=8 and a-M=M.

Proof.- (i) Let b=S. We have ¥ xeH, !a-b.-x! =1 and so a-be$. This proves
that a-SZS and consequently a-M 2> M.
(ii) Let & injective. Now, vbe M, 3 x £ H such that :b-x! >1, whence la-b.x!>1. It
follows that a-b <M and so a-M ¢ M. For (i), we may write a-M =M and thus a-S=$

a
As an immediate consequence we obtain the

(2.2) COROLLARY .- S is a subsemigroup of H.
We demonstrate now the

(2.3) PROPOSITION.- vaeH, aeU if and only if acS and 3 b€ S such that a-b=b.
Proof.- If a=U, the implication is trivial. Conversely, 7 x=H and ¥ b=S,3y<H
such that x=b.y. It follows that a.x=a-b.-y=b.y =x. 7 x 2H. This completes the

proof.
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We go on with the :

(2.4) PROPOSITION.- If § is finite, then V c €S, the map ¢ defines a permutation of H
of finite order.
Proof- Certainly there exist an integer n>1 and an element beS such that
c".b=band so, for (2.3), c®cU and consequently & is injective.
’ u]
From (ii) of (2.1) and (2.4), it follows that :

(2.5) COROLLARY.-If S or M is finite, then va€S,a-8=5 and a-M=M.
(2.6) COROLLARY - If § is finite, then Vc €S, 3n>1 such that c®eU.
Now, we prove the following :

(2.7) PROPOSITION.- Let a€U, beU, ceH such that c.a=b, then ceU. This
means that VceS, ceUalUnc-U#0.

Proof.- In fact we have 7 xcH, ¢-x=c-a-x=b.x=x

(2.8) COROLLARY .- If U is finite and |U| > |S\U| then S=T.
Proof.-For (2.4), taking ¢S, the map ¢ permutes the element of S, whence for
the hypothesis, one deduces that ¢-UnU #4, so that, for (2.7), ceU.
0
(2.9) PROPOSITION.- If aeU, beM and b-a= c, then &=b and in particular
c-a=ceM.
Proof- v x ¢H, we have c-x=b-a-x=b-x and thus ¢=b.Nowc-a=b-a=c,
whence 3 x such that (b.x) is proper. Therefore also (c,x) is proper and c € M.
a

Now, we give two useful results whose proofs can be trivially obtained :
(2.10) PROPOSITION.- If xeH and x-x is a singleton, then x .x € {y eH/x-y=y -x}.

(2.11) PROPOSITION.- Let xe H. If K is a subset of H with at least two elements,
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such that K.x is a singleton and a, b are the only two elements such that a-x and
b.x are singletons, ther K ={a, b} and a-x=b.x.

A hypergroup H is thin to right, if v yeH there exists an unique element xeH
such that the pair (x,y) is proper.
Obviously if H is thin to right, then there are no right scalars and {P(H)i={H].

We conclude this section with the following :

(2.12) PROPOSITION .- If H is thin to right and beM, then :
(i) aeS=a-b=b;
(i) aeU=>beb-a.

Proof.- (j). For reproducibility, there exists an element x € H such that b=a-x.
Moreover, there exists y<H such that the pair (b, y) is proper and consequently
b.y=a-x-y implies that (x, y) is also proper. But H is thin to right and thus b=x.
This proves the implication.

(ij)- There exist x and y such that bex-a and (b, y) is proper. Now b-yCx-a-y=x-y
and so (X, y) is also proper, and thus b =x . Whence the thesis.
u]

(2.13) PROPOSITION.- Let H be thin to right and beM such that (b,s) is a proper
pair vs €S , then :
(i) provided M is finite, there exists at most an element myeM such that
(b, my) is a proper pair ;
(ii) m-u=m, ¥(m,u)e(M-{b})xU;
(iii) b-sc {b}uS, ¥seS ;
(iv) meb-m, vm € M. Particularly if (b,m) is not a proper pair then m=b.m ;
Proof.- Statement (i) is immediate while (ii) follows directly from (jj) of (2.12)
being H thin to right.
(iii) Let z2<b-s (z=b), then z-mC(b-s)-m=b.-m. Being H thin to right it
1, #s=8S. Whence z=8S. ,
(iv) We have b-m=b-(s-m)=(b-s) - m. Being b-s C (b}, there exists sy =S such

that sgsb-s andso m=s;-meb.m.

results iz-m{ =1,vymeM and {z-s =
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(2.14) COROLLARY .- In the same hypothesis of (2.13), if S = {a} then :
(i) x-a=x,vxeH-{b};
(ii) b-a={a, b} ;
(iii) provided M is finite, b-x=x, V¥x#a with the exception at most of one
element m, # a for which mgy € b-mq and (b,m,) is a proper pair.
Moreover supposing H = {a., b, c, d} one obtains:
(iv) if xe{c,d} and |x-b| =1, then x-b=x;
(v) let b-m=m, vm#aand (x,y)e{c,d}> If |x-y| =1 and (x, b) is a proper
pair, then x-y =y .

Proof.- (i), (ii) and (iii) are trivial.

(iv) Suppose for contradiction x-b#x. Then from (x-b)-a=x-(b-a) we deduce
(x-b)-a={x}u(x-b) and so j(x-b)-a| >2. Being H thin to right, it follows x-b=b
and so {a, b} = {x, b}, which is a contradiction.

(v) From (x-b)-y=x-(b-y)=x-y, we obtain (x-b)ri{a, b}9 , otherwise
x-b={c, d} and so c¢-y=d-y, which is absurd because H is thin to right. Being
a-y=b-y=y, the statement follows .

Given a hypergroup (H, ). it is possible to consider the hypergroup (H.=) equipped
with the hyperoperation = such that ¥(x,y) e H? xsy=yex. (H,x) will be called the
symmetric hypergroup of (H, o).

Later on, H will denote always a hypergroup without scalars and with four proper
pairs.

In order to simplify the writing, when a hyperproduct x-y is a singleton {a}, we
can omit the brackets and write x-y=a instead of x-y={a}. As regards the
multiplicative table of H, we agree to denote with capital letters the hyperproducts
which correspond to the proper pairs .

3. THE CASE S=9; |H|=3.

We have to find, up to iscmorphisms, all the hypergroups H={a,b.c}, having

exactly four proper pairs and such that 7j = H there exists at least an element i < H for
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which the pair (i,j) is proper.

