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Triangular decomposition of character varieties
JuLiEN KoRINMAN

Abstract

A marked surface is a compact oriented surface equipped with some pairwise disjoint arcs embedded
in its boundary. In this paper, we extend the notion of character varieties to marked surfaces, in such a
way that they have a nice behaviour for the operation of gluing two boundary arcs together. These stated
character varieties are affine Poisson varieties which coincide with the Culler—Shalen character varieties
when the surface is unmarked and are closely related to the Fock—Rosly and Alekseev—Kosmann—Malkin—
Meinrenken constructions in the marked case. These Poisson varieties are the classical moduli spaces
underlying stated skein algebras and share similar properties. In particular, stated character varieties admit
triangular decompositions, associated to triangulations of the surface. We identify the Zariski tangent
spaces of these varieties with some twisted groupoid cohomological groups and provide a generalization
of Goldman’s formula for the Poisson bracket of curve functions in terms of intersection form in homology.

1. Introduction

Moduli space of G flat structures and character varieties

This paper deals with a generalization of the moduli of G-flat structures over a surface.
Though our construction is completely algebraic, we start with a geometric (gauge
theoretic) description that will help the reader to get a better intuition. Let us briefly
review previous constructions, we refer to [41, 48, 56] for details. Consider a manifold X
and a Lie group G and denote by M (X) the moduli space of flat G structures on X, i.e.
the set of isomorphism classes of pairs (P, V), where P is a G principal bundle over X and
V a flat connection. Such moduli spaces arise as the phase spaces (solutions of the Euler—
Lagrange equations) of 2-dimensional Yang—Mills theory ([7, 50, 63]) and 3-dimensional
Chern—Simons theory [9, 64]. Fixing a gauge, we identify the space of flat structures
with the spaces of 1-forms A € Q!(X, g) such that FA := dA + 1[A A A] = 0. Write
QL.(X,g) c Q'(X, g) the subset of forms A with FA = 0. The group of automorphisms
of P identifies with the (gauge) group G of smooth maps g : X — G and the action writes
A% = g7 Ag + g~ 'dg. This gives a bijection

Mg(X) = Q}(X,g)/g.

In order to endow Mg (X) with a geometric structure, Atiyah and Bott imposed in [7]
some Sobolev regularity on both the 1-forms A and the gauge group elements g. This
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permits to endow the space Q' (X, g) with a structure of Banach space and QIL(X ,8)
becomes a Banach sub-manifold. However, the action of the gauge group G is not principal
so the quotient Qllc (X.9) / G does not inherits a manifold structure, rather a structure of
stratified space. Instead, one can consider the subset Q}D(X ,0) Qll, (X, g) of principal
orbits and define

M (X) = Qp(X, Q)O/g c Mg (X),

which becomes a Banach manifold. For A € Q},(X s g)o, consider the (twisted) cochain
complex (C*(X,g),da), where dya = da + [A A @] (FA = 0 implies df‘ =0). A gauge
group element g € G induces an isomorphism between the complexes associated to
A and A3, so its cohomology only depends on the gauge class [A] up to canonical
isomorphism. The tangent space over a point A € QIF(X , ) is naturally identified with
the space Z}L‘(X ,0Q) = TAQ;(X , )" of cochains of this complex and the tangent space of
[A] € Mg (X) is identified with the first cohomology group H%A] (X,9) = TiaMg(X).
In the particular case where X = X is a closed oriented Riemann surface, Atiyah and Bott
defined in [7] a symplectic form on M(();(X ) via the formula

ol 18D = [(@np). apeHlEg.
p

where (-,-) : ®2 — Cis a fixed Ad-invariant non-degenerate symmetric pairing on g
(for instance the Killing-form when g is semi-simple).

Another way to give some geometric structure on the moduli space of G-flat structures
is via character varieties. Suppose X connected and fix an arbitrary basepoint vo € X. The
holonomy of a flat connection along a closed curve y C X only depends, up to conjugacy,
on the isotopy class of the curve. The so-called Riemann—Hilbert correspondence asserts
that the holonomy map induces a bijection

Hol : MG(X) = Hom(m(X, VO)sG)/G,

with the space of conjugacy classes of representations p : 71(X,v9) — G. When the
group G is algebraic reductive over C and i (X, vo) finitely generated, the space of
representations R (X) := Hom(x; (X, vo), G) has a natural structure of smooth affine
scheme over C (possibly unreduced). Again the action of G on R (X) is not principal, so
taking the naive quotient does only lead to a stratified space, however when G is reductive,
one can consider the algebraic quotient (sometimes called GIT quotient for Geometric
Invariant Theory) named character variety:

Xg(X) =R (X) /| G.

The algebra of regular functions of X (X) is defined as the subalgebra of C[Rg (X)]
of coinvariant vectors for the C[G] coaction. It is finitely generated but might have non
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trivial nilradical, so the character variety is not necessarily a variety; this latter feature does
not occurs when X is a surface and G = SL,, for instance. As a GIT quotient, the character
variety is an affine (possibly singular) scheme which were proved to be normal in [59,
Theorem 11.1] when X is a closed surface of genus g > 2 and in [62] when X is an open
surface and G = SL;,. The (set of closed points of the) character variety is very similar to
the moduli space Mg (X): one has a surjective map Mg (X) — Xg(X), which induces
a bijection Mg (X)? = Xg (X), where Xg(X ) denotes the subset of smooth points; so
character variety can be thought as a good algebraic analogue for Mg (X). Character
varieties where first introduced by Culler and Shalen in [21], in a manner totally unrelated
to gauge theory, where they played an essential role in the search of incompressible
surfaces inside 3-manifolds (see also [28] for a recent higher rank generalization). For
¥ € X a simple closed curve and f € C[G]¢ a conjugacy invariant regular function on
G, one can associate a so-called curve function f, € C[Xg(X)] which sends a conjugacy
class [p] to f(p(y)). Culler-Shalen original definition of character variety consists
in defining C[Xg(X)] as the subalgebra of C[Rs(X)] generated by curve functions
associated to the trace. When G = SL;,(C), by a theorem of Procesi, their definition
coincides with the definition by GIT quotient, though they do not coincide for general G
(see [44]). In this paper, we only consider character varieties defined as GIT quotients.
Let p : m1(X,v9) — G be a representation and denote by X a universal cover of
X with basepoint vy over vo. Consider the twisted complex of cochains C*(X, Ad,) =
Homgz| , (x)](C. (X,Z), g), where the fundamental group acts on the singular chains of X
via deck transformations and on the Lie algebra g via Ad op. An element g € G induces an
isomorphism between the complexes C* (X, Ad,,) and C* (X, Adg,,-1) so its cohomology
H®(X, Ad,) only depends on the class [p] € Xg(X) up to canonical isomorphism. A
representation p is said good if it is irreducible and its stabilizer subgroup is the center of
G. When p is good, the Zariski tangent space of the character variety at [ p] identifies with

T, XG(X) = H' (X, Ad,).

When X is a closed Riemannian manifold and [p] a smooth point with Hol(A) = [p],
using the integration pairing and Poincaré duality, one has a canonical isomorphism
between H', (X, ) and H' (X, Ad,,). Goldman noticed in [30] that under this isomorphism,
and when X = X is a closed Riemannian surface, the Atiyah—Bott symplectic pairing has
a natural interpretation using the cup product in twisted cohomology, namely it writes as
the composition

wGoldman . 1 (2, Adp) % H! (E,Adp) i) HZ(Z, Adp ®Adp) Q) HZ(Z, ©) A C.

Based on prior formulas of Wolpert in Teichmiiller spaces, Goldman deduced in [31] an
explicit formula for the Poisson bracket of two curve functions.
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Definition 1.1. A reductive complex algebraic Lie group G will be called standard if the
algebra of regular functions of the character varieties associated to any finite type surface
is generated by curve functions.

When G is standard, Goldman’s formula in [31] implies that the Atiyah—Bott—Goldman
symplectic structure induces a Poisson structure on character varieties of closed surfaces
(i.e. implies that the Poisson bracket of two regular functions is a regular function).

Using an argument of Procesi [53], it is proved in [14, 26, 53, 58] that the groups
(C)N, GLN(C), SLy(C), Spy (C), Ozn+1(C) and SOy 41 (C) are standard. However,
as A. Sikora pointed to us, the result in [57] suggests that SO, (C) should not be standard
in our sense.

More precisely, when G is abelian this is trivial. When G = SL,(C), the fact that
C[XsL, (X)]is generated by curve functions 7,,, where 7 is the trace function, was proved by
Brumfield and Hilden in [14] using Procesi’s theorem in [53]. Theorem 3 in [58] implies
the same result for G = SLy (C). Remark 4 in [58] implies that when G = GLx (C), a
generating set is given by curve functions of the form 7,, and det;l. When G is orthogonal,
symplectic or odd special orthogonal, one has an embedding i : G < GLy (C) defining
a G-invariant function f := 7 oi. The fact that C[ X (Z)] is generated by curve functions
fy was proved by Florentino and Lawton in Theorem A.1 of the three first arXiv versions
of [26] and appears in [58, Theorem 5].

For a connected compact oriented surface X with non-trivial boundary, Fock and Rosly
defined in [27] a Poisson structure on the smooth locus M%(Z) (see [8] for a survey
and see Appendix B for a detailed comparison with our present work). By choosing a
conjugacy class cy € G /G for each boundary component d € mo(9X) and considering the
submanifold Rg (Z, ¢) € Rg(X) of representations p : 71(X) — G sending a peripheral
curve parallel to 0 to an element of ¢, we get a manifold Mg (2, ¢) € Mg(X) whichis a
symplectic leaf of the Fock—Rosly Poisson structure. At the same time and independently
to the work in [27], Guruprasad, Huebschmann, Jeffrey and Weinstein defined in [33]
a symplectic structure on Mg (Z, ¢) by identifying a tangent space T[,] Mg (£, c) with
some subspace H}Ja, c H'(Z, Ad,) of so-called parabolic cohomology classes and
then defining a symplectic pairing on H}J ar
symplectic pairing.

Eventually Roche and Szenes proved in [55] that Goldman’s formula for curve functions
defines an algebraic Poisson structure on Xg (Z) (see also [43, Theorem 15] where the
proof is done in the case G = SL,, but, as detailed in [43, Comment 18], can be generalized
to arbitrary G).

Modern approaches to give to the moduli space of flat structures a geometric structure
is via moduli stack, for which one can consider derived symplectic structures (see [60]

by a non-trivial generalization of Goldman
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and reference therein for recent developments towards quantization), or D-modules [29].
Eventually, related moduli spaces that we will not consider here are the so-called wild
character varieties where we impose to the 1-forms A to have some degeneracy condition
at some fixed points of the surface ([12]).

Moduli spaces for marked surfaces

Definition 1.2. A marked surface £ = (£, A) is a compact oriented surface X (possibly
with boundary) with a finite set A = {a;}; of orientation-preserving immersions
a; : [0,1] — 9%, named boundary arcs, whose restrictions to (0, 1) are embeddings and
whose interiors are pairwise disjoint.

An embedding f : (£, A) — (X', A’) of marked surfaces is a orientation-preserving
proper embedding f : ¥ — X’ so that for each boundary arc a € A there exists @’ € A
such that f o a is the restriction of a’ to some subinterval of [0, 1]. Marked surfaces with
embeddings form a category MS with monoidal structure given by disjoint union.

By abuse of notations, we will often denote by the same letter the embedding a; and its
image a;((0, 1)) c 9% and both call them boundary arcs. We will also abusively identify
A with the disjoint union | |; a;((0, 1)) c 9% of open intervals. The main interest in
considering marked surfaces is that they have a natural gluing operation. Let X = (£, A)
be a marked surface and a, b € A two boundary arcs. Set X 4, = Z/Q(t) ~b(1-1)
and Agup := A\ a U b. The marked surface X up = (Zaup, Aqup) is said obtained from
X by gluing @ and b.

Character varieties admit deformation quantizations named skein algebras. More
precisely, in the case G = SL,(C), the Kauffman-bracket skein algebra S, (%) is non-
commutative (unital associative algebra) depending on a deformation parameter g. Setting
g = exp(%), where 71 is a formal parameter, the reduction modulo 7 of S, (X) (i.e. the
commutative algebra S, (X)) is isomorphic to the algebra regular functions of Xs, (X)
([17, 19, 54]). Write %5 the product in S, (X). A Poisson structure on S, (X) is defined
by the standard formula

frng—g*nf=h{f,g} (mod7n?).

A theorem of Turaev [61] shows that this Poisson structure coincides with the Atiyah—
Bott—Goldman Poisson structure on Xsi, (X).

A recent construction of Bonahon—Wong [13] and L& [45] extends Kauffman-bracket
skein algebras to marked surfaces under the name stated skein algebras. The motivation
behind this generalization is the good behaviour for the gluing operation which permits to
define triangular decompositions of skein algebras. The original motivation for the present
paper was to discover what is the (Poisson) moduli space behind stated skein algebras;
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this goal is fully achieved in the joint paper [40] in collaboration with Quesney based on
the present work (see also [20, 38] for two alternative independent proofs which does not
consider the Poisson structure). As a result, we will obtain triangular decompositions of
character varieties: a geometric tool whose interest goes beyond the study of quantization.
This relationship permitted to deduce from the geometric study made in the present paper
some classification theorems about the representations of stated skein algebras at roots of
unity in [36, 37].

We first sketch our construction in the gauge theoretical context, where the idea is very
simple; this will help the reader to get some geometric intuition. Fix a marked surface
Y = (X, A) and consider the subset

Qp(X,9) ={AeQ'(Z,9)|FA=0,A170 =0} c Q.(,9)
of flat 1-forms whose restrictions to the interior of the boundary arcs vanish and the subset

&:{g:ZHGLgM:e}CQT

of smooth maps whose restrictions to the interior of the boundary arcs are constant with
value the neutral element e € G. Define the relative moduli space

Ma(2) = U (Z9) g,

For unmarked surfaces (where A = 0) one recover our previous definition. To understand
the role of the marking, consider the case where G is an abelian group. The classical moduli
space identifies with the cohomology group X (X) = H'(Z; G) whereas the relative
moduli space identifies with the relative cohomology group X (Z, A) = H' (T, A; G).
In addition to the obvious isomorphism Mg (X; UX;) = Mg(X1) X Mg(X,), one has
a gluing map

Tawp : Mc (E) — Mg (Zanp)

induced by the projection £ — X,4,. Let ¢ denote the common image of a and b in X 4
by this projection. Since c is contractile (it is an open arc), a 1-form in Q}U(Za#b, g) is
always gauge equivalent to a 1-form whose restriction to ¢ vanishes. This implies that the
gluing map m,4p, is surjective. Note that if a, b, ¢, d are four distinct boundary arcs, then
Ta#b © Tc#d = Tc#d © Ma#b-

Here is an interesting consequence. Call triangle and denote by T the marked surface
made of a disc with three boundary arcs. A marked surface is triangulable if it can be
obtained from a disjoint union of triangles by gluing some pairs of boundary arcs. A
triangulation A is the data of these disjoint union of triangles, named the faces and whose
set is F(A), together with the pairs of glued arcs. The images in X of these boundary
arcs are called edges and their set is denoted by &(A). Composing the gluing morphisms
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together, for any triangulate marked surface (X, A), one gets a surjective morphism

™ Ma(®)— [ | Ma(D.
TeF (A)

We can actually characterize the kernel of this map. Call bigon, and denote by B, the
marked surface made of a disc with two boundary arcs, say ar, and ag. For g € G,
consider a 1-form A(g) € Q}V(B, g) on the disc whose holonomy along an arc joining
ay to ag is g. This gives a bijection G = M (B) sending g to [A(g)]. Now consider a
marked surface X and two boundary arcs a and b. Given A € Q]F(Z, g) and g € G, one
can consider the 1-form A(g) U A on B U X. When gluing the disc to X by identifying
ar with a, one get a surface which retracts to X. Using the retraction, one obtains from
A(g)UAalformg-A e Q},(Z, g) and it is clear that we get a left group action

Vﬁ G X Mg () — Mg(D)

sending (g, [A]) to [g - A] =: g - [A]. In the same manner, by gluing ag to b, one gets
a right group action Vf : Mg(Z) X G > Mg (X). These additional left/right group
actions on moduli spaces are essential features in this paper and are probably the main
original ingredient in our approach to character varieties. One can completely describe
the moduli space associated to X4, from the moduli space of X together with its G left
and right actions associated to a and b via the equivalence:

Mg (Zasp) = MG(Z)/(g. (o] = [p] - g.8 € G)- (1.1)

As a consequence, for a triangulated marked surface (X, A), the space [[repa) Ma(T)

acquires a structure of G¢®)- bimodule, where &(A) denotes the set of inner edges of
the triangulation, and one has

Mg (Z) = [lrero) MG(T)/(g X-x-g.g€ Gém)). (1.2)

So the moduli space Mg (X) is completely described by the moduli space of the triangle
Mg (T) with its GA left/right actions, together with the combinatorial data of the
triangulation.

Main results of the paper

Fix X = (X, A) a marked surface and G a standard Lie group. In order to work in the
algebro-geometric context, we will replace the moduli space of 1-forms by an algebraic
space of representations. Instead of the fundamental group, we need to consider the
fundamental groupoid IT; (X) whose objects are points in X and morphisms @ : vi — v,
are homotopy classes of continuous paths ¢, : [0,1] — X such that ¢(0) = v; and
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c(1) = vy. We will write v = s(a) (source point) and v, = f(a) (target point). A path is
called trivial if it is the homotopy class of a path which is either trivial or contained in a
boundary arc. The holonomy map induces a bijection between the space QlF (X,g) and
the representation space

Rc(X) ={p : I11(Z) — G| p(a) = e for all trivial path @ € IT; (A)}.

In Section 2, we will define an (infinitely generated) algebra C[Rs (X)] whose maximal
spectrum is R (X), so R (L) is the set of a closed points of an affine scheme (abusively
denoted by the same symbol) over C. In order to get an algebraic group action, the gauge
group will be replaced by the algebraic gauge group Gy of maps g : ¥ — G whose
restriction to A is constant equal to the neutral element e € G. The gauge group action is
given by

g p(a) = g(s(@)p(a@)g(t(@)~", forp € RG(E),g € Gx,a € Ti(Z).
The stated character variety will then be defined as
X6 (X) :=Rg(X) /| Gx.
Its main properties are summarized in the

Theorem 1.3.

(1) The stated character variety Xg(X) is an affine Poisson variety. The Poisson
structure depends on the choice of an Ad-invariant non-degenerate symmetric
pairing (-,-) : §82 — C and on a choice of orientations of the boundary arcs of
X. When G is abelian, the Poisson structure does not depend on the orientations.

(2) When £ = (X, 0) is unmarked, the stated character variety is canonically
isomorphic to the traditional (Culler-Shalen) one equipped with its Goldman’s
Poisson bracket.

(3) When Z is connected of genus g and the marking non-empty (so 0X # 0), the
stated character variety Xg (X) is isomorphic to G¢ where
d:=dim(H;(Z, A;C)) =2g =2+ |A| + |np(3Z)|.
As a Poisson variety, Xg(X) is isomorphic to the Fock—Rosly moduli space

associated to a graph I" C X on which X retracts by deformation.

4

~

If a is a boundary arc of £, the algebra of regular functions of the stated character
variety has both a left and right co-module structure on C[G), denoted AL :
Cl[XG(E)] — C[G] ® C[XG(E)] and AL : C[XG(2)] — C[XG(E)] ® C[G].
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If a and b are two boundary arcs with the same orientation, there exists a Poisson
embedding i up lying in the following exact sequence:
iatb Ag - o'oAf,2
0 — Cl[Xg (Zanp)] — C[Xg(E)] — C[G] ® C[Xg(2)],

where o(x ® y) = y ® x. In other words, one has C[Xg(Zuup)] =
coHH’(C[G], «C[XG (E)]») (see Subsection 2.5 for this notation). Moreover the
gluing operation is co-associative in the sense that if a, b, c, d are four boundary
arcs, one has i #p © ie#td = Icttd © Latb-

(5) Let a, b be two boundary arcs of X and X,ep the marked surface obtained from
YXUT by gluing a to one edge of the triangle T and gluing b to another edge. Then
XG (Zgep) is isomorphic to the Alekseev—Malkin’s fusion of X (X) (see Section 6
for definitions). Moreover when X is a connected marked surface with exactly one
boundary arc, then X (X) is isomorphic to the Alekseev—Kosmann—Meinrenken
moduli spaces appearing in [3, 4, 5].

(6) When X = (X, A) is connected and A # 0, the GA- Poisson variety Xg(X) is a
twist of the quasi Poisson variety defined independently by Li-Bland-Severa and
Nie in [46, 52].

The left exact sequence in the fourth item of Theorem 1.3 is the algebraic analogue of
Equation (1.1).

Corollary 1.4 (Triangular decomposition of character varieties). For a triangulated
marked surface (X, A), one has an exact sequence

0— ClAe®] 5 X ClXs()]

TeF(A)

et R ciol]e| Q) clXem |

ec&(A) TeF(a)
where the embedding i® is a Poisson morphism.

Corollary 1.4 is the algebraic analogue of Equation (1.2).

When X = (Z, A) is connected, a functor p is a good representation if either A # 0
or A = ( and the restriction of p to 7 (%, v) for one (and thus all) basepoint v € X is
irreducible and has stabilizer equal to the center of G. In general, p is good if its restriction
to every connected component of X is good. Given a functor p € R (X), we will define a
chain complex (C.(Z, A; p), d») and a cochain complex (C*(Z, A; p), d*), satisfying
the following
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Theorem 1.5. Given p € Rg(X) a good representation with class [p] € Xg(X), there
exists canonical isomorphisms A : T|,Xg(X) = HY(Z, A; p) between the Zariski

tangent space and the first twisted cohomological group, and N* : Q%p]XG (%) N
H (%, A; p) between the cotangent space and the first twisted homological group
respectively.

This cohomological description of the tangent space will play an important role in
the definition of the Poisson structure of stated character varieties, which will appear
as an intersection form on twisted groupoid homology. A related description appeared
in [33] for marked surfaces having exactly one marking per boundary component (see
Remark 3.18 for details).

As for Culler—Shalen character varieties, to a conjugacy invariant regular function
f € C[G]® and a simple closed curve y € X, one can associate a curve function
fy € C[Xg(X)]. The new feature in stated character varieties is that for any regular
function f € C[G] (not necessarily conjugacy invariant) and any arc @ whose endpoints
lies in A, one can also define a curve function f, € C[Xg(X)] (still defined by
fa([p]) := f(p(@))). These functions are the analogue of the stated arcs appearing in
stated skein algebras. When G is standard, we will prove that C[ X5 (X)] is generated by
curve functions, like in the unmarked case. The Poisson bracket is then characterized the
following formula.

Theorem 1.6 (Generalized Goldman formula). Given two curve functions fc,, he, €
ClXg(Z)] and p € Ri (L), the Poisson bracket is characterized by the following formula:

{fei he, Y (o)) = Z Z 8(V1,V2)(Xf’cl(v1) ®Xh,CZ(V2),r°(v"v2))

a (vi,n)eS(a)

+2 Z e(v) (Xf,Cl (v), Xh,Cz(V))

VveciNey

In the above formula, c¢; and ¢, are two geometric representatives of C; and C, in
transverse position, the first summation is over the boundary arcs a, the second summation
is over the pairs (v, vp) withv; € anc;, theelements £(v), e(vy,v2), 0(vy,v2) € {-1,+1}
are signs and r* are some classical r matrices. We refer to Subsection 3.4 for definitions.
When X is unmarked, the right-hand-side of above formula coincides with Goldman
formula in [31]. In particular, this formula is still valid for unmarked surfaces with non
empty boundary, as was shown by Lawton ([43, Theorem 15]) and Roche—Szenes ([55]).
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1.1. Organization of the paper

In Section 2, we introduce the general definition of stated character varieties. We will
define an algebra C[R (X)] whose maximal spectrum is the representation space R (X).
We then define the algebraic gauge group action and define the stated character variety
as the maximal spectrum of the subalgebra of C[Rs (X)] of coinvariant functions. The
algebra C[Rs (X)] is not finitely generated, hence the representation space is not an affine
variety. Thus it will not be obvious at this stage that the stated character variety is an affine
variety. We then introduce a discrete model for the stated character variety. The idea is that,
to define an equivalence class of representation [p] in the stated character variety, we do
not need to specify the value of p on every paths of the fundamental groupoid, but only on
a finite number of generating paths. We introduce the notion of finite presentation of the
fundamental groupoid which consists of the data of a finite number of paths and a finite
number of relations which are sufficient to characterize a class in the relative character
variety. Let us give a simple example. Consider the triangle T, so a disc with three
boundary arcs ay, a;, a3. Fix arbitrary points v; € a; and choose a path a; : v; — v;41 (i
is considered modulo 3) like in Figure 1.1. We will say that the fundamental groupoid
I1; (T) admits a presentation P = (V, G, RL), where V = {v{, v,, v3} are the basepoints
(V non trivially intersect each boundary arc once and each connected component of X),
the generators are the paths G = {,BI—'l , ﬁfl , ,83i1} (any path between the elements of V are
composition of paths in G) and the relations are the trivial relations 5;5; = 1 and the

non trivial relation 818,83 = 1.
v ' P
U3

Ficure 1.1. A finite presentation for the fundamental groupoid of the triangle.

As a consequence the map

¥ : XG(T) — X (T.P) = {(g1.82.83) € G’ | 218283 = e}

sending [p] to (p(B1), p(B2), p(B3)) will be proved to be an isomorphism. The variety
X (T,P) = G?* will be called a discrete model for X (T).

In Section 3, we define the chain and co-chain complexes defining the twisted groupoid
(co)-homological groups, define a natural non-degenerate pairing between them and
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compare them to usual twisted (co)-homological groups. We then prove Theorem 1.5.
Eventually we define a skew-symmetric form, the intersection form:

N°: Hy (2, A;p)®2 > C

which will characterize the Poisson structure. We then show that this form has a nice
behavior for the gluing operation.

In Section 4, we define the Poisson structures on the algebras of regular functions of
stated character varieties. We first define the Poisson structure on the stated character
variety of the triangle and use triangular decomposition to extend it to general surfaces.
We then prove the generalized Goldman formula of Theorem 1.6 which will imply, on the
one hand, that for unmarked surfaces our Poisson structure coincides with Goldman’s one
and, on the other hand, that it does not depend on the choice of a triangulation but only
on the orientations of the boundary arcs.

In Section 5, we consider the case where G = C*. We prove that the stated character
variety Xc-(X) is canonically isomorphic to the relative singular cohomology group
H!(Z, A; C*) and provide a simple description of its Poisson structure. The motivation
to study this particular case lies in the connection, established in [39] between this affine
variety and the balanced Chekhov—Fock algebra (quantum Teichmiiller space).

In Section 6 we prove the fifth item of Theorem 1.3 about the fusion operation using
the generalized Goldman formula.

In Appendix A, we prove that the algebra of regular functions of the stated character
variety is generated by the curve functions provided that G is standard. This result is
the key ingredient to identify stated character varieties with their discrete models. In
Appendix B, we compare our construction of stated character variety for marked surfaces
with the Fock—Rosly construction in [27] based on ciliated graphs. In Appendix C we
compare our construction with the moduli spaces appearing in [3, 4, 5]. In Appendix D,
we use the generalized Goldman formula of Theorem 1.6 to prove that when X = (X, A)
is connected and A # 0, the G™- Poisson variety Xg (X) is a twist of the quasi Poisson
variety defined independently by Li-Bland—Severa and Nie in [46, 52].
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2. Stated character varieties

2.1. Turning Map(X, G) into an affine scheme

Let X be a non empty set, G an affine reducible group scheme and Map(X, G) the set of
maps f : X — G.Inorder to turn Map(X, G) into an affine scheme, let us define a commu-
tative algebra C[Map(X, G)] such that the set of closed points of Specm(C[Map(X, G)])
is in one to one bijection with the set of maps f : X — G. We then abusively denote by the
same symbol Map(X, G) the underlying affine scheme and its set of closed points. First,
suppose that G = SLx (C), so that C[SLy] = C[Xi,j, 1 <i,j < N]/(det—l) (where
det is seen as polynomial in the coordinate functions X; ;). In this case, one can define

C[Map(X,G)] := CIX[ 1 <i.j<N.ae X]/(det(Ma) -1)-

Here M, is the N X N matrix with coefficients in the polynomial algebra C[Xi‘fj, 1<
i,j < N,a € X] defined by M, := (Xl.‘fj)lg,jSN. For a general affine reducible
group scheme G, one can choose an embedding G C GLy(C) so that C[G] =
ClXij, 1 <i,j <N] /(pl’ ..., Py) for some polynomials P;. We can similarly define

CIMap(X,G)] = CIXT V< i < Nea € X[ (p (a1, ... (M)

Note that for each a € X, there is an obvious embedding ¢, : C[G] — C[Map(X, G)]
sending X; ; to Xi‘fj. For x € C[G] and a € X, we write x, := to(x) € C[Map(X, G)].
A closed point of Specm(C[Map(X,G)]), described by a character y
C[Map(X, G)] — C, induces characters y, := xy © to : C[G] — C which corresponds
to elements f, () € G. We thus get a function f, : X — G and the assignation y — f,
is a bijection between the closed points of Specm(C[Map(X,G)]) and Map(X, G)

as desired.

Note that Map(X, G) has a group structure given by fi - fo(a) = fi (@) fa(@) fora € X
which is reflected by the fact that C[Map(X, G)] has a natural Hopf algebra structure
uniquely characterized by the requirement that each ¢, is a Hopf algebra morphism. More
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precisely, let (C[G], A, €, S) be the Hopf algebra of regular functions of G, then the Hopf
algebra structure of C[Map(X, G)] is given by

A(xy) = ngl) ®x5,2), €(xq) = €(x), Sxq) =85k)q.

Here and henceforth, we use Sweedler’s notation A(x) = Y, x") @ x(?) for the coproduct.
The coproduct can be alternatively written in matrix notation as

AMg) =My ® M,.

Remark 2.1. For each finite subset S C X, we get an embedding ts = X) ,cgto :
C[G]®S — C[Map(X,G)] and we can identify C[Map(X, G)] with the projective limit
C[Map(X.G)] = lim  C[G]®S.

ScX,S finite

The advantage of this alternative definition is that it is independent on the linear embedding
G c GLy(C).

2.2. Definition of stated character varieties

LetX = (Z, A) be a marked surface. Recall that R (X) is the set of functors p : 1} (X) —
G whose restriction to I (A) is trivial. In order to turn it into an affine scheme, note
that as a set it is a subset of Map(I1; (X), G). Define the ideal 7y, c C[Map(I1;(X), G)]
generated by the elements xqg — Zx(al) : xg) for x € C[G] and a,B € I1;(X) two
paths such that (@) = s(8). Define the ideal 7. ¢ C[Map(I1;(X), G)] generated by the
elements x, — €(x) for x € C[G] and &' € I1; (A) (a trivial path).

Definition 2.2. (Representation scheme) The algebra C[Rs(X)] is the quotient of the
algebra C[Map(I1; (%), G)] by the ideal 75 + I.

Remark 2.3. For instance, when G = SLy (C), we get the synthetic formula

R ()] = C|xe, a eI (D), ]/(det(Ma) =1, MoMg = Mag,\

B 1<ij<N My =1y

Lemma 2.4. The maximal spectrum of C[Rg(X)] is in canonical bijection with the
representation space Rg ().

Proof. Let p : C[Map(I1;(X£),G)] — C[Rg(X)] be the quotient map. Let y :
C[RG(X)] — C be a character. The character y := y o p : C[Map(I1;(X),G)] — C
defines a map p : I1;(¥) — G. Since ) vanishes on the ideal 1y, it satisfies p(aB) =
p(a)p(B), i.e. p is a functor. Since y vanishes on the ideal T, it satisfies p(a’) = e for
all @' € II1(A), i.e. p € Rg(X). Conversely, a functor p € Rg(X) is in particular a
map I1;(X) — G so defines a character y : C[Map(I1;(X), G)] — C. The fact that p is
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functor implies y(Za) = 0 and the fact that it is trivial on I1; (A) implies y(Z¢) = 0 so
x lifts to a character yC[Rg(X)] — C. These two assignments p — y and y — p are
inverse to each other, thus define the desired bijection. O

Define the Hopf algebra C[G] := C[Map(Z \ A, G)] whose maximal spectrum is in
natural bijection with the gauge group G of maps g : £ — G with trivial restriction on
A. The algebraic group G acts algebraically on the algebra C[Rs (X)] as follows. We
define a left Hopf co-action A9 : C[Rg(Z)] — C[G] ® C[R(X)] by the formula:

XX ) SC"ea)) @ X if s(@),1(@) € T\ A;

AS(x,) = 4255 ®Xa if s(a) € =\ A, 1(a) € A;
28X )i(a) ® X, if s(a) € A, () € T\ A;
1®xa if s(a),t(a) € A.

This co-action defines an algebraic action of G on C[Rs (X)] which corresponds to
the group action G X Rg(X) — R (X) of the introduction, defined by

g p(a) = g(s(a)p(a)g(t(a))™!, foranyp e RG(X),g € G, € II;(T).

Definition 2.5 (Stated character varieties). Consider the sub-algebra C[Xg(X)] :=
C[RG(X)]9 c C[RG(X)] of G-invariant functions. The stated character variety X¢ (X)
is defined as the maximal spectrum of the algebra C[Xg (X)].

We will prove that C[Xg(X)] is finitely generated and reduced, hence that the
stated character variety is an affine variety (except possibly for closed surfaces and
G # GLy, SLy in which case the question whether X () is reduced or not is open in
general, see [56]).

2.3. Stabilizer

In this subsection, we suppose that X is connected. For p € R (X), we denote by S, C Gx
its stabilizer for the Gy, action. Forv € £\ A, let p,, : 71 (X, v) — G be the restriction of
ptom(Z,v)and p, : Rg(X) —» Hom(m(Z,v), G) be the regular projection sending p
to p,. We denote by S,,,, C G the stabilizer of p,, for the G action by conjugacy.

Lemma 2.6.
(1) If A # 0, then the action of Gy on Rg (L) is free.

(2) If A =0, for every p € Rg(X) and v € X the map S, — Sy, sending g to g(v)
is an isomorphism.
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Proof. Let p € Rg(X) and g € Gy such that g - p = p. Then for @ : v — w a path, one
has

g)p(a) = pa)g(w).

If A # 0, we can choose w € A in which case g(w) = e and, by connectedness, for
every v € ¥ one can find a path @ : v — w. The above equality then implies g(v) = e
as well. Therefore g is the constant map with value e and the stabilizer of p is trivial.
If A = 0, fix a basepoint v € X. For every w € X, one can find apatha : v - w
and then g(w) = p(a) 'g(v)p(a). Therefore g is determined by g(v) and the map
S, — G sending g to g(v) is injective. If g(v) € G is fixed, one can extend it to a map
g : ¥ — G by the formula g(w) = p(a)~'g(v)p(a) if and only if p(a)~'g(v)p(a)
does not depend on the choice of the path a connecting v to w. If 8 : v — w is another
path and y, = @~ € m1(Z,v), then p(a)~'g(v)p(a) = p(B)~'g(v)p(B) if and only
if p(y,) commutes with g(v). Therefore g(v) € G is in the image of the embedding
S, — G if and only if it commutes with all elements p(y,) for y, € m1(Z,v), i.e. if and
only if g(v) € S, ... This concludes the proof. O

2.4. Curve functions

We now define a set of regular functions on the character varieties which will be proved to
generate the algebra of regular functions. A curve C in X is a homotopy class of continuous
map ¢ : [0, 1] — X such that either ¢(0) = ¢(1) (closed curve) or c(0), c(1) € A (open
curve or arc). For open curves, we allow the homotopy to move the endpoints ¢(0) and
¢(1) inside their boundary arcs. The map c is called a geometric representative of C. The
path @, : ¢(0) — ¢(1) in IT; (X) defined by c is called a path representative of C.

Let C be a curve and f € C[G] a regular function which is further assumed to be
invariant by conjugacy if C is closed. Let a¢ a path representative of C.

Definition 2.7. We define the curve function f¢ € C[Xg(X)] to be the class in C[Rg (X)]
of the element f,. € C[Map(I1;(X), G)].

This class does not depend on the choice of the path representative and is invariant
under the gauge group action, hence the function f is well defined.

Proposition 2.8. When G is standard, the algebra C[Xg (X)] is generated by the curve
functions.

The proof of Proposition 2.8 is postponed to Appendix A. For now on, we will only
consider standard Lie groups G in order to use Proposition 2.8.
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2.5. Discrete models

We now define the notion of finite presentation of the fundamental groupoid. Let
X = (X, A) be a marked surface.

Definition 2.9. A finite generating set for the fundamental groupoid IT; (¥) relatively to
A is a pair (V, G), where V is a finite subset of X and G is a finite subset of IT; () such
that:

(1) The set V is the set of endpoints of the elements of G, i.e. V = {s(f),(8) | B € G}.

(2) Any pair of generators 1, 8> € G admits some geometric representatives whose
interior are disjoint embedded curves.

(3) If B € G then B! € G, where 8! is the path with opposite orientation of j.

(4) Every curve C admits a path representative a¢ such that a¢ = By ... S, with
Bi € @G.

(5) Every boundary arc a € A contains a unique element v, € V.

A finite generating set (V, G) can be characterized by an unoriented embedded graph
I' ¢ Xp whose vertices are the elements of V and whose edges are some geometric
representatives of the elements of G whose interior are pairwise disjoint. More precisely,
we represent any pair 3, 8! of generators in G by a single edge in I". Such a graph will be
called a presenting graph of the generating set. We also denote by IT; (G) the sub-category
of IT; (¥) whose objects are the elements of V and morphisms are composition of
elements of G. Note that V intersects non-trivially each boundary arc and each connected
component of ¥ and that each curve admits a path representative in I} (G), so the inclusion
I1,(G) c I} () is fully faithful.

Let # (G) denote the free semi-group generated by the elements of G and let Relg denote
the sub-set of 7 (G) of elements of the form R = 8] % - - - x B, such that t(3;) = s(Bi+1)
and such that the path B ... B, is trivial. We write R~ := g1 x - x g7,

Definition 2.10. A finite subset RL of Relg is called a finite set of relations if:

(1) Every word R € Relg can be decomposed as R = ,B*Rf‘ *- %R xS, where
R, eRL,g; e {x1}and B =1 % ---*x B, € F(G) is such that #(8;) = s(Bi+1)-

(2) If B € G, the relation B * ! belongs to RL. We call such a relation a trivial
relation of RL.
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A finite presentation of I1|(X) (relatively to A) is a triple P = (V, G, RL) where
(V, G) is a finite generating set and RL a finite set of relations.

Given such a finite presentation with G = {8y,...,8,} and RL = {Ry, ..., R}, we
define the map R : G® — G™ by the formula

R(g1,. . 8n) = (R1(g1,....8n)s . Rm(g1,....gm)), forany (gi,...,gn) € GC.

Definition 2.11. The discrete representation variety is the subset Rg(X,P) :=
R~ (e,...,e) c GC.

Since G is affine, GO is an affine variety and since the subset R (X) is defined by
polynomial equations, the discrete representation variety is a finitely generated affine
scheme. As we shall see, when A # 0 or when G = GL, SL, it is reduced as well, so
it is a variety indeed.

Decompose the set of vertices as V = VUV? where V = VN (Z\A) and V2 = VN A.
We define the discrete gauge group to be the algebraic reducible group Gp = GV The
discrete gauge group acts algebraically on G as follows. Let g = (gv>----8%,) € Gpand

p=(p(B1),....,p(Bn)) € G°.Define g- p = (g - p(B1),.. ., & - p(By)) by the formula:

g(s(B))p(B)g(t(B))~" if s(Bi).t(B;) € V;

o p(py) = |8CBIP(B) if s(8;) € V.1(5i) € Vs
Y pBe (B! if s(B;) € VO, 1(B;) € V;
p(B:) if s(B;), 1(B;) € V2.

The action of Gp preserves the sub-variety Rg (X, P) C G, hence induces an algebraic
action of the discrete gauge group on the representation variety.

Definition 2.12. The discrete stated character variety is the GIT quotient

XG(Z9 P) = RG(Z’ P) // g]P’

In other words, C[Xg(Z,P)] = C[Rg(E,P)]9 is the sub-algebra of functions
invariants under the action of the gauge group. Since the discrete gauge group is reductive
and the representations variety is an affine variety, the discrete character variety is an
affine variety whenever Rg (X, P) is.

The idea of defining a gauge equivalence class of connections by their holonomies
over a finite set of paths is called lattice gauge field theory in the physics literature. It has
been used by several mathematicians including the authors of [1, 2, 3, 10, 15, 16, 27, 33].
We now list some finite presentations that will be used in the paper.
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Example 2.13.