We can suppose that the four proper pairs are of the following type: (a,m),.(a,n),

(b,p) and (c,q). We have, up to isomorphisms, only the following eight types, which are
listed in the lexicographic ordering:

(31)
(32)
(35)
(34)
(3s)
(36)
(37)
(3%)

(35),

P(H)={(a,a),(a,b),(b,a),(c,c)};
P(H)={(a,a),(a,b),(b,b),(c,c)};
P(H)={(a,a),(a,b),(b,c),(c,a)}
P(H)={(a,a),(a,b),(b,c),(c,b)};
P(H)={(a,a),(a,b),(b,c),(c,c)};
P(H)={(a,b),(a,c),(b,a),(c,a)};
P(H)=({(a,b),(a,c),(b,a),(c,b)};
P(H)={(a,b),(a,c),(b2)(c,c)}-

We will study separately the eight possible types. As regards the types (3,), (3;),
one does not obtain any hypergroup. For everyone of the types (3,), (3;), (33), one

finds only one hypergroup. The type (3,) gives rise to four hypergroups. The richest

type of all is the type (34), which we will study lastly.

and

The next table summarizes the results:

type hypergroups type hypergroups
(31) 4 (35) 0
(32) 0 (36) 12
(35) 0 (37) 1
(34) 1 (34) 1

In the following, it will be convenient to put:
am=M, an=N, bp=P, cq=Q,

to denote the remaining five products, in the order, with r, s, t, u, v. Moreover, we

agree to indicate the relation of asscciativity (xy)z=x(yz), simply by (xyz).
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TYPE (3,).
| a b| c
al M| N |r | 1aQ| >1
b} P ] t
u l v Q
(acc) rc=aQ and so r=c.
(aac) Mc=ar=ac=c thus M={a,b} and t=c. For symmetry, u=v=c.
(abc) Nc=at=ac=c hence N={a,b} and, for symmetry, P=N.
(bbc) sc=bt=bc=c and so se{a,b}.
(acc) Q=aQ :ifbeQ then ab=N£Q,

ifazQ then aa=MCQ ; consequently {a,b}cQ

Therefore, there are the following four solutions:

alb c |
alab|ab c |
biab s c
c ¢ Q; se{ab}, Qe {HH\{c}}.

One verifies that all four are hypergroups.

TYPE (3,).
I oa l b ¢
al M | NI | |aQ]| >1
b s P t; |Qbj >1
¢l u | v P Q
(acc) rc=aQ then r=c.

(ceb) Qb=cv then v=c.
{aac) Mc=ar=ac=c then M={ab}.

73
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(cbb) vb=cP, that is cP=cb=v=c and so P={a,b}.

(baa) sa=bM D bb=P thus s=a.

(bba) Pa=bs=ba=a whence M=aa CPa=a, absurd.
There are no solutions.

TYPE (3;).
a b ¢
al M| N| r l1aQl >1
bj s t| P bb=t=b, cc=v=c (lemma 2.10)
c] Q u v
(aca) ra=aQ then re{a,c}.

(bba) s=bs then se{a,b}.
(ceb) u=cu then ue{b,c}.

(bac) sc=br. If r=a then sc=ba=s thus s=b whence s=a.
(acb) au=rb=ab=N then u=b.
(cba) s=cs=ca=Q , absurd.
If r=c then sc=bc=P and so s=b.
(acb) au=rb=cb=u then u=c.

(cba) Q=cb=c, absurd.
There are no solutions.

TYPE (3,).
bl o
a, \Ii\ r| jaQ] >1
by s | ot P | |Qb} >1
i u | Qi v
(cbb) Qb=ct then t=b.
(acb) rb=aQ then re{a,.}.

{acc) rc=av : if r=a then a=av and so v=c; if r=c then v=av and thus v=c;
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in every case, it is v=c.

(bba) ba=bs , thatis s=bs then sz {ab}.
If s=b then:

(bac) P=br then r=c;

(aac) Mc=ar=ac=r=c then M={a,c};

(baa) sa=bM, that is b=baubc 2P, impossible.
Therefore s=a.

(cba) Qa=cs=ca=u then Q={b,} and ba=ca=u, whence u=a.

(aca) ra=au=aa=M then r=a.

(bea) Pa=bu=ba=s=a then P={b,.}.

(aba) Na=aa=M then aeMnN.

(baa) M=bM.

(caa) M=cM.

If bz M then ¢cbcM and so {bc} cM; if c=M then bccM and so {bc}cM;in
any case we have M=H.

Analcgously from (bab) and (cab), one obtains N=H.

There is only one solution, which is the following hypergroup:

| a b cl
ac H H} a
b a b| b,
cl a bel ¢ ‘
TYPE (3;).

}
a i M. N 't |Mc|>1
bis |t P ,' jaQf >1
ciu ‘v [Q ' t=bb=b (lemma 2.10)
(aac) Mc=ar then r={ab}.

(acc) rc=aQ then re{bc}.
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Therefore r=b.

(bac) sc=br=bb=t=b then s=a.

(aca) ra=au, thatis a=au whence u=c and b=r=ac=au=a, impossible.
There are no solutions.

TYPE (3,).
a bl ¢
aj r | M| N |]aN| >1
bj P ] t |Qbj >1
u Q f v | v=cc=c (lemma 2.10)
(aa.c) rc=aN and so r=a.
(cbb Qb=cs thus s=b.
(bbr) t=bt then t3a.
(cca) u=cu then u#b.
If t=b:

(beb) b=bQ and so Q={b.c}; if t=c: (cbc) Qc=c then Q={b.c}: in every case it
results Q={b,c}.
If u=a
(aca) Na=a then N={ac}; if u=c: (cac) c=cN hence N={ac}; it follows
that ‘
N={a,c}.
(bca) ta=bu then (t=b & u=a)and (t=c & u=c).
Suppose t=c and then u=g;
{cba) Qa=cP thus bauca=cP C{b.c}, that is Pu{c} < {b.c}, and then P={b,c};
{bac) Pc=bN , then c¢=P v {c}, impossible.
Therefore t=b and u=a. .
{ach) Nb=aQ , thus abucb=abuac hence MU {b.c}=Mu {a,c} and so M 2 {a.b}.
(cab) M=cM then ¢z M and M=H.
(baa) Pa=P then a=P.
(bac) Pc=bN=P J{b} then c =P whence P=H.
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One obtains an unique solution, which is a hypergroup.