D

2

3)

“4)

&)

Let £ = (X, 0) be an unmarked surface such that ¥ is connected. Fix b € X
a basepoint and consider a finite presentation P = (G, R) of the fundamental
group 71 (X, b). We associate to this finite presentation a finite presentation P of
the fundamental groupoid where V = {b}, the set of generators G is the set of
elements of G together with their inverse and the set of relations RL is the set
R to which we add the eventual missing trivial relations y % y~!. The discrete
representation space associated to this presentation is the set of group morphisms
p 1 (Z,b) — G and the discrete gauge Gp = G acts by conjugacy. Hence
the discrete character variety associated to such a presentation is the traditional
(Culler—Shalen) one, that is Xg (X, P) = Hom(7 (%, 5),G) /| G.

Suppose that X is unmarked and X closed. A cellular decomposition of % induces
a finite presentation of the fundamental groupoid where V is the set of 0-cells, G
is the set of 1-cells and the non-trivial relations of RL correspond to the 2-cells.

To a fat graph I', one can associate a surface X(I") by thickening the graph. If
moreover the fat graph has a cilitated structure ¢ (total ordering of the adjacent
half-edge of each puncture) one can associate a marked surface £%(T',¢) =
(2(T"), A(c)) by placing a boundary arc at each cilium. One then get a finite
presentation P = (V, G, RL) of I1; (%) relatively to A(c) where V is the set of
vertices of I', G its edges and RL has only trivial relations. The associated discrete
model was considered by Fock and Rosly in [27]. We refer to Appendix B for
details.

The bigon (disc with two boundary arcs) and the triangle (disc with three
boundary arcs) have natural presentations of their fundamental groupoid depicted
in Figure 2.1. The presentation for the bigon has generators G = {a*'}, where «
has endpoints in both boundary arcs and only trivial relations, so the corresponding
discrete model is Xg(B,P) = G. The presentation for the triangle, described
in the introduction, has generators G = {a/fl, i =1,2,3} and the only one non-
trivial relation @] * @y % @3, so the corresponding discrete model is Xg (T, P) =

{(g1.82.83) € G?|g18283 = e}

For a triangulated marked surface (X, A) (see Section 2.7 for details on trian-
gulations), we define a finite presentation P2 where V has one point v, in each
edge e € &(A) of the triangulation, G has 6 generators (l’,',’]fil,i =1,2,3in each
face T € F(A), defined as in the case of the triangle, and RL has one non-trivial
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(6)

)

relation a1 * a2 * 3,1 for each face T € F(A). Figure 2.1 illustrates the
example of a one punctured torus. The discrete model associated to such a
triangulation was considered by Buffenoir and Roche in [15, 16].

b /3

U3

FiGure 2.1. On the left, the bigon and the triangle with their canonical
presentations. On the right, a triangulated torus having one boundary
component and no boundary arc with the finite presentation associated
to a triangulation.

Suppose X is a compact connected oriented surface of genus g with n >
0 boundary components. For each boundary component d choose a single
boundary arc ag C 9 and set A = {ap}genyox) and £ = (Z, A). Choose
a point vo in the interior of ¥ and for each boundary arc, choose a point
vy € ag. Set V = {vo} U {vy,d € my(0%)}. Consider some longitudes and
meridians A1, y1, ..., g, g € 11 (2, vo)(= Endp, (s)(vo)). For each boundary
component d, choose a path 65 : vo — vy and a peripheral loop y5 : vg — vy
parallel to 9. Set G = {A;, u;, 09, v9|1 <i < g,0 € mp(9X)}. The relation
R = ‘le (s pi] [oen (x) 6373651 together with the trivial relations form
a set of relations RL so that P = (V, G, RL) is a finite presentation of IT; (X)
relatively to A. The associated discrete model X (X, P) where considered by
Guruprasad, Huebschmann, Jeffrey and Weinstein in [33].

Consider a marked surface X = (X, A), where X is connected of genus g and
A # 0. The groupoid IT; (¥£) admits a finite presentation relative to A with no non-
trivial relation depicted in Figure 2.2 and defined as follows. For each boundary
arc a fix a point v, € a and set V = {v, }4c#. We fix one particular boundary
arc ag in some boundary component dyp € mo(0X) with point vg := v,,. Consider
some longitudes and meridians Ay, u1, ..., Ag, g € 71 (X, vo)(= Endp, (z) (vo)).
For each boundary component d of 0% with no boundary arc, consider a closed
path 65 € 7 (%, vo) encircling d once. For each boundary component d # dy
of dX having some boundary arcs ag 1,...,a4, ordained cyclically in the
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counterclockwise direction, consider a path dy : vo — vy, in the case where
0 # 0o, and some paths Bs,; : Va,; = Vay,,,»i € Z/kZ homotopic to subarcs of
0. The set G’ formed by the paths A;, u;,7 = 1, .. ., g and by the paths 65 and 5 ;,
together with their inverses, forms a finite set of generators for I1; (X) defining
a finite presentation having exactly one non trivial relation. Using this relation,
one can express any element of the form 5 ; in term of the other generators. The
set G obtained from G’ by removing an arbitrary pair of generators ﬁ:—;}i form the
generating set of a finite presentation P = (V, G, RL) of I1; (X) (relative to A)

having no non-trivial relation. Note that the set G has cardinal
1
d:= E'Gl =28 -2+ |A| + |7 (0%)].

Therefore the discrete model is Xg (X, P) = G¢.

In the particular case where X has exactly one boundary arc, the associated
discrete model was considered by Alekseev and Malkin in [5] in the context of
classical lattice gauge field theory and in [6, 10, 24, 25] in the quantum case.

Ficure 2.2. A set of generators G for I (X£) when the marked sur-
face has genus 2, and three boundary components dy, d;, 3> having
respectively 1, 0 and 3 boundary arcs. Here, G is obtained from G’ by
removing the arc Bg,,1.

Remark 2.14. By Example 2.13 the character variety of any marked surface admits a
discrete model.

Let (X, P) be a punctured surface with a finite presentation and consider a curve C
together with a regular function f € C[G] which is further assumed to be invariant by
conjugacy if C is closed. Consider a path representative of C together with a decomposition
ac = B, ... Bi, where the §; € G are in the generating set.
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Definition 2.15. The curve function fo € C[Xg(Z,P)] is defined by the formula
fe(p) = flp(Bi) - p(Bi))-

It results from the definition of being a finite set of relations that f¢ does not depend on
the path representative a¢ nor on its decomposition in G. Moreover f¢ is invariant under
the action of the discrete gauge group, hence it is a regular function f¢ € C[Xg (X, P)]
of the character variety.

We now define a canonical isomorphism ¥F : X5 (X) N XG (X, P) between the
character variety defined in the first sub-section and the discrete model we introduced
in this subsection. Recall that we defined a morphism R : G¢ — G®F such that
RG(Z,P) = R (e, ..., e). Denote by R* : C[G]®™ — C[G]®C the morphism of
algebras associated to R. We have the following exact sequence

.

®RL R*—1®C0 e®RL G
C[G]®® — C[Rs(X,P)] — O.

ClG]

On the other hand, the representation space R (X) is defined by the following exact
sequence

Iy + I = C[Map(IT; (£), G)] — C[Rg(E)] — 0,
where ¢ represents the inclusion map. Consider the natural injective morphism ¢ :=
X e ta C[G]®® — C[Map(I1;(Z), G)]. Denote by 7> ¢ C[Map(I1;(Z), G)] the
ideal generated by the algebra ¢* o (R* — %% o €®%1) (C[G]®*L).

If R := 81 x---%x B, € Relg is a relation and x € C[G], define the element
XR = Z(x(l)),gl . (x("))ﬁn and denote by g c C[Map(I1;(X), G)] the ideal generated
by the elements xg — €(x) with x € C[G]. By definition, the ideal Zp is the sum of the
ideals Jg with R € RL. We have the equalities:

xp—e(x) = Y (Mg o (x)g —e)
= (20 My, - Mg, = gy )+ (g, —€0)) € Ta+ e

This proves the inclusion fp C 7 + I, hence the morphism &P : C[G]®C° —
C[Map(I1; (%), G)] induces a morphism ¢* : C[Rg(E,P)] — C[Rg(X)]. Consider
the injective algebra morphism C[Gp] = C[G]"W — C[Map(Z \ A,G)] = C[G]
induced by the inclusion V c X \ A. This inclusion induces a surjective morphism
of algebraic groups tg : G — Gp. The injective morphism ¢F : C[RG(E,P)] —
C[Rg (¥)] is tg-equivariant by definition, hence it induces an injective algebra morphism
#F : C[XG(Z,P)] — C[Xg(Z)]. We denote by ¥F : X5 (X) — X (I, P) the surjective
regular map induced by ¢F.

Proposition 2.16. The regular morphism ¥Y¥ : Xg(2) — Xg (X, P) is an isomorphism.
Therefore, the stated character variety X (X) is a scheme of finite type.
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Corollary 2.17. Suppose that X is connected.

(1) If A # 0, then Xg(X) = G" for some n > 0. In particular it is a smooth affine
variety.

(2) If A =0, then X (L) is isomorphic to the usual character variety. In particular
it is reduced (thus a variety) when G = GLy, SLy or when X is open.

The surjectivity of ¢* will follow from Proposition 2.8. To prove the injectivity, we
first state two technical lemmas.

Lemma 2.18. Let /1,y : C[G] — C[G]®? be the two morphisms defined by | =
A-n®%0eand iy, :=id® € — € ® S. Denote by I, I, C C[G]®? the ideals generated by
the images of W1 and Y respectively. Then one has an inclusion I, C 1.

Note that Lemma 2.18 implies that in both C[Rg(X)] and C[Rg (X, P)], we have the
equality [x]g = [S(x)]z-1. The inclusion Z; C I obviously holds for any Hopf algebra.
Moreover, the fact that for any g;,g> € G we have g;g, = e if and only if g; = g5 !
implies, by the Nullstellensatz, that the radicals V7 and VI, are equal. However it is
not obvious, a priori, that 7; is radical.

Proof. We first suppose that G = GLy (C) and write
C[GLy] := Cldet !, x; ;1 < i, j < N]/(det.defl -1)-
A straightforward computation shows the equality

Xi,j ® 1-1® S(xi,j) = Z(A(xi’k) — e(xi,k))(l ® S()Ck,]')) c 1.
k

This proves the inclusion 7, ¢ 7; when G = GLy (C). Now for a general affine Lie group
G, consider a closed embedding G < GLy (C) defined by a surjective Hopf morphism
p : C[GLy] — C[G]. The morphism p sends the ideals 77 and 7, associated to GLy (C)
to the corresponding ideals associated to G. Hence the result holds for any G. O

Lemma 2.19. Let Ry, Ry and R = B . .. By, be some relations in Relg and B € T} (2) a
path such that t(B) = s(B1). Then the followings statements hold:

(1) One has the inclusion Ig,«r, C Ig, + IR,.
(2) One has the inclusion Ig,gup-1 C Ir + Ig.p-1.

(3) One has the inclusion Ig-1 C Ig +3; IBL-*B,?]'

303



J. Korinman

@) Ifa=qaj...ay,isapath in G such that each a; is in G, then for any x € C[G]
one has

o= ) @)y (2, € T,
In particular, for any relation R € Relg, one has Igr C Ip.
Proof. Fix x € C[G] and compute:
*Rixk = €(6) = D (g, (¥ Pk, — ()
= (@ Mk, = e D) (g, - e(x))
+ (xg, — €(x)) + (xr, — €(x)) € Ig, + Ig,
This proves the first assertion. For the second, we compute:
Kparap-1 — €00) = D (x D)@ p(x®) 51 — e(x)
= 2 (6 - 5 )p)

+ Z(x“))ﬁ((x@))R - e(x(z)))S(x(a))ﬁ € I + Iy pm

Here we used Lemma 2.18 for the last inclusion. To prove the third assertion, we first
introduce some notations. Let € = (g1, ...,&,) € {—, +}" and denote by || the number
of indices i such that &; = —. Using Sweedler’s notation A"~V (x) = Y x(D @ - .. @ x(™),
write b, = ), afgl]) .. .ag), where aii) = S(x(i))ﬁnﬂ. and a?) := S(x(i))lgnﬂ. - (x("))ﬁfl,
One has the equality o
Xpo1 — €(x) = Z (-D)¥b, - e(x).
ge{—,+}"

If there exists an index i such that &; = —, then b, € Iﬁi*ﬁ;I ,by Lemma 2.18. If &; = +
for every index i, then b, ) — €(x) = S(x)r — €(x) € Ig. This proves the third
assertion. By definition of being a set of relations, the three first assertions imply the
inclusion Jg C Jp for any R € Relg. To prove the last assertion, consider the relation
R :=(a;...an) * @, x---*a;'. One has the following congruences

Xaj...ap, — Z(x(l))m cee (x(n))an
= 2 6oy, S, - S ) g — €(x)  (mod F)

= Z(x(l))m__an &gt -+ (D) — e(x)  (mod Tp)
=xp —€(x) =0 (mod Tp)

This proves the last assertion and completes the proof. O
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Proof of Proposition 2.16. Since the algebra C[ X (X)] is generated by its curve functions
by Proposition 2.8 and since the morphism ¢® sends curve functions to curve functions,
the morphism ¢ is surjective by the definition of being a generating set. To prove the
injectivity, we need to show the inclusion (fp + Z¢) N q@P (C[G]®G) C Ip. The algebra
I. N ¢7(C[G]®°) is generated by elements of the form xg — €(x) for R € Relg and
x € C[G], hence it is included in Zp by Lemma 2.19. The algebra 7, N ¢F (C[G]®®) is
generated by elements of the form x,.._q, — Z](x(l))(,l ... (x("))an where @ = ... a,
and the paths a; belong to G and x € C[G]. By the last assertion of Lemma 2.19, this
algebra is included in Zp. This proves the injectivity of ¢* and concludes the proof. O

Proof of Corollary 2.17. The first and second assertions follow using for P the presenta-
tions of the third and first item of Example 2.13 respectively and using the fact that the
representation scheme Hom(7r{ (Z, v), G) is reduced whenever either G = GLy, SLy or
2 is open (see [56]). m|

2.6. The gluing formula

Definition 2.20. Let X be a punctured surface and a a boundary arc. We define a left Hopf
comoduleéﬁ : C[Map(I1;(2), G)] — C[G] ® C[Map(IT;(X),G)] and a right Hopf
comodule AR : C[Map(I1;(2), G)] — C[Map(I1;(2), G)] ® C[G] by the formulas:

XX’ S exl, ifs(a),t(a) €a;

ZL(xa) — 2x ®xl, if s(a@) € a,t(a) ¢ a;
“ 2SS ®xl, if s(a) ¢ a,t(a) € a;
l®xq if s(a),t(a) ¢ a.
Zf =0 o (S®id) oZ{;.

It follows from the axioms of cocommutativity and compatibility of the coproduct with
the counit in the Hopf algebra C[ G ], that the Hopf comodules Zé and Z"f vanish on the ideal
Ip + I, hence induce some Hopf comodules AL : C[Rg(E)] — C[G] ® C[Rg(X)] and
AR C[RG(Z)] — C[RG(E)] ® C[G] by passing to the quotient. The Hopf comodules
AL, AR are equivariant for the gauge group action, hence induce, by restriction, Hopf
comodules (still denoted by the same letter) AL : C[Xg(Z)] — C[G] ® C[Xg(X)] and
A : C[XG(2)] = C[XG ()] ® C[G].

Now consider two (distinct) boundary arcs a, b of X and X 45, the glued marked surface.
Denote by 7 : £p — X4 the natural projection and by ¢ the common image of a and
b by n. Define an algebra morphism i, : C[Rg (Za#p)] — C[RG(Z)] as follows. Let
a € I} (Z,44p) be a path and ¢, : [0,1] — Z,4p be a geometric representative of «
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transversed to c. Choose a sequence 0 =ty < t| < --- < t, = 1 such that ¢, ((t;,;+1))
does not intersect c¢. Each geometric arc ¢ o[, 4,1 induces a path a; € IT;(Z).

Definition 2.21. The morphism ia4, : C[Rg (Z|a#p)] — C[Rg(Z)] is defined by:

iatp([¥a]) 1= ) (Mg, .. (x"M)g,] € C[RG (D),
where x € C[G] and « a path transversed to c.

If follows from the definitions of 75 and 7. that the element i, ([x,]) does not
depend on the choice of a geometric representative of @ nor on its decomposition and
that the map a4 : C[RG (Zja)] — C[Rg(¥)] is an algebra morphism. The restriction
7 Z\NA > Zaup \ (Aqup Uc) of the projection x is a homeomorphism. We define a Hopf
algebra morphism (f)f#b : C[Gx...,] — C[Gx] by sending a generator x, € C[Gx_,, ] to
the generator xz-1(,,) € C[Gx] if v ¢ ¢ and to the element €(x) if v € ¢. The morphism
igtp - C[RG(Zasp)] — C[RG(X)] is ¢f#b—equivariant, hence induces by restriction a
morphism (still denoted by the same symbol):

iatp : C[XG (Easn)] — C[Xg(X)].

As explained in the introduction, the main motivation to introduce our generalization
of character varieties lies in the following gluing formula.

Proposition 2.22 (Fundamental gluing property). The following sequence is exact

i AL —ooAR
0 — C[XG (Zawp)] = C[XG (E)] —— C[G] ® C[XG(D)],
where o(x ® y) =y ® x. Moreover, if a, b, ¢, d are four distinct boundary arcs, one has
Lath O lcttd = lct#d © Lath-

‘We first state a technical lemma.

Lemma 2.23. Let H be a Hopf algebra and Ay : H®> — H®3 be the morphism
defined by AL (x ® y®z) = 2. x’ ® S(x”)y’ ® y"'. Denote by ¥, ¥, : H®? — H®3 the
morphisms defined by ¥| :=id® A — A®id and ¥, := Ap — id ® p ® id respectively.
Then ker(¥;) = ker(¥,) = Im(A).

Proof. Consider the automorphism ¢ : H® — H® defined by p(x ® y ® ) =
-2 x' ®S(x"")y ® z. A straightforward computation shows that ¢ has the inverse defined
by o ' (x®y®2z) = - Y&’ ®x”y ® z and that ¢ o ¥; = ¥,. Hence we have the equality
ker(¥;) = ker(¥,). The inclusion ker(A) c ker(¥;) follows from the co-associativity
of the co-product. It remains to show the inclusion ker(¥;) c Im(A) to conclude. Let
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X =Y x; ®y; € ker(¥,) and define Y := Y n o e(x;)y; € H. One has
¥o(X) =0 e > ¥ @St))yey =) xeley
— Y noe)y; @y =) xi®y — AY)=X

where we passed from the first line to the second by composing the equalities with y ® id.
We thus have proved that ker(¥;) = ker(¥;) = Im(A). This concludes the proof. O

Consider a punctured surface X with two boundary arcs a and b and a finite presentation
P = (V, G, RL) of the fundamental groupoid IT; (¥) such that VNa and VN b have cardinal
one. Denote by 7 : Zp — a4 Pt the projection map. Define the presentation P4, of
I} (Za#p) by setting Vaap, = 1(V), Gasp = m.(G) and RLy#p, = 7. (RL). Denote by AL :
ClXg(E,P)] —» C[G] ® C[X5(X,P)] and Af :Cl[XGg (Z,P)] — C[Xg(E,P)] ® C[G]
the Hopf comodule maps induced by the isomorphism ¢F : C[Xg(Z,P)] = C[Xg(X)].
Also denote by igup : C[XG (Zasp, Pasn)] — C[XG(Z,P)] and ¢f§b : ClGp,.0] —
C[Gp] the morphisms induced by ¢F, ¢F«# and the inclusion ¥V < V4.

By Proposition 2.16, to prove Proposition 2.22 it is sufficient to find a finite presentation
P such that the following sequence is exact

. L_ R
iath Ag—ooAy

0 — C[XG (Zasp: Pasp)| — ClXG (E,P)] —— C[G] ® C[X (E,P)].

Proof of Proposition 2.22. Fix a finite presentation P of IT; (Zp) such that:
(1) BothVna={v,}and VN b = {v,} are singletons.
(2) There exists some path 8, : v, — Vv and Bp, : V' — v;, in G such that v,V € V.