a b c
al a | H| aq
b H b b

a {bc c

TYPE (3,).

a b c
aj r | M| N
b; P s t
c [ u : v Q

By the cyclic permutation (abc), we obtain:

ic al b
¢/, QI ul v
a N r| M|
bl ¢t P s

the symmetric of the type (3,). Therefore we have the following unique solution:
Q=N=H, P=M={ab}, r=a, s=b, t=u=v=c,
that is the hypergroup below:

| a l bl ¢
al a | a,b; H
b.ab. b ¢

T R 1
c. ¢ | ¢ Hj

TYPE (3,).
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a b ¢
al r IM| N
bj P | t

Q u v

We begin to observe that:
1. r=a.
2.  s=a & t=a & v=a & u=a.
3. If s=a then t=u=v=a and M=N=P=Q={b,c}, unique solution in this case
which characterizes a hypergroup.
4.  If v=Db then s=b and t=u.
Proof.-
1. (baa) Pa=br then r=a.
2. (bbc) sc=bt. If s=a then N=bt thus t=a and N=P.
(bee) te=bv. If t=a then N=bv then v=a.
(ccb) vb=cu. If v=a then M=cu then u=a and M=Q.
(cbb) ub=cs. If u=a then M=cs then s=a.
3.  Let s=a. Therefore, for 2., t=u=v=a, and M=Q and N=P for what is
preceding.
(bcb) tb=bu then ab=ba that is M=P.
(bba) sa=bP then a=bP whence P={b,c}.
4. Suppose v=b. Then, in particular, u # a.
(ccb) vb=cu then s=cu whence, for u & {b,c}, one finds s=b.
(ccc) ve=cv then be=cb that is t=u.
o
In case of s=a, in accordance with the 3. above, we obtain the unique following
hypergroup:

]

a g by o

T : ’ i
ai a i bc be
" — i
b beciai aj

: ; 1
be 1 a | a|

cl
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As regards the remaining cases s=b, s=c, one observes that by exchanging b and ¢
we obtain an automorphism for the type 34 and, by using the 2. and 4. above, we can
limit ourselves to study only the following five cases, where s=b. The table summarizes

in advance the results:

v t u semi-hypergroups hypergroups
C1 b b b 5 4
C2 b c c 4 1
C3 c b b 5 4
C4 c b c 2 1
C5 c c b 2 1

The case (c,c,c) is isomorphic to C3. The last two cases C4 and C5 are symmetric

one another.

Case C1
! a b% cl
a a M N:
bl P b b
¢ Q b|i b

One obtains the following five solutions. Only the first one is not a hypergroup.
M=N=P=Q={a,b};
M=P=H and N,Q ¢ {{a,c},H}.

Proof.-
{acc) Nc=M then a= N, bz M and N=ac < Nc=M. Therefore a = N =M and
{a,b} =M.
Symmetrically, a2 Q ZP and {a.b} cP.
(aac) N=aN. If be N then N Z ab=M then M=N\.
We have M=P; in fact:
(bab) Pb=bM=P _ {b}=P , but a =P and so M=ab Z bM=P, and symmetrically,
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PcM.
Finally. if M={a,b} then M=N=P=Q. If M=H then P=H, and beN < N=H.
a
Case C2.-
a b! ¢
a a | M| N
b| P b| ¢
¢ Q c| b

We are going to show that M=N € {{b,c},H} , P=Q € {{b,c},H} , and so there are four

solutions, only one of which is a hypergroup.

Proof.-

(abc) Mc=N. If bgN then N={a,c} and M={a,b}.

(acb) Nb=N then M=ab ¢ Nb=N, absurd. Thus beN.

(aac) N=aN then M=abcaN=N.

(acc) Nc=M therefore c=bc CNe=M and so ce M N, and b=ccCNe=M
then b =M. '

Consequently {b,c} M ZN.

If a =N then N=ac T Ne=M and so M=N.

Thus M=N € {{b,c},H}. Symmetrically, P=Q € {{b,c},H}.

o
Case C3.-
; a b ci
a a M, Nj
b, P | b| b
c] Q b c

One obtains the following five solutions:
M=N=P=Q={a,b};
M=P=H and N,Qe€ {{a,c},H}.
Proof.-
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(acb) Nb=M and so aeN and beM; symmetrically acQ and beN.

(aab) M=aM. If ce M then acN=ac ZaM=M thus M=H. That is M = {{a,b},H}.

Analogously for P.

(bab) Pb=bM. If M={a,b} then Pb=baubb=Pu{b}=PcM then M=P.
Otherwise, we have M=H , Pb=P and so acP and H=M=ab C P. In every
case, one has M=P. Symmetrically N=Q.

(aac) N=aN. If M=H then (beN < N=H) whence (N={a,c} < N»H). If
M # H then M=N=P=Q={a,b}; in fact:

(bac) Pc=bN then acubc=bN, thatis Nu{b}=bNcPu{b}=P whence N=P
and symmetrically M=Q.

O
Case C4.-
!a’b c
aj a | M| N
b P!l bi b
i Q| ¢ ¢

We will prove that there are two solutions, unless isomorphisms:
M=N=P={a,b} and Q=H (isomorphic to M=N=Q={a,c} and P=H);
M=N=P=Q=H which is a hypergroup.

Proof.-

(bca) P=bQ. {bc}nQ#90 andso beP and acQ.

(cba) Q=cP. {b,c}nP#0 andso ccQandaczP.

Therefore {a,b} CP and {a,c}<cQ.
If P={a,b} then M=N=P and Q=H.
In fact:

(bab) Pb=bN thatis Mu{b}=bM <P then M=P.

{bac) Pc=bN thatis Nu{b}=bN P then N=P.

{cac) Qc=cN=caucb=QJ{c}=Q: bzN=acc Qc=Q thus Q=H.

Analogously, if Q={a.c} then M=N=Q and P=H.

a
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I b c
al a | ab ab
b| ab bi b

H c c
a bi ¢
al a H{ H
b H|{ b| b
H c

In all, there exist 19 hypergroups, such that |H|=3, S(H)=S(H)=9.