(3) If @ € B\ {B', B5'}, then {va, v} N {s(@),(a)} = 0. Moreover RL does not
contain non trivial relations involving the paths B!, B!,

Fix also a gluing map ¢ : a = b sending v, to v, and denote by 7 : Zp — X
the projection map, by c¢ the image of a and b by 7 and by v. the image of v, and
vp. For simplicity, using the projection nr, we will identify the sets G = G,#p, the sets
R = R #p and write Yofu#b =Vu {vc}. Under these identifications, we have the equalities
R (Zja#p> Pawn) = RG (E,P) and Gp,,,,, = Ge X G,

Under the identification C[Gp,_,, ] = C[Gr] ® C[G],, the comodule map Aa :
a#b

C[RG(E,P)] — (C[Gr] ® C[G],.) ® C[RG(E,P)] decomposes as Aa #b(f) =

(Ag, (M3 - (AL ()23, where A : C[XG(E,P)] — C[Gly, ® C[XG(Z,P)] is the
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Hopf co-action induced at the point v.. Hence one has the equality ker(AéP -n®n®id) =
attb
ker(Ag, —n ®id) Nker(AL -7 ®id), and one has the following exact sequence

. L
La#b Ave-n

0 — C[Xg (Zasp Pann)] — ClXc(E,P)] S C[Gly. ® C[XG (E,P)].

We need to show the equality ker(A% — 7 ® id) = ker(AL — o o AR) to conclude the
proof. Recall that the algebra of regular functions of the representation variety is defined
as the coimage:

_E®RJ_,

ClG1®* B2 ¢[6]°% 5 CIRG(Z.B)] — 0

Since RL does not contain any non trivial relation involving %!, ﬁ;l, we have the
tensor decomposition C[Rg (X, P)] = C[G]g, ® C[G]g, ® A, where C[G]g, is the
image in the quotient of the factor C[G]g, ® C[G] B> C[G]p, is the image of the factor
ClGlg, ® C[G]B;l and A is the image of the factor ®GEG\{ﬂél’ﬁ§l} C[G] o- Denote by
¥, ¥, : C[G]p, ® C[G]p, — C[Glp, ® C[G],. ® C[G]p, defined, as in Lemma 2.23,
by the formulas ¥; := id® A-A®idand ¥, := Ay —id®n®id respectively. Also define the
permutation isomorphism P : C[G],, ®C[G]p,®C[G]p, = C[G]p,®C[G], . ®C[G]g,
definedby Px® yQ®z) =y ®x Q2.

By definition of the comodule maps AL and Af, the following diagram commutes:

AL —ooAR
C[Glg, ® C[Glg, ® A ———> C[G],, ® (C[Glg, ® C[Glp, ® A)

= | P®id;
m l ”

C[Glg, ® C[G],. ®C[Glg, ® A
Moreover, by definition of the gauge group action, the following diagram commutes:

AL —neid
C[Glg, ®C[Glg, ® A —=""% C[G],, ® (C[G]s, ®C[Gls, ® A)

= | P®id

C[Glp, ®C[G],. ®C[G]p, ® A
Hence, by Lemma 2.23, we have the equalities:
ClX6 (Zatp, Patn)] = ClXG (£, 2)] Nker(AL - n @ id)

= C[XG(E,P)] nker(¥; ® idg)
— C[Xg (E,P)] N ker(W; @ id )

= ClXG (%)) nker(AL - o 0 AF)
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We thus have proved that following sequence is exact

. L_ R
latb Ag ool

0 — C[XG (Easp: Pasp)]| — ClXG (E,P)] —— C[G] ® C[X (E,P)].

We conclude using Proposition 2.16. O

2.7. Triangular decompositions

Definition 2.24. A marked surface X is triangulable if it can be obtained from a
disjoint union £* := | |y, F(a) T of triangles by gluing some pairs of boundary arcs. A
triangulation A is the data of the disjoint union 2 := | |r. F(a) T together with the pairs
of boundary arcs glued together.

The only non triangulable connected marked surfaces are: the (unmarked) closed
connected surfaces, the unmarked sphere with one or two boundary component, the disc
with one or two boundary arcs.

Remark 2.25. The groupoid of marked surfaces with isomorphisms is equivalent to a
category of punctured surfaces so both language can be used interchangeably, though
a triangulation is easier to visualise using punctured surfaces. A punctured surface
is a pair (S, %) where S is a compact oriented surface and  C S a finite subset of
punctures which intersects non-trivially each connected component of 9S. Isomorphisms
of punctured surfaces are preserving-orientation homeomorphisms which preserves the
sets of punctures. One associates a punctured surface (S, $) to a marked surface (X, A)
by shrinking down to a puncture each connected component of dZ \ A. The reverse
operation consists in blowing up each inner puncture and setting A = S \ P. A P-arc in
(S, ) is an immersion e : [0, 1] — § sending 0, 1 to elements of $ and whose restriction
to (0, 1) is an embedding into S \ #. An ideal triangulation of (S, #) is a maximal set of
pairwise non homotopic (relatively to their endpoints) P-arcs (the edges) with disjoint
interior. A triangulation of (X, A) is the same as an ideal triangulation of its associated
punctured surface (S, P).

Consider a triangulated marked surface (X, A), so X is obtained from £* := | |1, Fay T
by gluing the triangles along pairs of edges. Each inner edge ¢ € &(A) lifts to two
boundary arcs ¢’ and e’’ of £2. By composing the morphisms i, 4., one obtains an
injective morphism i : C[Xg(Z)] — ®TeF(A) C[Xg(T)]. The comodule maps A‘I;,
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and Af,, induce comodule maps A’ and AR such that we have the following exact sequence

0— ClXG(E)] -5 X) clxe(M]
TeF(A)

L R
2 gen, X cial|e| X clxem1|
ee&(A) TeF(a)

The short exact sequence of Proposition 2.22 can be reformulated as follows. If A
is an algebra and M a A-bimodule, the 0-th Hochschild homology group is defined by
HHo(A,M) =M [ (4. ;n —m -a,a € A,m e M)- Denoting by V- : A® M — M and
VR : M ®A — M the left and right module maps, the algebra HHq (A, M) is thus defined
by the coimage in the following exact sequence

g

VL _goVR
A®M —— > M — HHy(A,M) — 0.

Now consider a co-algebra C with a bicomodule M defined by the comodules maps
AL : M — C®M and AR : M — M ® C. By dualizing the preceding exact sequence, it
is natural to define the O-th coHochschild cohomology group coHH(C, M) as the kernel
in the following exact sequence

L_ ;oAR
0 — coHH(C, M) — M 222, co M.

Denote by ,C[Xg (Z)], the C[G] bi-comodule defined by AL and Ag. Proposition 2.22
can be re-written more elegantly by the formula

C[XG (Eja#p)] = coHH(C[G], ,C[ X5 (Z)]p).

3. Twisted groupoid (co)homologies and the tangent spaces

Notation 3.1. Denote by g the Lie algebra of the complex affine reducible Lie group G. We
fix once and for all a non-degenerate symmetric G-invariant pairing ( -, -) : g2 — C. If
g € G,denoteby Ly : G — G and R, : G — G the regular maps defined by L, (h) = gh
and Rg(h) = hg. For a tangent vector X € T,G and a group element g, we will use
the notations gX := DypLg(X) € TepG and Xg = DpRy(X) € Tj,G. If g € G, we
define the symmetric non-degenerate pairing ( -, )g : T¢G ® T,G — C by the formula
(X.Y), :=(g7'X.g7'Y).

3.1. Twisted groupoid (co)homologies

Let X be a punctured surface and p € R (X) a representation. Denote by P the set
of n+ 1-tuples (@, .. ., ay) of elements of I1; (X) such that #(@;) = s(a;-1). Define the
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vector space C,(Z; p) as the quotient

where the equivalence relation ~ is defined for any (ay,...,®,B) € P+ and
X € Ty(q,...ap)G by the formula X ~ Xp(B), where Xp(B) € Ty(q,...aup)G- Given
(@ns ..., ) € P and X € To(ay...a0) G we denote by ((ay, ..., a0), X) € Cp(Z; p)
the class of the corresponding element. Define a map 4, : C,(Z;p) — C,-1(%; p) by
the formula

an(((an’ e 500)9X>) = <(an—19 .. 9a0)’ p(an)_lX>
+ DR (s ket ), X)),
k=1

A straightforward computation shows that d,, 0 9,—1 = 0, hence we have defined a chain
complex (Cq(Z; p), do). Define the sub-complex C.(A; p) € Co(X; p) as the sub-space
spanned by elements ((ay, ..., aq), X) where the @; € I1;(A).

Definition 3.2. The chain complex (C. (X, A; p), d.) is defined by setting C,, (X, A; p) :=
Cn(Zsp) / C,(A; p) and by passing the boundary map to the quotient. We will denote
by H,, (£, A; p) its homology groups.

Denote by C"*(X; p) the vector space of maps
o P @ To(ap...a0)G
(7 ap)eP )

such that o™(au,...,a@) € Ty(a,,. .a)G and such that o"(a,,...,@f) =
o™ (@, ..., a)p(B) for all (ay, ..., a0 B) € P Define a map d” : C*(Z;p) —
C™1(Z; p) by the formula

d"c"(ans1, ..., @0) = p(&nsr)c(a;, ..., ap)

n
+ Z(—l)k+"c(an+1, S R, . .., QD).
=1

A straightforward computation shows that @ od"*! = 0, hence (C*(Z; p), d*) is a cochain
complex.

Definition 3.3. The complex (C*(X, A; p), d*) is defined as the sub-complex whose
graded part C" (2, A; p) € C*(Z; p) consists in the maps o vanishing on the elements
(an, . ..,a) where @; € I11 (A). We denote by H" (2, A; p) its cohomology groups.
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Definition 3.4. We define a 0-graded pairing (-, ) : Co(Z, A; p) @ C* (X, A;p) —» C
by the formula

(((an, ca0), X), c”) = (X, (s @0)) pay...a0)-

Since the pairings (-, ), : T,G®? — C are non-degenerate, the pairing (-, - ) is also
non-degenerate. If follows from the definitions that, for all 07,4, € Cy11 (2, A; p) and
for all ¢" € C"* (X, A; p), one has the equality (0,,+107+1, ¢") = (on+1,d" ™). Hence the
pairing (-, - ) induces a 0-graded non-degenerate pairing in homology (still denoted by
the same letter):

(-,-) : Ho(Z, A; p) @ H* (2, A; p) — C.

Notation 3.5. If @ € T11(X) and X € T,,(4)G, we will denote by [, X] € H!(Z, A; p)
the class of the element ((a, 1;(a)), X), where 1,(q) represents the constant path based
att(a).

3.2. Comparison with standard twisted group (co)homology

Suppose that £ = (X, 0) is a connected unmarked surface and fix a basepoint v € X.
Consider the universal covering

E:{a:[O,l]eZ,t(a/)zv}, 32— 3, a+— s(a).

1 (2, v) (right) acts on s by a -y :=ay.Let p : II;(X) — G and consider its restriction
pv 1 (Z,v) = G. Then 711 (Z,v) acts on g by ¥ - X := p,,(y) "' Xp, (). Consider the
complexes

Co(Z,Ad,,) = Ca(Z,2) @2z, 511 8 C*(Z,Ad,,) := Homyz[ 1, (5.)](Ce(Z,Z), 0).

Proposition 3.6. The chain complexes Co(X; Ad,, ) and C,(Z; p) are homotopy equiva-
lent. Similarly, the cochain complexes C*(X; Ad,, ) and C*(X; p) are homotopy equivalent.

Therefore, the complex C,(%; p) is a “basepoint free” analogue of C,(XZ; Ad,, ). As
for X (X), the fact that we switch to a basepoint free object is what permits the gluing
operation.

Proof. The main idea is to associate to each (an,...,a) € P™ with t(ag) = v a
singular chain o (q,,,... o) : A" — . Let v; € R"! be the point whose j coordinate
is §;; and consider the simplex A" = [vg,...,v,] C R™!, where [ -] denotes the
convex hull. By definition, a singular map is a continuous map o" : A" — ¥ and
C,(2;Ad,,) is spanned by elements [0 ® X], with X € g, modulo the relation
[ -y ®X] =[0" @ py(¥) ' Xpu(y)] fory € mi(Z,v).
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Let B; := [Vn-i» Vn-i+1] C A" and consider A" := U, B; C A". Let¢: A" < A" be
the inclusion map and consider a retraction by deformation » : A" — A’ and a homotopy
h:[0,1] x A" — A" such that hg = id, iy = tor and [ h, A" = idp» for all ¢ € [0, 1].
To (ay, ..., ap) € P for which r(ag) = v, we associate a continuous map O (ay,
A" — 3 as follows. The map 0 (a,,.,...,a) S€Nds v,_; to the path ¢;a;—1 ... @ € . For
7 € [0, 1] consider the path @] : [0,1] — X, o] (t) := a;(7t) (so a? =1and a} = ;).
The restriction of 0 (g, ,....ap) to the edge B; = {Tv,—i + (1 = T)vp_iv1, T € [0, 1]} is

,,,,,

Tlap,sap) TVnoi + (1 = T)vy_jp1) = @iy ... .

.....

The n-simplex o (q,,,....a0) : A" — T is defined by O(ay,.....a0) = T(ay,....ay) © - Define
Ve : Co(Z, p) — Co(%, Ad,,) by the formula

¥, : Cu(Z;p) — Cu(Z;Ady,),

<(al’l’ BN CL’()),X> — [0—((1/,1

.....

Note that if y € 71(%, v) then

P (((@ns - @0Y), X)) = [0(ay....a0) " Y @ P(Y) ' p(an ... a0) ' Xp(y)]
= [0 (an,..;a0) ® p(@n ... ) X] = ¥ ({(@n, . .., a0), X)).

Therefore W, is well defined. To prove that ¥, is a morphism of chain complexes, recall
the boundary map in singular homology is given by

n

o ® X] = Z(—l)i[r V0, s Vive ey vn] ® X].
i=0

By analyzing the definition of 07(q4,,....,q,) W€ see that

.....

v _ )% (an-1,..s00) ifi =0;
P O(ap,.ap) [VOs -5 Vis oo, V] = i1
O—(an ----- p—i+1 An—is---» ap) e =1
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Therefore

.....

= Z(—l)i[r T(an,..rao) [Vos -3 Vi, va]l ®@ plan . .. a/g)_lX]
i=0

n
= [O-(I/n,] ..... ao®p(a/n---00)7]X]+Z(_1)l [0-((1/,, ..... a,,_i+1an_i,...,a())®p(an---a’0)7lx]
i=1

n
=¥ | ((@n-ts- . @0), pl@n) ' X) + Z(—l)j“”’((a/n, ..., @), X)
=

= lIln,l ] a(((a’n, ce ,Q'O)’X»'

To prove that ¥, is a homotopy equivalence, let us construct a quasi-inverse O, :
C.(Z;Ad,,) — C.(Z;p). Consider a singular chain 0" : A" — X and write 7" :=
oc"or : A" — X. By parametrizing each arc B; of A", one defines an element

asr=(a7,..., 0/5’) e P guch that Oq, = 0. Set
09, :C,(Z,Ad,,) — Cu(Z,p), [0c®X]+— (aqr,,o(a/,‘,r .. .aé’)X).

Clearly ®,, o ¥,, = id. Let us prove that ¥, 0 @, ~ id. To o : A" — ¥, one can associate
ho(ox1):A"x[0,1] — s Imitating the construction of the Prism operator in the proof
of [35, Theorem 2.10] (to which we refer for further details), we subdivide A" X [0, 1] into
n + 1-simplexes as follows. Write A" X {0} = [vg,...,v,] and A" X {1} = [wg, ..., w,]
(subsets of R"*?) and define the Prism operator

Hy: Co(2:2) — Con (B:2), 0+ 3 (1) Tho (0 X D[V, viswiv ... wal.
i

By tensoring with g, it induces a map H, : C,(Z;Ad,,) — Cpi1(Z;Ad,, ). By a
computation similar to the one done in [35, Theorem 2.10], we see that
Y,00,—-id=00oH, —H,_100.

Thus W, is a homotopy equivalence. We obtain the similar result for cohomology by
duality. O

Lemma 3.7. Let X = (X, A) be a connected marked surface such that A # 0. Then for
all p € R (L), one has H>(Z, A; p) = 0.

Proof. Using the pairing between homology and cohomology, it suffices to prove that
Hy (%, A; p) = 0. Let us first suppose that |[A| = 1 and let v € A. The homotopy equiva-
lence ¥, : C.(Z; p) — C.(Z; Ad,, ), sends the subcomplex C,(A; p) to C,(A; Ad,,)
so induces an isomorphism H? (X, A; p) = H2(Z, A; Ad,, ) = 0; the latter vanishes since
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Y retracts to a subgraph I" whose only vertex is v, so the pair (X, A) retracts to the pair
(I',{v}). When |A| > 2, foreacha € A fixv, € aand let X := Z/(va ~Vp,a,b € A)
be the surface obtained from X by identifying all pairs (v,,vp) to a single point v
and smoothing the corners. The marked surface X is ¥ with a single boundary arc
a containing v. The projection 7 : ¥ — X induces a functor 7, : I1;(X) — I1;(X)
which is an equivalence. Let p : I1;(£) — G such that p o 7, = p. The functor x,
induces an isomorphism of chain complexes 7, : C.(Z,_ﬂ;p) — Co(Z,{a};p) so
Hy(Z, A; p) = Ha(Z, {a}; p) = 0 by the preceding case. =

3.3. Relation with the (co)tangent spaces of the stated character varieties

We first recall some basic facts about tangent spaces (see [34] for more details). Let X be
a complex affine variety and x € X be a point represented by a character y, : C[X] — C.
We endow the space C with a structure of C[X]-bimodule, denoted C,,_, defined for
any f € C[X] and z € C by the formula f -z = z - f := xx(f)z. The Zariski tangent
space T, X is defined as the set Der(C[X],C, ) of derivations, that is of linear maps
¢ : C[X] — Csatisfying ¢(fh) = xx()e(h) + o(f)xx(h). If f: X — Y is aregular
map defined by an algebra morphism f* : C[Y] — C[X], define D, f : T, X — T,Y as
the map sending a derivation ¢ to ¢ o f*.

Let IT; (X, A) be the category whose objects are the points of X and such that
I (2, A)(x, y) = TI(Z)(x, y)/nl(y{) (x, y)- Consider the two affine schemes:

X :=Map(I11 (£, A), G), Xz :=Map(I;(Z, A) Xz I1; (£, A), G).
Here I1; (2, A) xz 1} (X, A) is the set of pairs (a7, @) such that s(ay) = t(ay). Set
R:Xi — Xo, R(p): (a2, 1) — p(azar) ™' pla)p(ar).

Clearly, X, and X, are smooth schemes and R (X) = R~!(e) where e is the constant
map with value the neutral element of G. Fix p € R (X) and define two isomorphisms

AT, X 5 CY(E,Ap) and Ay :T.Xy > CX(E, A; p)

as follows. A derivation ¢ € T,X; = Der(C[Map(I1; (2, A), G)], C,) induces on each
factor C[G] o = ta(C[G]) c C[Map(I1;(X), G)] anelement X,, € Der(C[G],C, ) =
T,(a)G. We define A (¢) as the map sending (a1, ap) to X, p(p)~". Conversely, if ¢! €
CY(Z, A; p) and @ € I1;(Z, A), consider the derivation X, = c!(a, li(a)) € Tya)G.
Define A;'(c!') € Der(C[Map(IT;(Z, A), G)],C,,) by the formula A (c")(x,) =
Xq(x). The maps A; and Al‘l are inverse each other, hence are isomorphisms.
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Similarly, a derivation ¢ € T,X, = Der(C[Map(I1; (X2, A) Xz 1} (£, A),G)],C,)
. \
induces on each factor C[G](qa,,a,) C ®(,32,,31)€H1 = axsty z.a) ClGlg,p) an el-
ement Y4, o) € T.G = g. We define Ay(y) as the map sending (a», 1, ap) to
p(a2a1)Y(ay,a,)p(a0). We prove that A; is an isomorphism similarly than for A;.

Lemma 3.8. In the following diagram

D,R
0 —— T,RG(L) > T,X) —— T.X)

ATl zlAl E\LAZ
<

00— Z'(S, A p) — CHE. A p)] —45 C2(Z, A: p)

onehasd oA = Ay 0 D,R. Therefore, Ay induces an isomorphism A’ : T,R¢g (X) 5
ZY(Z, A; p). Moreover p is a smooth point of Rg (X) if and only if H*(Z, A; p) = 0.

Proof. This is proved by a simple computation as follows:
R(p +&X) (a2, 1) = (p(a2a1) + eX (1))~ (p(@2) + £X(@2)) (p(a1) + X (1))
= e+ 2(p(a2a) " X(@)p(@) + pla)™ X (@) = X(@a)p(erar))  (mod &2).
Soif Aj(¢) =: ¢' and X,, = c!(a, 1), then

Ay o D,R(9) : (a2, a1, @0) = Xa,p(a100)
= P(CYZ)XmP(a’O) - X{lzmp(a'()) = dlcl (Ckz, ay, a’O)- |

Recall that we defined the gauge group via C[G] = C[Map(X \ A, G)]. Its neutral
element is represented by the character o : C[G] — C defined by xo(x,) = €(x).
Define an isomorphism A : Der(C[G],C,,) = CO(, A; p) as follows. A derivation
¢o € Der(C[G],C,,) induces on each factor C[G], = ,(C[G]) c C[G] a derivation
X, € Der(C[G]y,C¢) = g. Define A%(¢pg) = ¢ by the formula ¢®(@) = X;(a)p ().
The inverse map of A? sends a map ¢® € C°(Z, A; p) for which X, := ¢%(1,) € g, to the
derivation ¢g defined by ¢o(x,) = X,,(x).

Consider the map ¢, : G — R (X) defined via the gauge group action c,(g) := g - p.
This map is better described as the algebra morphism c;, : C[Rg(E)] — C[Xg(¥)]
defined as the composition

A id®x,
¢, : C[Rg(X)] — C[G] ® C[Rg(X)] — CI[G].

The morphism D¢, : Der(C[G],Cy,) — Der(C[Rg(Z)].C,,) is the map sending
a derivation ¢ to the derivation ¢ o c},.
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Lemma 3.9. The following diagram is commutative:

D.c,
Teg —P> TpRG(Z)
E\LAO E\LA/
Oz, A p) =L Z1(Z, Az p)

Proof. Let ¢y € Der(C[G],C,,) = T.G. For each v € £ \ A denote by X,, € g the
vector induced by ¢g and set ¢? := A%(gp) the map defined by ¢°(1,) = X,. For
each a € I1;(X) denote by X, € T,,()G the derivation induced by D.c,(¢o) and set
¢! := N o D.c,(¢o) the map defined by ¢! (e, 1;(a)) = Xq. Choose a path @ € I1;(X)
such that s(a), f(a) € £ \ A and an element x € C[G]. One has:

Xa(x) = Decp(90) (xa) = g0 0 (id ® xp) © (A5) (xa)
=@ o (id ®X/’)(Z x;(Q)S(x'")t((,) ®x;;)
= Z %o (x;(a)S (X"’)z(m))cp(x;’)
= 20N R0 (S (e Xp () + 3 €0 S )P0 (XY ) )X (1)
= (p(@) X1 (a) = Xs(a)p(@))(x)

The above equalities imply that c¢!(a, 1;(a)) = -d°(a, l¢(a))- The cases where
(s(a),t(a@)) N A # 0 are proved similarly. Hence we have the equality ¢! = —d°(c?)
which proves that A" o D.c, = —d® o A® and concludes the proof. O

Putting Lemmas 3.8 and 3.9 together, we see that A” induces an isomorphism
A" TPRG(Z)/[m(DeCP) = HY(E, A; p).

Let¢: C[Xg(X)] — C[Rg(X)] be the inclusion map and p : Rg(X) — X (X) be
the projection map defined by ¢. Since p o ¢, is the constant map with value [p], its
derivative at e vanishes and the chain rules implies that 7, p passes to the quotient to a
map (denoted by the same letter) T, p : TpRG () / Im(Dcp) = Tip1XG (X). Consider
the composition

! T.p
Y H' (S, A p) 2, TpﬂG(E)/lm(DeCP) = T X (2).

Recall from Section 2.3 that p is a good representation if for each connected component
20 = (29, A% of X then either A° # 0 or for v € X° the induced representation
pyv : (2, v) — G is irreducible and has stabilizer equal to the center C(G) of G.

Theorem 3.10. If p is a good representation then Y : H (2, A; p) — T XG(X) is an
isomorphism.
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The proof is a direct adaptation of the arguments in [56] (made for classical character
varieties) based on the following consequence of Luna’s slice étale theorem [47].

Lemma 3.11. Let G be a reductive group which acts on an affine scheme R and write
X :=R /| Gandn: R — X the quotient map. Let p € R such that

(1) p is a smooth point of R, and
(ii) the orbit O, = G - p C R is closed, and
(iii) the stabilizer S, of p acts trivially on R.

Then D ,n induces an isomorphism T,R / 7,0 5 T X.

Proof. By Luna’s slice étale theorem [47] (see also [22]), conditions (i) and (ii) imply
that there exists a G invariant subscheme S C R containing p such that

(1) themap p : G x5, S — R, p(g,s) =g - sis étale, and
(2) the projectionmap g : S // S, — X is étale.
Therefore the following differentials of p and 7 are isomorphisms:
Diepyp : Tep)Gxs, S = T,R and  Dip1q : Tip)S /| Sp — Tip) X.

By hypothesis (iii), G Xs, S = (G/Sp) x Sand S // S, = S so we have a commutative
diagram

T.(G[s,) &T,5 —2% T,8

We conclude using the fact that 7,0, is the image of 7,.(G / S,) bY D(e.p)p- o

Proof of Theorem 3.10. Without loss of generality, we suppose that X is connected. Let
p be a good representation, O, := G - p C R (X) its orbit and §,, its stabilizer. Recall
from Lemma 2.6 that S, = {e} if A # 0 and that S, = C(G) else. In particular S, acts
trivially on Rg (X).

Step 1. Let us prove that Im(D,c,) = T,0,. Clearly, the map ¢, : G — R (X) induces
an isomorphism G // S, = O,,. Decomposing ¢, asc, : G — G [/ Sp = O,, we need to
prove that the map D.c,, : T.G — T.G // S, = T,O,, is an epimorphism. Let us apply
Lemma3.11to R = G and G = S,,. Clearly e € G is a smooth point (since G is smooth)
and its orbit S, C G is closed; so Lemma 3.11 implies that .G — T.G [/ S, is an
epimorphism.
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Step 2. Let us prove that O, C Rg(X) is closed. When A # 0, this follows from
the fact that G = O,. When A = 0, fix v € T and consider the map p, : Rg(X) —
Hom(n((Z,v), G) sending p toitsrestriction p, at 7{ (%, v).Let O, , CHom(m{ (Z,v), G)
be the conjugacy G orbit of p,.. By Lemma 2.6, p;,1(O,.v) = O, 50 O € RG(Z) is closed
whenever O, ,, € Hom(n{(Z,v), G) is closed. We conclude using [56, Theorem 30].

Step 3. We show that H>(X, A; p) = 0. Indeed, if A # 0, this is proved in Lemma 3.7.
If A = 0, by Proposition 3.6, one has H>(Z; p) = H2(Z; Ad,, ) and the latter vanishes
when p, is a good representation by [56].

We can now conclude. Since H*(Z, A; p) = 0, Lemma 3.8 implies that p is a smooth
point. In Step 2 we proved that its orbit is closed so Lemma 3.11 and step 1 imply that
Y : T,R6 (Z)/Im(Decp) = TpRG(Z)/TeOp — T(»1XG(Z) is an isomorphism. O

Definition 3.12. For p € Rg(X) a good representation, we denote by A : T, Xg (E) =N
H!(Z, A; p) the inverse of Y. The non-degenerate pairing (-,-) : H{(Z,A;p) ®
H! (X, A;p) — C induces an isomorphism between the space H; (X, A; p) and the
dual of H'(Z, A; p). Identifying the cotangent space QEPJXg(Z) with the dual of
the Zariski tangent space 7|, Xg(Z), the isomorphism A induces an isomorphism

A" Q;p]XG(Z) = Hi(Z, A; p).

Note that we have proved Theorem 1.5, i.e. if p € R () is a good representation with
class [p] € Xg(Z), there exists canonical isomorphisms A : T}, Xg (X) = (%, A;p)
between the Zariski tangent space and the first twisted cohomological group, and
A Q%p]z\’G (X) 5 H (%, A; p) between the cotangent space and the first twisted
homological group respectively.

Notation 3.13. Let f¢ be a curve function and « a path representative of C. Define the
vector Xr o € Tj(o)G as the vector such that for all Y € T,,(,)G one has D, (o) f(Y) =
(X¢,as Y)p(a). Recall that we denote by [a, X] € H{(Z, A; p) the class of the element
((@,1,(a)), X).Both the vector Xy o and the class [, X ¢, o] are independent of the choice
of the path representative . We will denote them by Xr ¢ and [C, Xf c] respectively.

pemma 3.0, The isomorphism A QLOJXG (%) SH, (2, A; p) sends the derivative
D, fc to the class [C, X c].

Proof. Let ¢ € Der(C[Rg(Z)], xp) and define ¢! := A”’(p) and [¢] = o €
Tip1 X () such that A([¢]) = [c!']. We must show that D, fc- [¢] = <[C,Xf,c], [c1]>
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to conclude. Unravelling the definitions, one has the following identities

([C. Xrc 1. [c']) = (Xa,f,cl((l, 1;(0))) =Dpia)f ¢ (@, 11(a))
= Dpfa Y= D[p]fC [l

This concludes the proof. O

Let a and b be two boundary arcs of X and consider the injective morphism i,#p :
ClXg (Za#p)] — C[Xg(Z)] of Proposition 2.22, corresponding to a surjective regular
map Yaup : X () » Xg(Zasp). Write Patp = Paup (p) The derivative D[p]q’a#b :
T1p1XG (E) = Tp,u,1XG (Easn), together with the isomorphism A, induce a surjective
linear map 744 : HY(Z, A; p) — H (Zasp, At Pasin)- By duality, one obtains also an
injective map jqup : Hi (Zasp, Agsp; Pasp) — Hi(Z, A; p) described as follows.

Note that it follows from Proposition 2.8 and Lemma 3.14 that the space H; (%, A; p)
is spanned by the classes of the form [C, X]. Denote by 7 : ¥ — X 4, the natural
projection and by c the image of @ and b by n. Let C be a curve in X, 45. Let a¢ be a
path representative of C and choose a decomposition @¢ = S . . . 5, such that each path
Bi admits a geometric representative whose interior does not intersect c. Lifting each
geometric representative through 7, we obtain a collection a1, . . ., @, of paths in IT; (%)
such that the path a; ... @, is sent to a¢ through .

Lemma 3.15. The linear map jaup - Hi (Zasp, Agsp; pasp) — H1 (2, A; p) is charac-
terized by the formula

Jann ([C, X]) = D @i plar ... i) Xp(aia ... an) '],

L

Proof. The proof is a straightforward consequence of the definition and of the following
equality in homology

Br - B X1 = 2 [Bip(B - Bi-) ™ Xp(Bivt ... ) 1. :

L

3.4. Discrete versions of twisted cohomology

Let X be a punctured surface, P a finite presentation of IT; (X) and p € R (X, P). Recall
that we defined a regular map R : G® — G®" such that Rg(Z,P) := R (e, ..., e)
and that we defined the discrete gauge group as Gp := GV. Define a regular map
Cp G" - G® by the gauge group action ¢, (g) = g - p.
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Definition 3.16. The cochain complex (C* (X, P; p), d°®) is defined as follows. The graded
space C*(X,P; p) has only non trivial graded parts in degree 0,1 and 2 which are
defined by:

C*(E,P;p) :=T(e

C'(E.Pip) =T,G" = (PTG
BeG
C (L, P;p) :=T...
The co-boundary maps d° : CO(Z,P;p) — CI(Z,P;p) and d' : C'(Z,P;p) —
C2(X,P; p) are defined as the derivatives d° := D, ....eycp and d' = D,R.

,,,,,

Since the composition R o ¢,, is a constant map, the chain-rule implies the equality d o
d® = 0. The inclusion R (X, P) ¢ GY induces an injective morphism ; : T,Rc(E,P) —
C!(Z, P; p). Moreover the inclusion C[Xg (Z,P)] € C[Rg (Z,P)] induces a surjective
morphism p : T,Rg (X, P) — T, Xc(Z,P).

Lemma 3.17.

(1) The image of the morphism i is the space Z' (X, P; p) of cocycles. Hence i induces
an isomorphism j : T,Rg (X, P) = Z1(Z,P; p).

(2) The following diagram commutes:

.....

!

0
CO(Z,P;p) —L ZI(Z,P;p) — HI(Z,P;p) —> 0
Moreover both lines in the above diagram are exact if p is a good representation.

Proof. Denote by R* : C[G]®® — C[G]®*L the morphism defining the regular map R.
The representation variety is defined as the co-image

SEL R*—1®C0 @

C[G] - C[G]®® — C[RG(Z,P)] — 0.

Denote by « : T,G®® — T,G™" the map sending a derivation ¢ to D,R(¢) — n®*.
The above exact sequence induces the following one

T,RG(E.P) -5 T,G° -5 T,G*- — 0.

Since the maps k and DR = d ! have the same kernel, this proves the first assertion. The
proof that the first line, in the diagram of the second assertion, is exact is a straightforward
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adaptation of the argument in the proof of Theorem 3.10 using Luna slice theorem. The
commutativity of the diagram follows from the definition d° := De.cp. O

Lemma 3.17 implies that the morphism j induces an isomorphism A" : Tip1XG (E,P) =N
H!(X,P; p). The isomorphism ¥F : X (X) N X (X, P) of Proposition 2.16 induces
an isomorphism T[p]‘PP 2 Tjp1 X (Z) =N T,71XG (X, P). Define the isomorphism
6F - HY(Z, A; p) S H'(Z,P; pP) as the composition

P .l A Tip1¥* A
0F 1 H'(Z, A; p) — T XG(E) —— Tjpe X6 (Z,P) — H'(Z, P; pp).

Unfolding the definitions, the isomorphism 6° sends a class [c'] to a class [c] where
C]IP = @ﬁe@cl(ﬁ’ Lip))-

Remark 3.18. Let X be a connected marked surface with non-trivial boundary and exactly
one boundary arc per boundary component and consider the presentation P of I1; (%)
defined in 6-th item of Exemple 2.13. In this case, the isomorphism AP T XG (X,P) 5
H!(X,P; p) was defined by Guruprasad—Huebschmann—Jeffrey—Weinstein in [33].

3.5. The intersection form

We first recall from ([23], [18, Section 2.1]) the definition of a classical r-matrix. Let
7 € g®2 be the invariant bi-vector dual to the non-degenerate pairing (-, ). A classical
r-matrix is an element € g®2 such that:

(1) The symmetric part r“;ﬁ of r is the invariant bi-vector 7.

(2) The bi-vector r satisfies the following classical Yang—Baxter equation:

0 = [ri2,r13] + [r12, 723] + [r13, 73] € ¢%°

If g is a simple Lie algebra and g = n~ & ) @ n* a Cartan decomposition, the invariant
bi-vector decomposes as 7 = 70 + 77 + 7+~ where 7° € %%, 77t € n~ @ n* and
T =oc(r ) enten.

Definition 3.19. We define the classical r-matrices * by the formulas 7+ := 70 + 2r*~

andr~ =70+ 2r7*.

For instance, suppose that g = sl is identified with the space of traceless 2 X 2
matrices and set H := () %), E := (J ) and F := (93). Choosing the Killing form with
invariant bi-vector T = %H QH+EQF+F®E,wefindrt = %H ® H+2FE ® F and
r"=iH®H+2FQE.
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If g is abelian, we define r* = r~ = 7. If G is a complex reductive Lie group, its Lie
algebra decomposes as a direct sum g = (P ; 8; where each summand g; is either simple
or abelian. In that case we define the classical r-matrices r* = €, r.

The goal of this subsection is to define a skew-symmetric pairing N° : H; (Z, A; p)®* —
C depending on a choice o of orientation of each boundary arc of X.

Notation 3.20. Given such an orientation o and a a boundary arc, we will write o(a) = +
if the o-orientation of a agrees with the orientation induced by the orientation of X on its
boundary, and write o(a) = — if it is the opposite orientation.

Fix a representation p € Rg(X). Let C;, Gy be two curves of X. Two geometric
representatives ¢ and ¢, of C; and C, are said in transverse position if the images of ¢
and ¢, intersect transversally in X \ A along simple crossings. We denote by @ and a;
the path representatives associated to ¢y and ¢;. Fori = 1,2, fix a vector X; € T,(o,)G
with the additional assumption that X; is G-invariant if C; is closed. If v is a point of the
image of c;, it induces a decomposition ¢; = ¢; - ¢} of the geometric representative and
hence a decomposition @; = a; @ of the path such that #(a;) = s(a]) = v. We denote
by X;(v) € g the vector X;(v) := p(ai_)‘lXip(a/;r)‘l.

Letv € ¢c; Nc; € X\ A be an intersection point and denote by e}, er € T, X the
tangent vectors of ¢; and c; respectively at the point v. We define the sign intersection
&g(v) = +1if (e, ep) is an oriented basis of T, X and £(v) = —1 else. Let a be a boundary
arc and denote by S(a) the set of pairs (v, v;) of points such that v; € ¢; N a. Note that
¢1 and ¢, do not have intersection point in a by definition. Given (v, v;) € S(a), we
define a sign £(vy,v;) € {1} as follows. Isotope ¢ around « to bring v in the same
position than v, and denote by ¢/ the new geometric curve. The isotopy should preserve
the transversality condition and should not make appear any new inner intersection
point. Define ej, e; € T, X the tangent vectors at v, of c’1 and c; respectively. Define
e(vy,va) = +1if (ey, ep) is an oriented basis and (v, v;) = —1 else.

Note that the orientation o induces a total order <, on the set of elements of a. For
(vi,v2) € S(a) we will write o(v,vy) = +1if vi <, vy and 0(vy,v2) = =1 if vy <4 vy.

Definition 3.21. Define a complex number (¢, X;) N° (¢2, X») € C by the formula

(c1, X)) N° (2, X) = Z Z S(Vl,vz)(Xl(Vl) ® Xz(Vz),l’D(V"VZ))

a (vi,n)eS(a)

£23 sMX (), Xa2(v).

veciNey

In this formula, we have use the pairing (-,-) : ¢®* ® g®> — C defined by
(x1 ® y1,X2 ® y2) = (x1,x2)(y1, y2)-
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Lemma 3.22.

(1) The number (ci, X1) N° (c2, X») is independent on the choice of the geometric
representative c1,cy of Ci,Cy. Hence it induces a skew-symmetric pairing
N Z(2, A; p)®* - C.

(2) The pairing N° vanishes on the sub-space (Brmy (X, A; p)  Z1(Z, A; p)) &
(2, (%, A; p) @ Brm | (X, A; p)). Therefore, it induces a skew-symmetric pairing

N°:H (2, A; p)®* — C.

Proof. First remark that if we denote by ;! the geometric curve defined by ¢;'(z) =
c1(1 —t), then one has the equality

(c1.X1) N° (c2.X2) = (7', —p(a) ™' Xiplan) ™) N° (c2, X2)

Suppose that (¢, ¢) and (c'l, c’z) are two pairs of geometric representatives of Cy, Cs.
One can pass from the pair (c1, ¢2) to the pair (¢}, ¢}) by a sequence of elementary moves
which consist in the two moves drawn in Figure 3.1 together with the elementary moves
obtained from these two moves by changing the orientation of ¢ or c¢; or both. By the
above formula, to prove the first point of the lemma, it is sufficient to show the invariance
of (¢1, X1) N° (c2, X») by the two elementary moves of Figure 3.1.

a ’
~a ., ~ % “a “a v
U/_\vz 0 i/
P, ~ by N
2 / N\ e (J/ ’
1 6

/
C

Ficure 3.1. Two elementary moves for pairs of geometric representa-
tives of a pair of curves.