4. THE CASE S=0 ; |H|=4.

Suppose H = {a,b,c,d}.
Up to isomorphism, it suffices to study the following five cases (in lexicographical
ordering) :
(41) P(H)={(a,a),(b,b),(c,c),(d,d)};
(45) P(H)={(a,a),(b,b),(c,d),(d,c)};
(45) P(H)={(a,a),(b,c),(c,d),(d,b)};
(44) P(H)={(a,b),(b,a),(c,d),(d,c)};
(45) P(H):{(a.,b),(b,c),(c,d),(d,a.)}.

In this section, for convenience, we shall put am =M ,bn=N,cp=P and dg=Q.

CASE (4,).

In this case the table is of the following type:
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N

a0 jo| e

Q

Let x,y be two distinct elements of H such that y ¢ xx, then

(xxy) [x(xy)| >1 and then xy =x.
(yxx) [(yx)x| >1 and then yx =x.
Without loss of generality, we can suppose b € M and thus ab=ba =a.
(aab) we obtain M-b=M and so NcM.
(bba) we obtain N.a={a}and so agN.
We can suppose c € N and thus cb =bc =b.
(bbc) we obtain N-c=N and so PCN.
(cchb) we obtain P-b={b} and so bzP and then P={c,d} and cd=dc=c.
(ccd) we obtain P-d=P and so Q¢CP.
(ddc) we obtain Q-c={c} and so cgQ that implies Q = {d}, absurd.

Then there don’t exist hypergroups .

CASE (4,).

In this case the table is of the following symmetric type:

!a b c| d i

a; M

b N

¢ P|
i

d| Q i

If we suppose that M =N ={a,b}, then (aab) and (bba) give respectively ab=a
and ba=b. Taking in account the symmetry of H we obtain a contradiction. Then.
without loss of generality, we can suppose ceM.
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ta(ad); >1 and so ad =a and by symmetry of H da=a.
;a(dc)i =1 and so ag Q. By symmetry of H, we have agP.

Now we can prove that :

1.

o N

6.
Proof .-
1.

dd=d.

cePnQ.

bd=db=b.

bc=cb=b and P=Q={cd}.
cc=c and ac=ca=a

{c,d} cM and bae{ab}.

(add) gives dd = a.
If dd = b, (ddb) gives db = ¢ and so from (ddc) we obtain |bc! >1 which is
absurd.
If dd =c, (ddc) gives |dQ| =1 and so Q = {b,d} and db=dd =c. This is
impossible because (ddb) gives |cb| >1. So dd=d .
(bdd) gives bd # c and by (1.2) c € P. By symmetry of H, we have c&Q.
(cdd) and (cda) give P=Pd and ca=Pa.
The proof of 2. gives bd £ {a,b,d}.
If bd=a ,by(1.2) beP andso asP. This is impossible.
If bd=d, by(1.2) beP. P=Pd gives d<P and so P ={b,cd}. From
ca=Pa, we obtain ba=ca=da=a.
(bbd) implies {d} =Nd and so N={b,d}.By (1.2) bc=c then, by (bbc) we
have {c}uQ ={c}. This is absurd, therefore bd =b and by symmetry of H
db=b. ‘
(bdc)  bQ =bc that implies b2 Q and so Q={c,d} and bc=bd=b. By

symmetry of H we have P ={c,d} and cb=b. '
(dec) Qc=ccuQ and so ‘d(cc)! >1 gives cc=c

) aQ=ac and so ad =ac =a. By symmetry of H we have ca=a
(aad) Md=M and so, being ceM, P={cd}cM
) bM =(ba)a. Being b=bc< bM we obtain ba=z{ab}.
a

Now we observe that by (1.2), ce&N and so, taking in account that the

permutation (ab)(c)(d) is an isomorphism, we can suppose ba =a.



On the hypergroups with four proper pairs... 85

(bba) gives a=Na and so a < M. By (1.2). we have ab=a and M 2 {b,c,d}.
We obtain the following four hypergroups :

| a b ‘ cl| d
a Mial a a
b_a N b b withMe{H-fa}; H} and Ne{H-{ab};H-(a}}
¢, a| b, c| cd
d a i b C’di d
CASE (4,).

The table is of the following type:

, a i bl ci d |
ar M, l 1
b; } i N
d Q] |

We observe that the permutations (a)(b,c,d) and (a){b,d,c) give tables of the same
kind of case (4;) and so, we can suppose that deM .
(aab) M-b=a(ab). Since ;M b} > 1, we haveab=a .
(aba) ba=a.
In the same manner, (caa) and (aca) give ca=ac=a .
Now, (dac) , (dab) and (bad) give dag {b,d} and ad #c and so. by (1.2), M2 {b,c,d}.
Finally (daa) and (aad) give da=ad =a.
It is easy to see that H' = {b,c,d} is a sub-hypergroup of H and this is absurd because
in [3] one has showed that there are no hypergroups on H' of this kind.

Then there don’t exist hypergroups .

CASE (4,).
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We have a table of the following symmetric type:

a | b] c|d
al | M |
b N
c P{i
4 Q|

We observe that the permutations (a)(b)(c,d); (a,b)(c,d); (a,b)(c)(d); (a,c)(b,d) and
(a,d)(b.c) give tables of the same kind.
Suppose that {xy| >1 implies xy = {x,y}. In this case M =N = {a,b} and P =Q = {c,d}.

(aab),

(bba), (ccd) =c{cd) and (ddc) give zz=z, vz H.
By (1.2

), ac =bc. (abc) gives acibc=a(bc) and so bc=b.

This is absurd, because (1.2) is not satisfied, then there are x.y such that ixy| > 1 and

Xy = {x.y}. Without loss of generality we can suppose ceab=M.
(abd) and (dab)givebd=b, da=a, PCM,QcM.

Now we can prove the following :

5.

Proof.-
1.

A N

dd=d.

ceN.

db=b, ad=a, P=Q={cd}, cb=bc=b, ca=zac=a, cc=c.
Ifaa=a then M=N=H and bb=b.

Ifaa=b then bb=a and M=N={cd}.

(dda) and (bdd) give dd = {c,d}.