Suppose that (c1,c2) and (¢}, c}) are two pairs which differ from the elementary
move drawn in the left part of Figure 3.1. Denote by v and v, the two additional
points induced by the move and, for i = 1,2, decompose the paths @; = a; a?alf' where
1(e7) = s(a?) = vy and 1(a)) = s(a}) = v. Note that @ = @) =: . We compute:

(¢}, X1) N° (5, X2) = (c1, X1) N° (c2, X2)

=2e(v)(Xi(v1), X2(v1)) + 2&(v2) (X1 (v2), X2(v2))
= (#2)(p(a)) " Xip(a)) ' p(@”) 7! plar) " Xap(a3)  p(a”) )

+(=2)(p(@) ' p(a))  Xip(a]) ™ p(@”) ' p(ay) Xap(a3)7")
=0
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In the last line, we used the G-invariance of the pairing ( -, -). Next suppose that
(c1,c2) and (¢}, ¢}) are two pairs which differ from the elementary move drawn in the right
part of Figure 3.1. Denote by a the boundary arc and v, vy, v, v’l, vé the points defined in
Figure 3.1. For i = 1,2, decompose the paths @; = a; @; such that t(a;) = s(cx?) =V
and 7(a) = v/. Note that ¥ = af =: @°. We compute:

(c1, X1) N° (c5, X2) = (c1, X1) N° (2, X2)
=2e(V)(X1(9), X2(V)) + &(v}, V) (Xl (V) ® X2(v5), FD(V{’%))
—S(Vl,vz)(Xl(Vl) ® Xz(Vz),rn(v"VZ))
=2(p(a)) " X1p(@) ! pla)) ™ Xap(a®) !
- (P(QI)JXI ®P(6¥2)71X2,f°(a)) - (P(a/l)ilxl ®P(C¥2)71X2,r°(a))
= (p(a’l)_lxl ® p(az) 1 Xy, 27 — (@) FD(“)) =0

In the above equalities we used both the G invariance of the pairing ( -, - ) and the fact
that 7 is the symmetric part of the r-matrix r°(¢).

To prove the second part of the lemma first note that Brm; (X, A; p) is spanned by
co-boundary elements of the form 62((@2, a1, lia), X > such that the paths a;, @; and
apa admit geometric representatives ¢, ¢ and c1; respectively. Since

h{(az, a1, 1), X) = {(a1, 1), p(a2) ' X) + ((a2, 1), Xp(a1) ') = (@201, 1), X)

we need to prove that for any geometric path ¢’ transverse to ¢y, ¢ and cj», one has the
equality

(c12,X) N° (¢,Y) = (1, p(@2) ' X) N° (¢, ¥) + (c2, Xp(a) ™) N° (¢, 7).
This equality follows from a straightforward computation. O
Definition 3.23. We call intersection form the skew-symmetric pairing:
N°: Hy (T, A; p)®* — C.

‘We now show that the intersection form behaves well for the gluing operation. Let a and
b be two boundary arcs of . Recall that we defined amap j up : Hi (Zqep, Ab; Patp) —
H(Z, A; p) characterized by Lemma 3.15. We choose an orientation o of the boundary
arcs of X such that the gluing map ¢ preserves the orientation of @ and b. This is equivalent
to the equality of the signs o(a) = —o(b). Still denote by o the induced orientation of the
boundary arcs of X 4.
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Lemma 3.24. The following diagram commutes:

Hi (St Aattvs Patin) > o C
(ju#b )®2\£ ne

H; (2, A; p)®?

Proof. Denote by c¢ the image in X4, of the boundary arcs a and b and denote by «
the projection map. Consider [Cy, X1], [C2, X2] € Hi (Zusp, Aatps Parp) tWO generators
and choose some geometric representatives ¢ and c; in transverse position such that
c¢1NcayNe = 0. Denote by @ and B the paths in IT; (¥) representing the classes of ¢
and ¢, respectively. For i = 1,2 choose a decomposition ¢; = c} ...c!" such that the
interior of each sub-arc c{ does not intersect c¢. The arcs c{ lift through the projection
7 to arcs in X whose classes in IT; (X) will be denoted a{. Denote by X; ; the vector
Xij=ple} ... a'lj_l)_lXp(a'lj+1 ca)he Tp(akf)G.

By Lemma 3.15, one has the equality fori = 1,2

Jatnr ([Ci, Xi]) = Z[a{,xi,j]-

J

Hence, one has

Jatn ([C1, X11) 0 jan (G2, Xa1) = ) [af, X{] 0° [e], X3]. 3.1)
ij

The projection map 7 induces a bijection between the set of intersection points in

¢1 N ¢y and the disjoint union of intersection points in | ; ; c’i N cé Moreover the
contribution of the points of ¢; N ¢; in the formula defining [Cy, X1] N° [Ca, X3] is equal
to the contribution of the points of | |; ; c’i N cé in the right-hand-side of Equation (3.1).
If d represents a boundary arc of X distinct from a and b, the projection 7 induces a
bijection between the set of pairs (v, v2) € d N ¢y X d N cy and the disjoint union over the
indexes i and j of set of pairs (vi,v;) € n(d) N c‘i xn(d)N cg. Moreover the contribution
of the pairs of points in d in the formula defining [Cy, X1] N° [Cy, X2] is equal to the
contribution of the points in 77(d) in the right-hand-side of Equation (3.1). Denote by S(c)
the set of pairs (v, v2) € ¢ N ¢ X ¢y Nc. Also define S(a) the set of pairs (v, v2) such
that there exists some indexes i and j such that v; € c‘i Naand v, € cé N a. Define S(b)
in the same manner. Each pair (v, v2) € S(c) induces exactly two pairs (v{,v5) € S(a)
and (v’l’ , v’z’ ) € S(b) corresponding to the lifts by the projection 7 of the points v and v5.
Hence the sets S(c¢), S(a) and S(b) are in natural bijection. By the preceding discussion,
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one has:

Jan ([C1, X1]) N° Jaun ([Ca, X2]) — [C1, X1] N° [C, Xa]

= Z e(vi,va) (X1 (v1) ® X2(v2), rD(Vl,Vz))
(vi,v2)eS(a)uS(b)

= Z S(V?,VE’)(Xl(vj‘)®X2(vg),r°(vl“»vz”>)
(vi,v2)€S(c)

o800 (X1 (0]) @ Xa(v), 12010

Remark that for each pair (v,v2) € S(c), one has the equalities o(v{, v§) = D(vll’, vlz’),
X;(v®) = X;(v?) and (v¥,v§) = —&(v?, v5). Therefore, the above sum vanishes and we
have proved the lemma. O

4. Poisson structure

4.1. Definition of the Poisson bracket

Given M a smooth manifold, a Poisson structure on M is a bi-vector field w € A2T M such
that the Schouten bracket [w, w]g vanishes. Such a bi-vector endows the algebra C*° (M)
of smooth functions with a Poisson bracket { -, - } defined by the formula { f, h}(x) :=
(Dxf ® Dyh,wy) (see e.g. [18, 42] for details). In this section, given an orientation o of
the boundary arcs of a punctured surface X and a finite presentation P of the fundamental
groupoid, we want to define a Poisson bracket {-,-}° on the algebra C[Xg(Z,P)].
Since the tangent space at a point [p] € Xg (X, P) identifies with the twisted groupoid
homology, the naive idea is to define an element w; € A’H;(Z,P; p) and then define
a Poisson bracket using the formula {f,h}*([p]) = ((A)®*(Dip1f ® Dip1h), wh).
However, since we deal with an affine variety rather than a smooth manifold and we care
about the algebra of regular functions rather than the algebra of smooth functions, we
need to formulate the construction in the algebraic setting.

We first recall some basic algebraic facts from [42]. Let A be a commutative algebra
and M a bimodule. Denote by X" (A, M) the A-module of n skew symmetric forms
P € Homyu (A" A, M) such that P is a derivation in each of its variables. The graded algebra
X (A, M) = @nzo X" (A, M) has a structure of Gerstenhaber algebra (X°*, A, [, ]s)
where A represents the wedge product and [ -, - | is the Schouten bracket. If y : M} — M,
is a morphism of A-bimodules, there is a well defined morphism y. : X°(A, M) —
X°*(A, M;) sending P to y o P. If M = A, we simply denote by X°(A) the algebra
X°(A, A). If X is an affine variety, the algebra X°*(C[X]) plays the same role than the
Gerstenhaber algebra A*TM in differential geometry. It follows from the definition of the
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Schouten bracket that a bi-derivation P € ¥%(C[X]) is a Poisson bracket if and only if the
Schouten bracket [ P, P]s vanishes. If x € X is represented by a character y, : C[X] — C
and C, represents the corresponding C[X] bimodule structure on C, we will denote
by P, € X"(C[X],C,,) the derivation associated to an element P € X" (C[X]) by the
formula P, := y. o P. Note that X' (C[X],C v.) is, by definition, the Zariski tangent
space T X.

Notation 4.1. Note that the orientation of X induces an orientation of its boundary and
thus of its boundary arcs. For o an orientation of the boundary arcs of X and a a boundary
arc, we write o(a) = +1 of the o-orientation of a coincides with the one induced by X
and write o(a) = —1 elsewhere.

4.1.1. The case of the bigon

We first consider the case where £ = B. Recall from Example 2.13 that the bigon is
endowed with a canonical presentation P® with only generators a*, where « is a path
such that s(«) lies in some boundary arc a and #(«) lies in the other boundary arc b. The
morphism X (B) — G sending aclass [p] to p(«) is an isomorphism by Proposition 2.16.
Let o be an orientation of the boundary arcs, writing €; := 0(a) and &, := o(b), we
want to define a Poisson bracket { -, - }#1-®2 on the algebra C[G] = C[Xs(B)]. The Lie
group G has a Poisson bi-vector field w®>%2 € A’TG defined at g € G by the formula
we =7 (g ® g) + (g ® g)7*. Here we denoted by 7* the skew-symmetric part of
r*. It is a classical fact ([18, Proposition 2.2.2]) that the classical Yang-Baxter equation
implies that the Schouten bracket [w®!-®2, w®1-#2] vanishes, hence the algebra C*(G)
has a Poisson bracket defined by

{f.1}*72(8) = (Dgf ® Dgh. 7" (g ® 8) + (g ® 8)T™).

Remark that only the brackets {-,-}™" and {-,- }*~ endow G with a Poisson Lie
structure, i.e. are such that the product in G is a Poisson morphism. We now translate the
preceding discussion in algebraic terms. Denote by C, the C[G] bimodule associated
to the neutral element ¢ € G, that is such that f -z = z- f = €(f)z. Let r € g®°
be a classical r-matrix and 7 its skew-symmetric part. Fix (X;); a basis of the Lie
algebra g = X! (C[G], C,) and decompose 7 as 7 = 2ij X A X;. The left-translation
map L, : G — G defined by L,(h) = gh is a regular map with associated algebra
morphism L : C[G] — C[G] defined by L, = (xg ® id) o A. Define a bi-derivation
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PLT € X2(C[G]) by the formula

PR = ) Fuo [((id@ X)) o A) ® ((id® X)) o A)
) - ((d® X;) o A) ® ((id ® X;) o A)].

For g € G represented by a character y,, denote by Péi € XZ(C[G],CXK) the
bi-derivation P5" := y, o PL". One has the equalities

PLT = Z?ifp o [((xg ®X;) 0 A) ® ((xg ® Xj) 0 A)
v ~ (g ® X)) 0 A) ® ((xg ® Xi) 0 A)]
= > P A X)) 0 (L)®] = (DeLg)®(F) = (g ® g)F

i,J
Similarly, define the bi-derivation PR" € ¥2(C[G]) by the formula
PRT = )" o [(Xi ®id) 0 A) ® ((X; ®id) 0 A)

" — ((X; ®id) 0 A) ® ((X; ®id) 0 A)].

A similar computation shows that PI;’7 =7(g®g).

Definition 4.2. Define the Poisson bracket {-,-}°:%2 € x2 (C[G]) by the formula
{1 }ere = PRI 4 LT,

This is an algebraic analog of the differential Poisson structure defined previously
and the vanishing of the Schouten bracket [{-,-}®"#%2 {.,-}¢1-?2]¢ follows from the
classical Yang—Baxter equation by a similar argument than in the differential geometric
setting. We denote by C[G]?!-®2 the algebra C[G] equipped with the Poisson bracket

{," }51’82
LI .

Lemma 4.3. For gy, &3, &€ € {£}, the following assertions hold:
(1) The co-product A : C[G]?"?2 — C[G]*"* @ C[G]™**2 is a Poisson morphism.
(2) The antipode S : C[G]?°%2 — C[G]¢""~*2 is Poisson morphism.

Proof. The proof is a straightforward computation. O

Remark 4.4. Consider an embedding G ¢ GLy(C) so that C[G] is a quotient of
CIGLy] = Clxij-det™ 1 <, j < N1/ (detdet™! = 1) and C[G] is generated by the
classes of the matrix coefficient functions x; ;. Consider the N x N matrix M(«) =
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{xi,j}1<i,j<n with coefficients in C[G]. Then the Poisson bracket { -, - }*1-*2 is described
by the down-to-earth formula:

{M(@) @ M()}*22 =7 (M(a) @ M(@)) + (M (a) @ M(a))r®.

Here we used the classical notation { N ® N} to denote the matrix defined by {N®N}; ks =
{%i,j,Xk,1} and 7 is the skew-symmetric part of r.

4.1.2. The case of the triangle

We next consider the triangle T. Fix an orientation o of its three boundary arcs. Recall from
Example 2.13 that the fundamental groupoid of the triangle has a canonical presentation P*
with six generators G = {8F!, B5!, +'} and a unique non-trivial relation R = B * 82 % B3.
If v € V belongs to a boundary arc a, we write r,, := r°(@),

We first define a Poisson structure on the affine variety G® as follows. If A and
B are two commutative algebras, there is a morphism ¥!(A) ® ¥!(B) — X'(A ® B)
sending v| @ v, to the derivation v defined by v(a ® b) :=vi(a) ® b+ a ® v,(b). Hence
we have a natural morphism @BGG X'(C[G]) — X'(C[G]®C) (corresponding to the
morphism &P BeG TG — TGC in differential geometry). For each generator § € G denote
by is : ¥/(C[G]) — X'(C[G]®C) the corresponding embedding. If X € g and § € G,
denote by X° € X!(C[G]®®) the sum X% := is((id® X) o A) +is1((X ®id) o A).
Givenr = 3; j riX; A X ; aclassical r-matrix and 61, 62 € G two generators, define the
bi-derivation P2""%* € X¥2(C[G]®) by the formula

PR = X PIXI A XD,
i,j
Definition 4.5. We eventually define a Poisson bracket P* € ¥2(C[G]®®) by the formula

DI BT

PT = l
2 6eG i€Z/3Z

Note that if p = (p(8))sec € Re (T, PT) ¢ GO, then X5 = (pla)X)® (-Xp(a)™) e
Tp(a)G © T,(4-1)G C T,G® and the above formula defining P” is similar to the formula
used by Fock and Rosly in [27] to define a Poisson structure in the geometric differential
context. Remark that if (61, 02) and (67, }) are two distinct pairs of generators in G,
then the Schouten bracket [Pf 1’52, Pf,I’éé]s vanishes for any v, v'. Moreover, it follows
from the fact that r is a classical 7-matrix that the Schouten bracket [P2"%2, P21:%2]

also vanishes. Hence we have [P”, PT]g = 0 and PT is a Poisson bracket on the algebra
C[G]®C.
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Let Y be an affine Poisson variety and X C Y be a sub-variety whose closed
embedding is defined by a surjective morphism p : C[Y] — C[X]. The Poisson
structure P of Y induces a Poisson structure on X if and only if the ideal 7 = ker(p)
is Poisson ideal, i.e. if P(J ® C[Y]) c 1. This condition is equivalent to the fact
that for any x € X one has P,(J ® C[Y]) = 0 or equivalently to the fact that for any
x € X one has P, € A’T,X c A’T,Y. Specialising the preceding discussion to the
embedding X (T, PT) = Rg (T, PT) c GO, to prove that the Poisson bracket PT induces
a Poisson bracket on C[Xg (T, P")], we need to show that for any p € Xg(T,PT), the
bi-vector (PT), € A’T,G® = A°C!(T, P¥; p) lies in A°Z! (T, PT; p) = A’T,Rq (T, P¥)
by Lemma 3.17.

Let us state a more explicit description of (PT)p. Consider the embedding
ACH(T.P™:p) c CHT.P:p)®? = Dy, 5.e0Tp(61)G ® Tp(s5,)G and denote by
w(61,62) C Ty(5,)G ® Tp(s,)G the projection of (PT), in the corresponding sum-
mand, such that (PT)p = @(51’52)662 w(d1,62). Then (PT)p is characterized by the
following equalities, where we denote by 7 the skew-symmetric part of  and where
c(x®y)=yQux:

w(d1,62) = —o(w(d2,01)) forall 6;,0, € G; (4.1)
w(67',62) = =(p(61) "' @ Dw(61,62)(p(6) ' @ 1) forall 61,6, € Gy (42)
w(6,0) =Ts6)(p(6) ® p(0)) + (p(0) ® p(6))r1(s) Tforallo € G; (4.3)
w(Bi B) = (p(B) ® p(Biv) v, foralli € Z/3Z.  (4.4)

Lemma 4.6. For any p € R (T,PT), one has (P%), € A*Z(T,P"; p).

Proof. Since (PT)p is skew-symmetric, it is sufficient to prove that (d' ® id)(PT)p =0.
Decompose d' = DyR : PBseTois)G — g®L as g = (d}el""’d}en) where
R; € RL. For § € G, we first consider the trivial relation Rs := & % 6! for which
dl (@,,eG X,,) = Xsp(6~1) + p(8)X5-1. One has

(df, @id) () =D (w@npe™) e+ (o) e hwm) =0

neG

Next consider the only non-trivial relation R = 81 * 8> x 83 € RL. By definition, one has

D,

6eG

dy = X, p(B233) + p(B1) Xp,0(B3) + p(B152) Xp; -

For 7 € G, denote by r;; : @56G T,(5)G — T,(;;)G the associated projection. To
prove that (d Ile ®id) (PT)p e sec 8 ® Tp(5)G vanishes, we need to show that for each
generator 7 € G, one has (id® ;) (d }e ®id) (PT)p = 0. We detail the computation for the
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generator [33; the computations for the other generators are similar and left to the reader.
Write S := (id ® 7g,) (d}, ® id) (PT)p and let us prove that S = 0. First using the above
expression for dL . we find:

S=w(B1,83)(p(B283) ® 1) + (p(B1) ® Dw (B2, 53)(p(B3) ® 1)
+ (p(B1B2) ® Hw(B3,B3). (4.5)

Let us compute each summand in the right-hand-side of Equation 4.5. First using
Equations (4.1), (4.2) and (4.4), we find

w(B1,B3) = —(p(B1) ® Dw(B;", B3)(p(B1) ® 1)
=+(p(B1) ® Do (w(Bs, BTN (p(B1) ® 1) = (1® p(B3))(vy,) (p(B1) ® 1).
Thus

w(B1,83) (p(B1) ' @ 1) = (18 p(B3)or(ry,). (4.6)
Using Equations (4.1), (4.2) and (4.4) again, we find

w(B2.B3) = =0 (W(B3.2)) = —(1® p(B3))w(B2. 5" ) (1 ® p(B3))
=—(p(B2) ® Dry, (1 ® p(B3)).
Thus
(P(B®)W(B2, B3)(p(B3) ® 1) = =(p(B1B2) ® 1)rv; (p(B3) ® p(B3)). 4.7)
Using Equation (4.3) and the fact that p(818,83) = 1, we find
(P(B1B2) ® W (B3.B3) = (p(B3) ™' ® D)7y, (p(B3) @ p(B3)) + (1 ® p(B3))Fy,. (4.8)
Using Equations (4.6), (4.7), (4.8), Equation (4.5) simplifies to
S = (18 p(B3)) (o (ry,) +F,) + (p(B3) ™' @ 1)(Fyy — 1) (0(B3) @ p(B3)).