Ifdd =c, then ca=a and bc=b. From (bbd) it follows bb = ¢, and so, by
(1.2). c=N. (bad) and (dba) give ad =a and db=b . Now, (cdd) gives

Pd =cc and it is absurd because |P-di >1 . Thendd =d .

Let c 2 N. From (bbd) we have bb # ¢ and so, by (1.2), bc =¢.

Now, (bdc) gives ¢ =b-Q. which is absurd, because |b-Q " >1.

We have ¢=N and so we can use the symmetry of H which gives db=b and
ad = a.

From (cda) and (bdc) we obtain P-a; =1 and ib-Q: =1andsobzP and
a:z Q. By symmetry of H, we have P =Q = {c,d}.
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Now, from (cdb) and (cda) we obtain cb=b and ca=a. By symmetry of H,
we have also bc=b and ac =a . Finally, from (dcc) we obtain
d{cc) =ccu{c,d} and so, |d(cc)| > 1, whence cc=c .

4. From (aab) we obtain M =aM and so a€ M. By (1.2) and by symmetry of H,
we obtain M =N =H. Since (ab)b =H, we obtain bb=b.

5. From (aab)we obtain bb = aM and so bb=a and M = {c,d}.
By symmetry of H, it follows N = {c,d}.

a
Thus we obtain the following two hypergroups :
| alblcl|dl la|bjc I d]j
a. a. H a| a] a b cd al ai
. ! ; | , |
bp H{ b} b| b, b, ¢d ai b’ b,
c al b cT} c,d c' a} b ¢ | c,df
d a| b cd d| " a] b cd 4,
CASE (4;)
a ! b: ci d
al | M1 ||
bl | Nj l
T’
di | | ‘
! < | !

We observe that the permutations (a.b,c,d): (a,c)(b.d); (a,d,c,b) give tables of the same
kind of (44).
Let (x.y)=P(H) such that xy = {x.y}. From {xxy) we obtain (xx)y =xxuxy and so,
[(xx)y: >2 which gives xx=x. By (1.2), there exist x4 and y, such that x5y, >1
and xo¥, = {Xy.¥o}. Without loss of generality we can suppose M =ab # {a,b}.
Now we prove that :

1. cgM.

2. dgM.
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Proof.-

1. Suppose c € M. From (abd) we obtain bd = b.Analogously from (bab) we obtain
ba=aand NCM.
From (bdc) and (dba) , we have dc=c and db=d.
Now (aba) gives |[M-a| =1 whence d¢M and so, d 2 N.
By (1.2), it follows bb =d. It is absurd because (bba) gives Q = {a} .

2. Suppose d € M. From (aba) we obtain ba=b, Q M ( and cg Q) . Analogously
from (cab) we obtain ca =a and by (1.2), aa=c.
This is impossible because (baa) gives N = {b}.

]

In consequence of 1. and 2., we can say that there don’t exist hypergroups.
q \ ypergroup

5. THE CASE S#9; |H[=3.

If S =9 then |Hj = {3,4}.

We begin to study the case [H|=3. Since :P(H) =4, necessarily the set of left
scalars is a singleton.

We put H={a,b,c}, S={a}.

For (2.2), (2.3), a is left scalar identity.

Up to isomorphisms, we have the following 7 cases selected so that there are at

least two proper pairs (c,x) and (¢,y) and listed in lexicographical ordering :

(5,) P(H) = {(b,a),(b,b),(c,a),(c,c)};
(52) P(H) = {(b,a),(b,b),(c,b),(c.,c)};
(53) P(H) = {(b,a.),(b,c),(c,a),(c,b)};
(5,) P(H) = {(b,a.),(b,c),(c,b),(c,c)};
(55) P(H) = {(b,a),(c,a).(c,b),(c,c)};
(56) P(H) = {(b,b),(c,a),(c,b),(c,c)};
(5;) P(H) = {(b,c),(c,a),(c,b),(c,c)}.

In consequence of (2.9) and ({2.6), (2.11) we have respectively the following

statements:
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(5.1) .- If |H|=3, a is left scalar identity and b ¢ S(H), then: |ba|=1 = ba=b.
(5.2) - If |H|=3, S{(H)={a}, S(H)=¢, and x is an element such that 3s e H: |xs|=1,
then we have:

(i) Ixa] >2 > xa={ax}.

(i) |xa] 22, |xy|=1 = xy=y

(i) |xa|=1 = xa=x.
CASE (5,)--

For (5.2), we have the following starting table:

1 a b? c'{
a  a b | ¢
b abl M| c|
c jac; b N}

From (cbc) we obtain N={c}, absurd. So in this case, there don’t exist hypergroups.

CASE (5,).-

Always for (3.2), we can write:

»
o
o

We have the following equalities:

1. Q=H,
2. N:{a,b},
3. P=H.

Proof.-
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1. (1.2) implies that {a,b} ¢ Q. If Q={a,b}, then (ccc) gives {c}={c} UP, a
manifest contradiction. Therefore Q=H.
2. This fact is a consequence of (2.11), since (bbc) gives {Nci=1.
3. For (1.2), ceP. (bcb) gives P=bP. Since {a,b} n P 9, it follows that P=H.
8]

Therefore this case leads to one hypergroup:

CASE (55).-
By using (5.2), we obtain immediately the following table:

cl

a: b I
a;a;biC}
b ab, b | M|
cia,c}.\"c

i

For (1.2), we have M=N=H, and thus we obtain one hypergroup:

»ai b c!
al a! bl c|
bl ab b | H|
c a,c;H%cg
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CASE (5,).

(5.2) allows us to start from the following table:

(g}

l ai b
a | a’! b | |
b|ab b |M
c | ¢ N | P
We have:
1. M=H,
2. N=H,

3. Pe{{ac},H}
Proof.-

1. Obviously ¢ = M. Moreover (bbc) gives M=bM and so: a < M=beM.
Analogously, starting from (bca) we obtain that b= M=a e M. Since
M {a,b} #9, the assertion follows.

2. For (1.2), {a,c} < N.Moreover (cbb) gives Nb=N,whence,since a ¢ N, the thesis.

3. Since (bee) implies H=bP, one has that ¢ = P. From (cca) we obtain Pa=P and
sobsP=aczP.

In conclusion, we have two hypergroups:

' H i

! a b i Cl
a. ai b cl
b, ab b |H,
c.,c H |P E with P ¢ {{a,c},H}.

CASE (5s).

For (5.2). we can start from the following table:
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E al b c
a i a b c
b | ab c
c | M N|P |

For (1.2),ceM.

(bca) bM=M and so ae M=be M.

(caa) M=Ma and so b e M=sa € M. Therefore M=H.
7x £ {b,c}, (cax) gives cx=H and then N=P=H.

We obtain one hypergroup:

f al bl cf
a.g a| b Cl
bia.,b b ci
c  H Hng
CASE (5¢)-

For (5.1), ba=b and so we have the following table:

{a!blCl
a}aibicg
b.b M. r|
c N [P Q |

{bca) ra=bN and therefore r= {b.c}.

If r=b. then b=Nb and so N={a,c}. Moreover (bcc) implies that b=bQ, and thus
Q={a,c}. For (1.2), {ac}<zM. But, if M={ac}, then from (bbb) we obtain
{6} «P={b}. which is impossible. Thus M=H. For (1.2). b=P. (cbc) implies that
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Pc=P and finally, being a = Pwc <P, P=H. So in case of r=b, one obtains the following

hypergroup:

_aj bl
al a b‘ci
b b H b
c iac | H a.,cl

If r=c, one finds: {a,b} CQ. From (cbc) we obtain Pc=Q and Q=H. Moreover
since |Mcj=1, |bc|=1, |cc|>1, one deduces, for (2.11), M={a,b}. Finally we have,
for (1.2), cePnN: moreover the relations (bcb) and (bca) imply P=bP, N=bN.

Necessarily it must be P=N=H. Therefore we have another hypergroup:

{

. oa bic‘;
a{agbici
bib jab; c|

In all. in this case there exist two hypergroups.

CASE (55).

For (3.1). ba=b. Thus we have this initial table:

! bi ¢
a i a. b ¢
b b r i M.
c N P g

(bba) gives ra=r. hence r=c. If r=a, then (bbc) implies c=bM, absurd. So we have
r=b.

For (1.2). {a.c} M and {a.c} ZP. Moreover b= M - P. because otherwise (bbc) and
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(cab) lead to contradictions. Therefore M=P=H.
At once, (1.2) implies c € N. Moreover (ccb) implies Qb=H and so ¢ € Q. Finally (cac)
implies Nc=Q and so if be N then Q=H.

Consequently, we obtain five hypergroups:

a b c a b c
a;, aj b c a. aj b c
b b b| H b b b | H
ci aci H; Q c NiHlH

with Q € {{a,c},{b,c},H} and N ¢ {{b,c},H}.

In all, there exist 12 hypergroups such that H,=3, S =9.

6. THE CASE S#; |H|=4.-
Put H={a,b,c,d}. Consider that there are three possibilities:

(i) 18]=3; S={a,bc};
(i) 151=2; S={a,b};
(ii)) |5]=1; S={a}.

Let us begin with the case (i).
We have only the following possibility:

(60) P(H)={(d,a),(d,b),(d,c),(d,d)}.

For (2.5), (2.8). we can consider two subcases: .
(i) a,b,c are left scalar identities;
(i,) a is the unique left scalar identity.

In the first case. we have a table of the following type:
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Ea@bxcid
a‘agb‘c d
baibicd
ca{br d
d|M [N |P |Q

(daa) Ma=M gives ae M and by (1.2), M=H.
Analogously (dbb) , (dcc) and (ddd) give N=P=Q=H.
Therefore in the case (i,), one obtains one hypergroup:

!alb!cd
a%a. bicd
ba ;b cid
cia|bic;d
dH H H |H

In the case (i,), for (j) of (2.12) and (2.3), we have the following initial table:

a | b. ci d !
a, a ;b jc|d|
- !
b r s 1t d j
| W d ‘I
diM | N er fQ ' with vx € {b,c}, ¥y € {a,b,c}, xy #7.

[f r=c, then s =a and t =b. This is impossible because (bba) gives a = b.

Therefore it follows r=b, s=c and t =a. We can suppose u=c (because otherwise, by
exchanging b and ¢, we should obtain ba=c, that is the preceding absurdity) and so
v=aand w=b.

By (1.2), {a,b.c} £Q and from (ddd) we obtain Qd =dQ. So Q=H.

{bda) M =bM and so azM=b zM=czM=azM By (1.2)it follows M=H.

In an analogous way. we can find N=P=H.

Finally we obtain again one hypergroup:
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aéb;c;d‘
aa'b‘ci_di
b b|c|al d|
clcia b |d|
dJ,H HEHHi

In conclusion, in the case |S]=3, one obtains two hypergroups.

Now consider the case :  (ii)|S|=2; S={a,b}.
For (2.6), we can suppose that a is a left scalar identity.
Up to isomorphisms, we have the following 6 cases selected so that there are at

least two proper pairs (d,x) and (d,y) and listed in lexicographical ordering.

(6,) P(H) = {(c,a),(d,b),(d;c),(d,d)};
(63) P(H) = {(c,b),(c,c),(d,a),(d,d)};
(65) P(H) = {(c,b).(c,d),(d,a)(d,c)};
(64) P(H) = {(c,c)(c,d)(d,2),(d,b)};
(65) P(H) = {(c,c),(d,a),(d,b),(d,d)};
(6¢) P(H) = {(c,d),(d,a),(d,b),(d;c)}-

CASE (6.1).-

Always for (2.2) and (2.12), we obtain the following table:

albicidl
aiaZbicfd:
b;r@s;cld?
c}.\Ii*t?u!»i
d'd ! NIP' Q| with {r,;s}={a,b}.

If r=a. s=b, (jj) of (2.12) entails t=c. Furthermore, from (cab) it follows that
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Mb=c. Absurd, since | M| >2.
On the other hand, if r=b, s=a, from (cbb) one can deduce t=d and so (cab) gives

Mb =d, another absurdity, since | M| >2.
Therefore, in this case there aren’t hypergroups.

CASE (6,).

For (2.12), we have ca=bc=c and bd=d. Put ba=x, bb=y and c¢b=M. By (1.2
{Xy.‘i}:-{a’)b}‘

If x=a, then (cba) gives Ma=c. This is impossible since M| >2.
If x=b, then y=a and (cbb) gives ¢ = Mb, which is again absurd.

Thus in this case, there don’t exist hypergroups.