Remember that r,, = 7 +7,,, where the symmetric part 7 is the dual of the invariant
pairing, so does not depend on i and 7,, is the skew-symmetric part. We thus have

o(ry)+7y,, =7and7,, —ry,, = —T S0

S=(1®p(B:)7—(p(B3)"" ® N1(p(B3) ® p(B3)) =0,

where we used the fact that 7 is Ad-invariant. This concludes the proof. O

Lemma 4.6 shows that Xg (T, PT) ¢ G© is a sub Poisson variety, so we can state the

Definition 4.7. We denote by {-, -} the Poisson bracket on C[Xg (T, PT)] induced
by PT.
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Remark 4.8. Suppose that G € GLy (C) and, using notations similar to Remark 4.4, for
§ € G, denote by M () the N x N matrix with coefficient in Xg (T, PT) whose (k, [) entry
is the function sending a representation p to the (k, /) entry of p(¢). Then the Poisson
bracket { -, - }° is described by the down-to-earth formulas, where i € Z/3Z:

{M(Bi) @ M(B)}" =7CPD (M (B:) @ M(B)) + (M(Br) ® M(Bi)F°" P,
{M(B;) ® M(Biv1)™'}" = (M(B;) ® M(BL\))rvn-

4.1.3. The general case

Consider a punctured surface X equipped with topological triangulation A and an
orientation o of the edges of A. In Example 2.13 we defined a finite presentation
PA of the fundamental groupoid of £ made by gluing the canonical presentation of
the triangle in each face of the triangulation. In particular the presentation has exactly
one puncture v, in each edge e € &(A) of the triangulation. Consider the punctured
surface £ = | |1c F(a) T which is the disjoint union of the triangles of the faces of the
triangulation. Then X is obtained from X2 by gluing the pair of faces corresponding to
the edges of the triangulation. Note that the choice of an orientation o of each edge of
the triangulation induces an orientation of the boundary arcs of £*. Hence the algebra
ClXG(EM] = @Qrep(a) CIXG (T, PT)] inherits a Poisson bracket from this choice of
orientation.
By Proposition 2.22, one has the exact sequence:

0— ClXG(E.FY] 5 (X) ClX6(T.ED)]
TeF(A)
bl Q clel|e| Q) ClXa(TEN | @)

ec&(A) TeF(A)

Each inner edge e € E(A) corresponds to two edges in the disjoint union | Jre g (a) T,
that is to two boundary arcs e’, ¢’ of £*. The co-modules maps AL and AR depend on
the choice of which of these two boundary arcs we consider as being on the left or on
the right, that is weather we consider the gluing EIAe rer OF Z|Ae e Note also that the two
signs oa(e”) and o (e”’) are distinct. We will follow the convention that we choose the
gluing Z‘Ae 140 for which pa(e”) = + and pa(e”) = —. Moreover, we equip the algebra

(Recs A) C[G]) with the Poisson structure obtained by choosing the bracket { -, -} ™%
in each factor.

Lemma 4.9. The comodules maps A and AR in the exact sequence (4.9) are Poisson
morphisms.
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Proof. The proof is a straightforward consequence of Lemma 4.3 and of the signs
convention. O

It follows from Lemma 4.9 and the exact sequence (4.9), that the algebra C[Xg (X, P?)]
is a Poisson sub-algebra of (). F(A) C[Xg (T, PT)], hence inherits a Poisson bracket.

Definition 4.10. We denote by { -, - }*:° the Poisson bracket on C[X ()] induced by
the isomorphism C[Xg (Z)] = C[Xg (E,P?)] of Proposition 2.16.

Note that at this stage, the Poisson structure seems to depend on both the choice of a
triangulation and on the choice of an orientation of the edges.

4.2. The generalized Goldman formula

We first re-write Theorem 1.6 in a concise form. Suppose that X is either the bigon
B equipped with an orientation o of its boundary edges, or that X is equipped with a
topological triangulation A and an orientation o of the edges of A. Note that in the latter
case, the orientation of the edges induces an orientation o of the boundary arcs of X. Let
fe, and k¢, be two curve functions and c1, c2 be two geometric representatives of C; and
C; respectively, in transverse position. Fix p € Rg (X).

Theorem 4.11 (Generalized Goldman formula). The following equality holds

{foi, he, }(Lp]) = [C1, Xf,0,]1 N° [Co, Xn,c,]-

Theorem 4.11 is just a reformulation of Theorem 1.6. Since the intersection form only
depends on the choice of orientation of the boundary arcs and the holonomy functions
generate the algebra of regular functions,Theorem 4.11 implies that the Poisson structure
is independent of the triangulation and of the orientation of its inner edges.

Proof. We first consider the case where X is the bigon B and C; = C, =: C is the curve
represented by the path @. Consider two geometric representative ¢; and ¢, which do not
intersect and such that ¢ lies on the top of ¢3. Write S(a) = (v, v2) and S(b) = (v],v})
where v; = ¢; Na and v} = ¢; N b. One has

{fe-he} = (1p1) = (Dp(a) f ® Dy(a)s. 7 (p(@) © p(@)) + (p() ® p(a))7*2)
= <Dp(a)f ® Dp(a)g,rﬁ(w,vz)(p(a) ® p(a)) — (p(a) ®p(a/))r°("f*"§)>
= ((XC,f ® XC,h)(P(a’)_l ®p(a)_1),r°(V"V2))

- ((p(a)_l ®p(a) ) (Xe,r ® Xc,h),rn(vi’vé))
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o(v1.v2)(Xe,r (1) ®Xen(v2). 1) ) 2], v3) (Xe,f (V) @ X (v9), 7019 )
[C. Xc.r1 0" [C. Xc,n]

To pass from the first to the second line, we used the facts that the symmetric parts
of r* are equal to the G-invariant bi-vector 7, and that 7€ = —=r €. If C ~1is the curve
represented by the path @~!, we have fc = S(f)-1 hence we obtain similar equalities
for pairs of curves (C1, C2) = (Cy', C;) and the proof for the bigon is completed.

Next consider the case where I is the triangle T. For 6 € {8F!, 5", 85"}, denote by
Cs the associated curve. The equality { fc;, he; }([p]) = [Cs, Xcs, 71 N° [Cs, Xy n] is
proved by the same computation than in the case of the bigon. Next consider the case
where (C1,Cy) = (Cﬁ[—l ,Cg,,1)- Choose some geometric representatives ¢y and c; of CB,—"
and Cg,,, respectively which do not intersect and denote by (w1, w>) the intersection
points w; = ¢; N b. We compute:

{Fe, 1 hs (10D = (Dpfc, . ® Dphey,, wB; ' i)

= <Dp(ﬁ'ﬁ1)f ® D, p,,)-1h, (p(lgl_l) ® p(ﬁi+l))rn(W]’W2)>

=&(wi, Wz)(xcﬁ,,l S ® Xeg | n(wa), V°(W"W2))

= [Cﬁfl , XCB,-'I s1n° [Cﬁi;ll ’ Xcﬁ;rll ]

The other cases are obtained from the above computation changing the orientations
using fc = S(f)c-1. Hence the proof in the case of the triangle is completed.

Eventually suppose that X is a punctured surface with topological triangulation A, fix
p € R (X) and consider the Poisson embedding

bCXe(®] = Q) ClXG(T.F].

TeF (A)

The Poisson bracket {-,~}A"’A is, by definition, the restriction of a Poisson bracket

= @ P" on ®T6F(A) C[XG(T,PT)], hence the bi-derivation x, o {-,-}*° is
the restriction of ﬁp. The skew-symmetric bilinear form ® on C[Xg(X)] defined by
O(f ®h) = A*(Dpf) N° A*(D[,)h) is, by Lemma 3.24, the restriction of a bilinear
form © on ®T€F(A) C[X (T, PT)]. By the above proof for the triangle, the two forms

® and P are equal, hence their restrictions to C[Xg(XZ)] agree. This concludes the
proof. O
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5. The case G = C*

When G = C*, the character varieties have a simple description and are closely related
to the quantum Teichmiiller spaces (see [39]). Let ¢y, ¢, be two geometric curves in X
in transverse position and denote by o, o3 the cycles in Z; (X, A; Z) represented by ¢
and c;.

Definition 5.1. We define the skew-symmetric pairing ( -,-) : H{ (%, A; Z)®2 — %Z by

the formula
(bl =Y 3 getim+ Y o0,

a (vi,n)eS(a) vecine,

The classes [o7] associated to such cycles o; span the module Z; (2, A;Z) and an
argument similar to the proof of Lemma 3.22 shows that the pairing ([o7], [0%2]) only
depends on the homology classes [07;], hence the pairing is well-defined in homology.
Note that when 0% = 0, this pairing is the classical intersection pairing. Define the
Poisson bracket { -, - } on the group algebra C[H; (X, A;Z)] by the formula

{lo1], [02]} = ([o1]. [o2D) [o1 + o2].

Equip the Lie algebra C of C* with the invariant bi-vector and the r-matrices 7 = r* =
r~ =11®1 € C®2. The algebra of regular functions C[C*] = C[X*!] is generated by
the elements X and X~!. Let C be a curve in £, ¢ a geometric representative of C and
o € Z1(2, A; Z) the induced cycle. The homology class [o] € H{(Z, A;Z) does not

depend on the choice of the geometric representative ¢ and will be denoted by [C].

Proposition 5.2. There exists a Poisson isomorphism of algebra ¥ : C[Xc+(2)] N
C[H|(Z, A; Z)] characterized by the formula ¥ (X¢) = [C].

Proof. If ¢ € C1(Z;Z) is a singular 1-chain, denote by a, € II;(X) its homotopy
class. Define a morphism ¢; : C[C|(Z;Z)] — C[Map(II;(X),C*)] by the formula
¢1(0) := X4, . By definition of the boundary arcs, we have the inclusion ¢1(C;(A;Z)) C
I, hence ¢ induces a morphism ¢, : C[C(Z, A;Z)] — C[Rc+(X)]. Since C* is
abelian, the action of C* on itself by conjugacy is trivial, and we have the inclusion
02(Z1 (2, A;2)) c C[Xc-(Z)]. Denote by ¢3 : C[Z1(Z,A;Z)] — C[Xc-(X)] the
induced morphism. Since we work in dimension 2, the space Brm; (X, A; Z) is spanned
by elements of the form 9S where S C Xp is an embedded surface. Given such
a surface S, decompose dS = c...c, into geometric arcs. Since @ = ag, ...,
is a trivial path, then [X,] = 0 € C[Xc-(X)]. Moreover since A~V (X) = X®",
one has the equalities ¢3(9S) = X; Xo., = Xo = 0. Thus ¢3 induces a morphism
¢ : C[H{(Z, A;Z)] — C[Xc-(X)]. Note that ¢([C]) = Xc.
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Next define a morphism | : C[Map(I1;(X),C*)] — C[H(%, A;Z)] by the for-
mula ¢ (XE!) := +[0,], where [0,] is the homology class of the singular 1-chain
associated to an arbitrary geometric representative of a. It follows from the defini-
tions that we have Y| (I, + Zp) = 0, hence | induces a morphism ¥ : C[Xc+(X)] —
C[H| (%, A;Z)]. Since ¥(X¢) = [C], the morphisms ¥ and ¢ are inverse to each other,
thus are isomorphisms. The fact that ¥ preserves the Poisson brackets results from
Proposition 4.11. O

6. Alekseev—Malkin’s fusion operation

Definition 6.1. Let X = (X, A) be a marked surface and a, b € A two boundary arcs.
Recall that the triangle T is a disc with three boundary arcs, say i, j, k. The fusion of X
along a, b is the marked surface

Zaob = (BUT) apy b
obtained by gluing a triangle to X.

The stated character varieties Xg(X) and Xg(Z,ep) are related as follows. A G-
Poisson affine variety is a complex affine variety X with an algebraic Poisson action
GxX— X.

Definition 6.2. Let G be an algebraic Poisson Lie group with classical r-matrix r*. Let
X be a G2-Poisson affine variety and denote by Agxg : C[X] — C[G]®? ® C[X] it
comodule map. Wite A! := (id ® € x id) 0 Agxg and A := (¢ ® id ® id). The fusion of
X is the G-Poisson affine variety X® defined by:

(1) As a C-algebra, C[X®] = C[X].

(2) Forx € C[X] and i = 1,2, write A’(x) = szi) ® xz’i). The Poisson bracket is
defined by

{x,3}® = {x,} +Zr+(y/(z) ®le>)x;’1)y'(’2) - Z”+(x;2) ®y’(1))y2’1)x2’2).
(3) The G action is given by the comodule map Ag := (ug ® id) 0 AgxgG-

In the above formula, we have considered 7™ € g®2 as a derivationr* € Der(C[G]®2, C).
In the particular case where X is smooth, consider X as a smooth manifold and de-
note by mx the Poisson bivector field defining the Poisson structure (i.e. {f, g}(x) =
<Dxf ® ng,nx,x>). Letr™ :=0(r*),where c(x ® y) = y®x. Letagxg : g ® g —
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I'(X, Tx) the infinitesimal action induced by the action of G? on X. Then the fusion X®
is the manifold X with the Poisson bivector field

Tx® =7Tx+aG><G(r_ —r+).

This is using this formula that the concept of fusion was introduced in the work of
Alekseev—Malkin [5]. Fix o such that 0(a) = 0(b) = +. The comodule maps AL and Aé
induce a structure of G2-Poisson variety on Xg (X), where G is equipped with the bracket
{-, }-+ through Agxg = (id ® Aé) o AL,

Cy L @b

zﬂwa ’U}% L(C1> L(CQ)
g :

k

Ficure 6.1. The marked surface X,g), is obtained from X by gluing
a triangle T. The figure illustrates how the embedding ¢ : ¥ — X ¢
acts on curves.

Theorem 6.3. One has an isomorphism ¥ : XG (Zaep) = X6 (X)“®? of Poisson varieties.

Proof. Let ¢ be the boundary arc of X,g, which corresponds to the edge k of T. Let
L : X — X,ep be the embedding which is the identity outside disjoint collar neighborhoods
N(a) and N(b) of a and b, sends both a and b to ¢ and which sends N(a) and N(b) to
disjoint strips inside T as illustrated in Figure 6.1. The convention is such that v, € a,
vp € b implies ¢(vp) <, t(v4). ¢ induces an equivalence ¢, : I1j(Z) — I (Zyep)
and thus an isomorphism of varieties ¥ : Xg (Z,0p) =N Xg(Z) = Xg(X)?®? such that
P* sends a curve function f¢ to f,(¢). To prove that ¥ : Xg (Xues) — X (X)e®P ig
equivariant, it suffices to note the following equality

AL = (uG ®1d)(id ® AL) o AL o (P* @ ¥¥).
To prove that ¥ is Poisson, let x = f, and y = A, be two curve functions in C[Xg (Z)],
p:I1(X) > Gand p : I1;(Z4ep) — G such that p o 1. = p (so ¥([p]) = [p]). We
need to prove that B - -
{fucn huen }(lpl) = {fe, he, } 2 (Lp))-
The computation of both sides depends on the cardinality of the set C; Na and C; N b.
For instance, if C; (or Cy) does not intersect a U b, then by the generalized Goldman

formula, both sides of the above equality are equal to {f¢,, i¢, } (o). Let us suppose that
C; is oriented from an endpoint v, € a to v, € b and that C, is oriented from an endpoint
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Wq € atowp € bandthatv, >, w, and vy, >p wp. The other cases are handled similarly
and left to the reader. On the one hand, the generalized Goldman formula tells us that

{fL(Cl)7 ht(Cz)}([B]) - {fCU hCz}([p])
= (Xr.c,(v2) ® Xpn.o, (1), 77) = (Xp.c, (V1) ® Xp,cy(W2), ")
= (P(C) X1, ® Xncp (€)™ 77) = (Xp.cp(C) ! © p(C)™ X ™)
= (Xf.c,p(C1) ® p(C)Xn,c,-77) = (p(C)Xf.c, ® Xn,c,p(C1), 1Y).
On the other hand, using that AL(f¢,) = X f/ ® fé’l and Aé(fcl) =2 f” ® f} (with
similar formulas for %, ), by Definition 6.2, one has:
{fer hey Yo (Lp]) = {fers hey Y ([pD) = ({693 = {2, v3) ([p])
= (250t @)Xy = 2 el @ (s ) (0)
= (D2 @ GG = Y @ WS G, ) (o)
= (D™ (F @ WG = Y St (7 ® IR, ) (o)
= (X7,¢,p(C1) ® p(C2)Xn,G,-77) = (P(C2)Xf,¢; ® Xn,c,p(C1), 17).
We thus have proved that {f,(c,), h.(c,) } ([p]) = {fc,, he, }([p]) so W is Poisson. O

Appendix A. Character varieties of graphs and proof of Proposition 2.8

In order to prove Proposition 2.8, we introduce the notion of character varieties associated
to a graph.

Definition A.1. A graph T is a 4-tuple (V(I'), &(T), t, o), where V(T') (the vertices)
and E(T') (the oriented edges) are finite sets, ¢ : &(I') — V(I) is a surjective map and
o : &) — &(T) is a free involution.

We define the map s := 7 o o and write a~! the element o (). The geometric
realization of I" is the CW-complex with set of 0-cells V(I") obtained by attaching of copy
I, of [0, 1] by gluing {1} to t(@) and by identifying I, with /-1 by the map sending
tto 1 —t. A graph is connected if its geometric realization is connected. The groupoid
I1; (') is the sub-category of the fundamental groupoid of the geometric realization of "
whose objects are the elements of V(I") and morphisms are paths @ which decompose
asa =aj...a, where @; € E(I'). The set &(I') is naturally identified with a subset of
the set of morphisms of IT; (I'). We denote by V(I") C V(y) the sub-set of vertices with
valence one and denote by V(I') its complementary. An orientation of the edges of I is a
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sub-set &, (I") ¢ &(T) such that for each edge e € &(T) the intersection &, (I") N {e, e~}
contains exactly one element.

Definition A.2. The algebra C[R¢ (I')] is the quotient of the algebra C[G]®¢ by the
ideal generated by elements x, — S(x),-1 forx € C[G] and e € E(T).

Remark thatif &, is an orientation of I', there is a canonical isomorphism C[R¢ (I')] =
C[G]®®>. Define the Hopf algebra C[Gr] := C[G]®Y and the co-module map Ar :
C[Ra(I')] — C[Gr] ® C[Rg(T")] by the formulas

Nx iy SED) ey ®xFif s(a), () € V;

Ar(s) zxi&) ®x? if s(a) € V, t(e) € VO,
(X = b o
TS S6P), () @ x D if s(a) € V2, 1(a) € V;

1 ®x, if s(a), t(a) € VO.

Definition A.3. The algebra C[Xg(I')] is the sub-algebra of co-invariant vectors of
C[RG ()], that is as the kernel of Ar — n ® id. The character variety Xg(I") is the
maximal spectrum of C[Xg (I')].

Remark that if X is a punctured surface with a finite presentation P without non-trivial
relations, the character variety X¢ (X, P) is canonically isomorphic to the character variety
of its associated presenting graph.

A curve is an element C of I1; (') such that either s(C) = #(C) or s(C),#(C) € V?.
Given a curve C which decomposes as C = a) ..., with @; € E(T') and a regular
function f € C[G], which is further assumed to be G invariant if s(C) # #(C), we define
the curve function fc € C[Xg(I")] as the class of the element Z(f(l))(,1 e (f(”))an.
Proposition 2.8 will be deduced from the following:

Proposition A.4. Let I" be a connected graph and G a standard group. The following
assertions hold:

(1) The algebra C[Xg (I')] is generated by its curve functions.
(2) IfVO(T') # O, there exists an integer d > 1 such that C[Xg ()] = C[G]®“.

(3) If VO(T) is empty, the character variety X (T') is isomorphic to the (Culler—
Shalen) character variety of a free group F,, for some m > 1.

When the set V is empty, the above proposition is trivial. We first consider the
case where V has a single element. Denote by I'(n, m) the graph defined by V = {v},
VO = (v, ova b & = {BEL LB yEL L vEY o (B) = B o (vi) = v and
1(Bi) = vi, s(Bi) = s(y;) =1(y;) =v.
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Let F,, represents the free group generated by elements 1, ..., v,. By definition,
the variety Xg (I'(0, m)) is canonically isomorphic to the character variety Xg (F,,) :=
Hom(F,,,G) // G and we called the group G standard if the algebra of Xg(F,,) is
generated by curve functions for any m > 1.

Given m > 0 and n > 1, consider the subset D = {ay,...,a,,01,...,0,} C
I1;(I"(n, m)) of curves defined by «; := ,6’1_1,8,- and 6; := ﬂl_lyjﬁl Define a morphism
¢ : C[G]®? — C[XG(T'(n,m))] by the formulas ¢(x,,) = Z(S(x(l)))ﬁl (2>
$(x;) = T(SEM)x)g 21,

Lemma A.5. The morphism ¢ : C[G]®? — C[Xg(T'(n,m))] is an isomorphism. In
particular the graph I (n, m) satisfies the conclusion of Proposition A.4.