CASE (65).-

For (jj) of (2.12), ca=c. By putting the same positions of the preceding case and

reasoning in the same manner. one concludes that there are not hypergroups.

CASE (6,)--

By using (2.2) and {2.12), we can start from the following table:

a cfdﬁ
ca b cid
bbr s ¢ . d |

dP Q u ;v with {r,s}={a,b}.

(dac) Pc=u and so cgP. From {a,b}r P =9 we obtainu=c.
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(dad) Pd=v givesv=d.
(cdd) and (ccc) give Nd=N and Mc=cM . By (1.2) {a,b,c} N and {a,b,d} €M and
so N=H=M.
(cbd) td=H and so t=c.
Now we prove that :

P=Q={ab,d}.
Proof.-
Ifr=aand s=b, by (1.2) it follows that {b,d} CP and {a,d} £ Q.
(daa) gives P =Pa whence P ={a,b,d}. Being cgP, (dba) gives c ¢ Q and (dab) gives
Q=1{abd}.

(8]

This leads to one hypergroup.

la|bjcid;
a,a |b jc d §
bla b |c d
cic l¢ H H |
dH\cH\c ¢ d

If r=b and s=a, by (1.2) d<P Q. From (dbb) we obtain Qb=P and since c2P
then ¢ £ Q. Finally (bda) and (dab) give P =Q = {a,b,d}.
We have so another hypergroup.

ala}b;c;d
b b, a. c, d

i

¢ cic |HI
dH\cH\cic :d

CASE (6.5).

We can start from this table:
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ar bictdi
aiagbnc;di
biri s |c |d
cEc t Miu%
diN | P v ;Q! with {r;s}={a,b}.

(dac) v=XNc andso cgNand v=c.
(ded) u=du andsou=c.
(deb) t=dt andsot=c.
(cdd) and (cdb) give cgQnP.
By (1.2), {a,bd}cM, {a,b}cQand d=NAP.
Now we prove that :
N=P=Q={ab,d}.
Proof.-
Ifr=aands=b, by (1.2), beN and a€eP.

99

{daa) gives N = Na whence N = {a,b,d}.
(dbb) gives Pb =P whence P = {a,b,d}.
(dad) gives d=Q and so Q={a,b,d}.

Ifr=bands=a,

(bda) gives N =bN whence , being azN=bzXN, N={ab,d}.
Analogously (bdb) gives P =bP whence P = {a,b,d}.

Finally (dad) gives {d}vQ =Q and so Q ={a,b,d}.

This leads to the following four hypergroups.

~a: by ct d
a‘aib|c;d§
b.tngc.d;
cc . c M ic

dH\cH\c ¢ Hy

with M e {H,H\{c}} and {r;s}={ab}.
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CASE (6.6).

This is the initial configuration of the table:

i a|l bl cid
aja b cild
bir s céd

cic t {u |M

d| P|iQ|v with {r,s}={a,b}.
(dad) Nd=vandsov=d and c¢gN.
By (1.2), {a,b,c} M and by (cdd) we obtain d<M and so M=H.
(cbd) td=H andsot=c.
(ced) ud=H and so u=c.
By (1.2), {a,b,d} ZQ and by (dac) we obtain ccQ and so Q=H .
(dbd) Pd=d and so cgP.

Ifr=aand s=b, by (1.2), {bd} CN and {a,d} CP.
(dab) Nb =P whence, being b =N, we obtain b< P and so P = {a,b,d}.
(dba) Pa =N and so N . {a} = N, whence N = {a,b,d}.

The following one is the resulting hypergroup.

ia’b{cidé
a.aibicid,;
baiblcid)]
c c cic H.
IW\cH\c H 1d |

Ifr=bands=a, by (1.2).d=N~P.
(dba) and (dbb) give Pa=P and Pb =N, whence . being d =P, we obtain N=P .
(bda) gives bN =N and so . being a = N=b = N. we obtain N =P ={a,b,d}.

Ve have so another hypergroup:
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gagbicidi
ava!bjc%d{
bbjajcid
cicic{c[H‘
|

dH\cH\c [H |d

Ultimately, the case |S|=2, has given rise to eight hypergroups.

At last, we study the case (iii) |S|=1; S={a}. By (2.6), a is a left scalar
identity.
There are, unless isomorphisms, the following seven cases selected so that every

type contains the proper pair (b,a) and listed in lexicographical ordering:

(67) P(H)={(b,a), (b,b), (c,c), (d,d)};
(65) P(H)={(b,a), (b,b), (c,d), (d,0)};
(69) P(H)={(b,a), (bic), (c,b), (d,d)};
(610) P(H)={(b,a), (bd), (c,b), (d\c)};
(611) P(H)={(b,a), (c,b), (c,c), (d,d)};
(612) P(H)={(b,a), (c,b), (d,c), (d,d)};
(613) P(H)={(b,a), (c,d), (d,b), (d;c)}.

(6.1) REMARK.- If K=(K, ) is a hypergroup of size n, then it is possible to construct
two hypergroups on the underlying set H=K U {x}, with x ¢ K, by defining the following
hyperoperation =

“(a.b) K-, asb=acb;

7a = K. asx=x=a={x}:

x=x = {K,H}.

In the rest. these hypergroups will be called x-enlargements of (K, o).
Now we are ready t> prove the fellowing result:

(6.2) PROPOSITION.- In the cases (6;), (64), (6;;), by putting x=d, one obtains all
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and alone the hypergroups, which are x-enlargements of the hypergroups K of size 3,
with |P(K)|=3, |$(K)|=1, |S(K)|=8, whose tables are known (see [3]).

Proof.- In every case, it suffices to show that the following condition is valid:
(%) Ya € H\{d}, ad=da=d.

In fact, if (*) is satisfied, then v(x,y)z {a,b,c}? (xyd) gives xd=d, whence d zxy
and {a,b,c} results a hypergroup K with |P(K)i=3, ;S(K)|=1, ;S(K)|=9.

We begin with the case (6;). For (2.14), we have only to show that cd=dc=d.
{bdc) gives dc € {c,d}, moreover, taking in account that be=c (see (2.14)), (bcd) gives
cd € {c.d}. By (cdc) one deduces that cd =dc.

(cac) and (cbc) give ca=cb=c.
Without loss of generality we can set cd=dc=d, (since otherwise, by putting cd=dc=c,
one obtains hypergroups which are isomorphic to those ones in which cd=dc=d).

0

Ulitimately, this case gives rise to the following four hypergroups:

ca  blcldl laiblc | di
a ai b ¢ d a a bi cl| dj
F ab ab ¢ di b ab ab ¢ d{
ci ¢ ci ab d; ¢ c¢i cf H\d d ‘

d{ d;, d} M d 4 d 4 M

with M e {H,H\{d}}.

Now we come to the case (64). For (2.14), we can limit ourselves to determine the

products cd. de. (1.2) implies a = cb and so (cbd) gives cd=d. Finally (dcd) gives de=d.

Therefore, this case leads to the ensuing two hypergroups :
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a:bicidi
a a:b c, dj
biab, b H\d d |
c,c Hd|c |d |

d d d]d| M| withMe{HH{d}}

To sum up, consider the case (6,,). For (2.14), ad=bd=cd=da=db=d. So it
remains to be proved that dc=d. Since dd=d(cd)=(dc)d and (d,d) € P(H), it descends

that de=d.

Therefore more two hypergroups complete the cases of the preposition :

iaibjcid
aila . bl c‘d1
blab b | c d .
e RaRdTd |
d d’ djd{Mi with M e {H,H\{d}}.

Now we can go on with the remaining four cases:

CASE (6g).
We have the following initial configuration:

ab.c‘d
aéa,b!cid‘
brab Mic d
c'c;r.\';

did d'P s

[}

(bbd) and (bbe) give {c.d} ~ M=¢ and so M={a,b}.
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(bee) gives rz {a,b} and so (for (1.2)) {a.b} < P; {ab} ZN.
We prove that :
1. IHfr=c then N=P=H and s=d.
2. Ifr=d then N=P={ab} and s=c.
Proof.-
1. By (1.2), {a,bd} cNnP.
(ccd) ceN and so N=H.
(dcc) csP andso P=H.
(ddc) sc=H and so s=d.

Then the following hypergroup remains determined.

4' a ! bl c| d|

ala|bjcid l

bl ablab]c |d |

c,c|c jc (H Il

d d|d H d |

2. (dcc) s =Pc and so, being azP, we obtains =c.
(ced) {cd} "N =90 andsoN={ab}.
(cec) P=N and so P={ab}

Then the following hypergroup remains determined:

aéb%c%dé
aialbic,dl
1 iabic - d |

Then the case (65) has given rise to two hypergroups.
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CASE (6,,).

For (2.14), we can write the following table:

a|l bl c | d ;
aialb ; c | d !
bjabjb ;¢ | M i
cjc N |r |s
did| d}|P I t ‘ with deM and {a,c} CN.
(cbe) dzN,r=c and by(1.2),s=d.
(bed) M = {d}, which is impossible

Therefore in the case (6,,) there don’t exist hypergroups.

CASE (6,,).

For (2.14). we can start from the table below:

a?bic:dﬁ
aja;bic}d}
—b?a,bﬁb;c d|
cic | Mlc d
Id]a NP

By (1.2), {a.b.d} 2N, {a,bc} 2P, {a,b,c} Z M.

{cbe) dzM and so M={ab,}.
{cde) being a zN. we obtain ¢ =N and so
(dcd) P =H.

Ultimately we have one hypergroup. whose table is represented below:

N =H.

105
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a: b:c d,
a.a.%bvc%dz
babl b| c,d |
c{c}H\dc;dE
d d|d[H[H
CASE (6,3).

By turning to account again (2.14), the following one can be taken as initial table:

a b c:di
aiaib| ci dj
bab b, cl d|
cc'c'r{\I‘
idINpd |

We have:

(cca) . (cch) and (bec) give r=c and so by (1.2). we obtain M=H, {a,bd} ZP
and {a,d} 2N .

(bdb) N =bN and so, being a =N, we cbtain beN.
(dbd) cZN and so N={ab,d}.
(dbc) {c}oP=P and so P=H.

We have again one hypergroup :

ai b:cid;
a aib:cid:
bab b c d
c ¢ ,c ;¢ {H
d d H\¢c¢ H d

In conclusion, in the case |S}=1, one obtains 12 hypergroups.
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That is a recapitulatory list of the results obtained :

CASE HYPERGROUPS |

(34)
(3)
(33)
(34)
(35)
(36)
(37)
(35)
(4)
(4,)
(45)
(4,)
(45)
(5)
(5,)
(55)
(54)
(55)
(56)
(57)
(60)
(64)
(6,)
(64)
(64)
(65)
(66)
(67)
(65)

C = O O w» =

-

2

N W 0 NN O O O N OV N =tV = OO0 N O b O
N NN NN RN W R e =000 0000000 000000 W

B B B R R B B 00 00 0 0 0 W 00 A e b W o 00 W W W W W W Wt
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(65)

(610)
(611)
(612)
(613)

=D ON
e i o)
o B

CONCLUSIONS.-

Let 3 (respect. ¥,) be the family of hypergroups with left (right) scalars and
without right (left) scalars.

Obviously #(H,H') < £, f,, H cannot be isomorphic to H'.

Therefore we can resume all the results, by means of the following table where §; is

the set of left scalars of H and 8§, is the set of right scalars.

$;=5,=# : 1 19 6

S, #89; S,=# ] 12 22

S;=#; S, #9 ? ; 12 . 22

total s 1 a 43 50
REMARK -

We observe that only in one of the eight cases of section3 (the case 35) the number
of hypergroups is not equal to the number of semi-hypergroups. In fact in the
remaining seven cases, the hypothesis of reproducibility (i.e. the (1.2)) has not been
used. The complexity of the cases studied in the subsequent sections and the final aim
of the authors (to find the hypergroups which have exactly four proper pairs) in
accordance with the papers (3], [4]. [3]. have prevented them from verifving if in some
cases the hypergroups could be found without the use of {1.2). So, to find all semi-

hypergroups with at most four proper pairs remains an open quession.
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7. SUBJECT INDEX.-

In this paper the authcrs study the hypergroups. such that there are exactly four
pairs cf elements, which define proper hyperproducts. and such that there are no
scalars.

They solve the combinatorial problem of finding, up to isomorphism, all the tables

of the aforesaid hypergroups.
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