Proof. Define a morphism ¢ : C[Rg (I'(n,m))] — C[G]®? by the formulas w(xg) =
1o €(x), Y(xp) := xq, for 2 <i < nand Y(xy,) := xg; for 1 < j < m. Define a map
f:C[G] ® C[Rg(T'(n,m))] = C[Rg(I'(n,m))] by the formula

F(Gx0)y ® (x1)g, -+ (Xn)g, (V1)1 -+ Vi)
= (S(o)x1)g, (x2), - - - (Xn)g, Y1)y1 -+ (V)

Straightforward computations show that s o ¢ = id, hence ¢ is injective, and that
doy = foAru,m. If X € C[Xg(I'(n,m))], we have Ar(,, m)(X) = 1 ® X by definition.
We deduce from the equality f o Ar(, ) (X) = f(1 ® X) = X that ¢((X)) = X, hence
X belongs to the image of ¢. This proves the surjectivity of ¢ and concludes the proof. O

The strategy to prove Proposition A.4 is to show that the character variety of any
connected graph is isomorphic to the character variety of a graph I'(n,m), through
an isomorphism that preserves the set of curve functions and the cardinal of V2. Let

= (V(I'),&(T), t,0) be a connected graph such that V(I') has at least cardinal two,
and fix v € V(I'). Fix an edge 3, such that s(8;) = v and ¢(8;) € V(I) \ {v}. We define
a graph I'(v), obtained from I" by contracting the edge 81, as follows. Partition the set of
edges of I"as E(I') = & U &” where &’ is the set of edges e such that v € {s(e),1(e)}.
Denote by {B1, . .., B} the set of elements of & such that s(3;) = v and ¢(8;) # v. Since
I is connected and V(') has cardinal at least two, we can suppose that #(8;) € V(I').
Denote by {ylil, ..., ¥} the set of elements of & such that v = s(y;—.'l) = t(y;—.'l).

Definition A.6. The graph I'(v) is defined by the combinatorial data (V(I'(v)),
E(T'(v)),1,0) where
V(W) =v(I)\{v},

ET () =& u{ad! HgE L eE).

EICICCI ] nv m
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The restrictions of 7 and 7 to &” coincide and we set 7(e;) := 1(8;) and 7(e; ') =7(6;) =
7(61‘.1) := t(B1). The free involution o coincides with o on &’ and satisfies o («;) := ai‘l
and o () = HJTI.

In short, the contracting operation sending I" to I'(v) consists in removing the sub-graph

of I" adjacent to v, seen as an embedding of I'(n, m), and replacing it by a graph whose
edges are the paths al.il and y;fr' of Lemma A.5. Figure A.1 illustrates this operation.

Qs

Qg

FiGure A.1. On the left, the graph I'(4, 1). On the right, a graph I" and
a contracted graph I'(v).

Define a morphism @ : C[Rg(T'(v))] — C[R(I')] by the formulas ®(x,.) = x, for
e €E", D(xa,) = XS D))gx and d(xg,) = T(S(xDx))pxT2.

Lemma A.7. The morphism ® induces an isomorphism C[Xg(T'(v))] N ClXc(D)]
which preserves the sets of curve functions.

We first introduce a notation. For w € V(I'), define a Hopf co-module map AL
C[Rg(I')] — C[G] ® C[R(I')] by the formulas

ngizy) ~S(x(3))t(a) ®x5,2) if s(a) =t(a) = w;

AF (x ) o— inizl) ®XE12) if S(a’) =w, [(a/) #W;
A ZS(X(Z))t(a) ®)C£ll) if s(a) w, t(a') =w;
1®xa if s(a), t(a) £ w.

By definition, the space of co-invariant vectors for Ar is the intersection over w € V of
the spaces of co-invariant vectors for AL .

Proof. By Lemma A.5, the following sequence is exact

F(n,m)_77®id

0 — C[G1°? -5 C[RG(D(n,m))] rinen 7788, C[G] ® C[Rg (I'(n,m))].
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Fix a subset &, c & which intersects once each set {e,e”!} for any e € &. We
have natural isomorphisms ¢; : C[Rg(I')] = C[Rg(I'(n,m))] ® C[G]®® and ¢, :
C[Rg (I (v))] = C[G]®? ® C[G]®%> making the following diagram commuting:

0 0
C[RG\(}(vm z s C[G]®? ® C[G]®%

) lg/)@id
~

1

C[RG(T)] ———2—— C[Rs(I'(n,m))] ® C[G]®%

AT - p@id l(Ann,m) ~n®id)®id
b

ClG] ®C[Rc (D] ldL:l) C[G] ® C[RG(I'(n,m))] ® C[G]®%
The exactness of the second line implies the exactness of the first line, hence ® sends
injectively C[Rg (I'(v))] to the sub-algebra of co-invariant vectors of C[Rg(I")] for
the co-action AL. Moreover for any w € V() \ {v}, the morphism ¢ intertwines the
Hopf co-actions of ALY and AL, hence induces an isomorphism between the character
varieties. The fact that ¢ sends curve functions to curve functions follows from the
definitions. O

Proof of Proposition A.4. Let T be a connected graph and write V(I') = {vy, ..., vi}.
If k£ = O the proposition is trivial. If £ = 1, it follows from the fact that G is standard
and A.5. Suppose k > 2 and let T := T'(v2)(v3) ... (vi) be the graph obtained from I by
performing the contracting operation repeatedly on the vertices v, . . ., vi. By definition,
V(I"”) has one element, hence I is isomorphic to a graph I'(n, m), and VO(I') has the
same cardinal than V?(I""). By Lemma A.7, there exists an isomorphism C[Xg (I')] =
C[Xg (I'")] preserving the set of curve functions. We conclude using A.5.

O

Proof of Proposition 2.8. Let x = };(x;, )(,l.l oo (i, )(,ik[ € ®l\.’[1(2)C[G] be an element
such that its class [x] belongs to C[Xs(X)]. Let & be the set of paths af;l appearing
in the expression of x, together with their inverse. Let V := {s(«@),t(a),a € E} be
the set of endpoints and define V2 := VN A and V := V N (L \ A). Define the
graph I' = (V, &, 11g, o) where o (a;;) = aij_l. If necessary, we modify the polynomial
expression of x without changing the class [x], such that the elements of V¢ have valency
one and such that the elements of V have valency bigger than one. There is a well defined
morphism C[Rg (I')] — C[Rg(Z)], sending a generator x,, to the generator denoted by
the same symbol, which induces a morphism ¢ : C[Xg(I")] — C[Xg(X)]. By definition,
the morphism ¢ sends curve functions to curve functions and [x] belongs to its image.
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Hence, by Proposition A.4, the element [x] belongs to the algebra generated by the curve
functions. This concludes the proof. O

Appendix B. Comparison with Fock-Rosly constructions

The constructions of Fock and Rosly in [27] are based on ciliated graphs. As we now
explain, to a ciliated graph (T, ¢) one can associate a marked surface X° together with a
finite presentation P of its associated groupoid.

Definition B.1.

(1) A ribbon graph T is a finite graph together with the data, for each vertex, of a
cyclic ordering of its adjacent half-edges. An orientation for a ribbon graph is
the choice of an orientation for each of its edges.

(2) A ciliated ribbon graph (I, ¢) is a ribbon graph I' together with a lift, for each
vertex, of the cyclic ordering of the adjacent half-edges, to a linear ordering.
In pictures, if the half-edges adjacent to a vertex have the cyclic ordering
e1 < ey <--- < ey < e that we lift to the linear ordering e; < ex < -+ < ey,
we draw a cilium between e,, and e;.

(3) We associate surfaces to ribbon graphs as follows.

(i) Place a adisc D, on top of each vertex v and a band B, on top of each edge
e, then glue the discs to the band using the cyclic ordering: we thus get a
surface X (I") named the fattening of T'. The unmarked surface associated
toT'is X(T") = (2(I), 0).

(ii) The marked surface £°(T', ¢) = (2(I"), A(c)) associated to (T, c) has the
same underlying surface X(I") and for each vertex v adjacent to half-edges
ordered as e| < e < - -- < e, place one boundary arc a, on the boundary
of D, between e, and e; and set A(c) = {a,}vev (). By isotoping each
vertex v of ' ¢ X(T') to a,,, we get the generating graph of a set of generators
G = &(TI') (the oriented edges) of I1;(X(I")) relatively to A(c) such that
P(T,¢) := (V(I'),E(T), 0) is a finite presentation of I1;(X(T")) relatively
to A(c) with no non-trivial relation.

(4) Fix an arbitrary classical r-matrix r(v) for each vertex v € V(I') and write
r(v) = ¥; ;7" (v)X; A X; in some basis (X;); of g. For two oriented edges
a, B € &) with common target endpoint f(a) = t(B8) = v, we write a <. 8
if the target half edge of « is smaller than the target half edge of S in the total
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ordering given by the cilium c¢. Consider the representation variety Rg (I') as
defined in Definition A.2. By definition, it is the (smooth) subvariety of GeMm
of elements g = (g¢)eeg(r) such that g.! = g.-1, so0 it is a smooth manifold as
well that we denote by M (I'). In [27], Fock and Rosly endowed the smooth
manifold Mg (I") with a Poisson structure, depending on the cilium ¢, by defining
a Poisson bivector field on G&1):

B:= ) > rIWXEAXT 42 3 WX AX]
veV(D)\t(a)=t(B)=v,a<.B t(a)=v
This defines a Poisson bracket { -, - }¥'® on C®(Mg (")) which depends on the
cilium and the r-matrices r(v).

(5) Now consider the discrete gauge group G := GV It acts on Mg (T") by the
classical formula

g-p(@) =g(s(@)p(a)g(t(a))™!, forallg e G,a e &), peX(T), (B

and the quotient Mg () / G lidentifies with the (singular) moduli space
Mg (Z()). Let p : Mg(I') - Mg(Z(T')) denote the projection map and
M%(Z(F)) the smooth locus and write Mg(r‘) = p‘l(M%(E(F))) and
po CW(M(();(F)) — C®(Mg(T")) the injective morphism induced by p.
Fock and Rosly proved in [27] that the image of p* is a Poisson subalgebra of
C*®(Mg()), so Mg; (2(T)) inherits a structure of Poisson manifold. Moreover
the authors proved that this Poisson structure is independent on the choice of the
ciliated graph (T, ¢) but only depends on Z(I").

Since I is the generating graph of the presentation P(I") of II; (Z%(T", ¢)) which
has no non-trivial relation, we have X5 (E°(T, ¢)) = Xg(E%(T, c),P(T")) = Rg(I) so
C[X (Z(T, ¢))] identifies with the subalgebra of C®° (Mg (I")) of regular functions. We
denote by ¢ : C[Xg (E%(T, ¢))] — C* (M%(F)) the induced embedding.

The monogon D is the marked surface made of a disc with one boundary arc. Its
character variety has only one point and C[Xg (D)] = C. By gluing a monogon D,, to
each boundary arc a, of the marked surface ZO(F, ¢), we obtain the unmarked surface
(). Still writing G = GV, Proposition 2.22 implies that we have an exact sequence

0 — ClXG(Z()] — ClX6 (Z(T, ¢))] 2272 ¢[6] ® ClXG (Z(T, o))].

The left comodule map AL identifies with the left group action defined by Equation (B.1)
whereas, since the character variety of the monogon is trivial, the map o o AR identifies
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with the counit € X id so

X (2(I) = X6(X*(T.0)) / 6.
We denote by j : C[Xg(Z)] — CW(M%(E(F))) the inclusion morphism.

Proposition B.2. Let (T, ¢) be a ciliated graph. For each vertex v € V(I'), choose an
orientation o(v) of the corresponding boundary arc a, of £°(T', ¢) and consider the
Fock—Rosly Poisson structures on Mg (') and MOG (2(T, ¢)) induced by the classical
r-matrices r(v) := r*(@)_ Then both morphisms 1 : C[Xg(E%(T, ¢))] — Cw(Moc(F))
and j : C[Xg(2)] — Cw(M%(E(F))) are Poisson.

Proof. We first prove that ¢ is Poisson. As in Remarks 4.4 and 4.8, we consider an
embedding G ¢ GLy (C). For @ € &(I'), we consider the N X N matrix M (a) with
coefficients in C[Xg (X%(T, c))] whose (i, j) entry is the regular function sending a
representation p to the (i, j) entry of p(«). Consider «, 8 € E(I") two generating paths.
Replacing « and or B by a~!, 37! if necessary, we have 10 possible configuration
for the pair («, B) illustrated in Figure B.1, depending on which pairs of element of
{s(a),t(a), s(B),t(B)} are equal or not. For each configuration, we need to show that
the formula for {M (@) ® M(B)} obtained by the Fock—Rosly Poisson bracket is the same
as the one obtained by the generalized Goldman formula. For instance, in case (i) where
{s(a),t(a), s(B), t(B)} has cardinal four, we obtain {M (a) ® M ()} = 0 for both Poisson
structures. In case (ii) where (@) = t(8) with @ <. B8 and {s(a), t(@), s(B),1(B)} has
cardinal 3, we obtain

{M(a) @ M(B)} = (M(a) ® M(B))r(t(a))

in both cases. In case (iii), where s(a) = s(8) = v; and (@) = t(B) = vo # v and
a >, Batv) and @ <. B at v, (this case covers also the case where a = 8), one finds

{M(a) @ M(B)} = (M(a) ® M(B))r(vi) —r(v2)(M(a) ® M(B))

for both Poisson brackets. The remaining 7 cases are done by a similar case-by-case
analysis left to the reader.

() 3% (e () (e

0 . .

B
(m)@; (vii)wa@i(vm) m@aﬁ (iw) 5 (ﬂy@

Ficure B.1. Ten different configurations for a pair of oriented edges in
some ciliated graph.

3
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To prove that j is Poisson, we simply remark that it fits in the commutative diagram

C[XG(Z(IN)] —— C[XG(Z*(T, ¢))]

b L

Co (ML (2(D))) L3 C=(ML(D)

Since the maps i, ¢ and p* are Poisson, so is j. O

Proposition B.2 shows that our definition of relative character varieties is essentially a
reformulation of the construction of Fock—Rosly. Let us stress some advantages of our
construction.

6]

2

The Fock—Rosly Poisson varieties are essentially the same than our discrete
models X (E°(T", ¢), P). The main novelty of our approach is the fact that we also
consider some continuous model X (X), which are independent on the choice of
finite presentation of the fundamental groupoid, or equivalently on the choice of
ciliated graph. In [27, Proposition 4], in order to prove that the Poisson structure
on Xg (X(I")) does only depend on the surface X(I") and not on the ciliated graph
(T, ¢), the authors need to prove the invariance of the Poisson bracket on a set of
elementary moves on ciliated graphs that preserve the underlying surface (the
annoying proof is actually left to the reader). In our approach, this is done by
identifying each discrete model with a canonical continuous model which only
depends on the marked surface by definition.

Consider a compact oriented connected Riemann surface £ with non trivial
boundary and equip the Banach space Q]F(Z) of flat connections (with suitable
Sobolev regularity) with the Atiyah—Bott Poisson structure defined for two
smooth functions F, G on Q}F(Z), and seeing the differentials D4 F and D 4G
as elements of Z!, (£, g) = ToQ}. (%) (as explained in the introduction), by the
formula

{F,G}(A) = /Z(DAF A D AG).

Restricting this Poisson bracket to functions invariant under the gauge group
G ={g : £ —> G}, we get a Poisson structure on the smooth locus of Mg (%) =
QL(%)/ G- In [27, Proposition 5] Fock and Rosly proved that this Poisson
structure coincides, through the holonomy map, with the one they defined on
M(();(Z(F )) using a ciliated graph whose thickening is X (this does not give an
alternative proof of its independence with respect to the choice of (I', ¢) since
the proof strongly uses this latter fact).

347



J. Korinman

It was commonly admitted in the community that Goldman’s arguments in [30]
generalize to non closed surfaces in order to prove that the above bracket on the
moduli space of flat connections taken on curve functions is given by the same
expression than Goldman’s formula in [31]. This fact is proved by Roche—Szenes
in [55] and also, apparently independently, by Lawton in [43, Theorem 15] when
G = SLy though the author explained in Comment 18 how to generalize his
proof for general G. Together with [27, Proposition 5], this gives a gauge theoretic
proof that the Fock—Rosly Poisson bracket is described by Goldman’s formula
for standard groups G.

In this paper, putting together Proposition B.2 and Theorem 4.11, we obtain an
alternative algebraic proof of this fact, which does not rely on gauge theory.

Remark B.3. The Fock—Rosly Poisson varieties admit quantization deformations named
quantum moduli algebras defined independently by Alekseev—Grosse—Schomerus in [1,
2, 6] and Buffenoir-Roche in [15, 16] based on [27] and indexed by a ciliated graph. The
relative character varieties defined in the present paper are designed to admit the Bonahon—
Wong-L¢ stated skein algebras (indexed by marked surfaces) as deformation quantizations
(see [40]). Since we proved that the relative character varieties are isomorphic to the
Fock—Rosly moduli space, it is natural to expect that stated skein algebras are isomorphic
to the quantum moduli spaces using the same correspondence ciliated graphs vs marked
surfaces with finite presentations. This was proved in the particular case of marked
surfaces with exactly one boundary arc by Faitg in [24] and can be alternatively and
independently derived from the works of Ben-Zvi, Brochier, Jordan [11] and Gunningham,
Jordan, Safronov [32] (see the end of [38]). The general case was proved in [38]. The
quantum moduli spaces can be seen as discrete models for the stated skein algebras in the
same way that for relative character varieties.

Appendix C. Comparison with the constructions of Alekseev-Kosmann-
Malkin-Meinreken

We now compare stated character varieties with the moduli spaces M, ,, which appear
in [3, 4, 5]. For £ and X’ two marked surfaces, each having exactly one boundary arc, say
a and a’, we denote by X @ X’ the marked surface obtained from X LI X’ by fusioning a
and a’.

Let X{ , = (Zg,n+1, {a}) be a genus g surface with n + 1 boundary components and a

single boundary arc a. Then X, , ® Z;,’n, =¥

g+g’,n+n’’ S0

o= (0% @ (X )"
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Theorem 6.3 implies

XG(Z;,E) = Xg (ZT’O)@)S ® XG(ES’I)(’B".
Here the Poisson bracket is chosen by the orientation o such that o(a) = +. Note that
L, is obtained from the bigon B by fusioning its two boundary arcs together. So, as a

variety, X (X ;) = G and the Poisson bracket { -, - }575 is given (using the generalized
Goldman formula), in matrix notations, by

{(NONYTS = —(1, o N)FF (N 1) +T1(NON)tr —r-(NON)+(No 1) r (1,0N),

where, as before, we use an embedding G ¢ GL,, and denote by N the n X n matrix whose
(i, j) entry is the function x; ; : G — C sending the i, j matrix coefficient of an element
g € G c GL,,. The Poisson variety G575 = (G, {-,-}575) = X (X,) was studied in
great details in [5, Section 4] where its symplectic leaves were computed (they are the
intersection of the conjugacy classes of G with the so-called dressing orbits).

Let D} be an annulus with one boundary arc in each of its boundary component. So
D7 has two boundary arcs an by fusioning these two boundary arcs, we get X o Leta, B
be the two arcs in D} of Figure C.1, so G = a*!, p*! forms a generating set of IT; (D))
with no non trivial relations.

Dy

<

Ficure C.1. Two arcs in D7.

So Xg (D7) = G xG through the map sending p to (p(@), p()) and, by the generalized
Goldman formula, the Poisson bracket is given in matrix notations by
{N(@) @ N(B)}" =r+(N(a) © N(B)) + (N(a) © N(B)r+,
{N(6) @ N(6)}" =r"(N(6) © N(6)) — (N(6) @ N(6))r™,
for 6 = «, 8. The Poisson variety D,(G) := (G X G,{-,-}") was studied by Alekseev—
Malkin in [4] inspired by the work of Semenov-Tian—Shansky, and is called the rwisted
Heisenberg double. In particular the authors computed its symplectic leaves. More

precisely, they consider the bracket { -, - }4™ := —{ -, - }* for which, using the notations
r:=r*"and r* := —r~, one has (compare with [4, Equation (80)]):

{N(2) @ N(B)}*™ = —(r(N(a) © N(B)) + (N(a) @ N(B))r").
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Therefore X (X] ;) is isomorphic to the fusion (D+G)e2 of D+G (seenasa G X G
variety). We thus have proved that

X6 (Z;,) = ((D+G)1e2)% ® (G35)®".

This is precisely the moduli space studied in [3]. In particular, we have proved that this
moduli space is a particular case of Fock—Rosly moduli spaces; this fact is part of the
folklore on the subject though, at the author’s knowledge, no proof had been written yet.

Appendix D. Comparison with the constructions of Lie Bland-Severa and Nie

Recall from [3] that a quasi Poisson manifold (X, P, p) is a manifold X equipped with a
Lie group action G ~ X where the Lie algebra g = Lie(G) is equipped with an invariant
pairing, and a bivector field P satisfying the quasi-Poisson condition [P, P] = v(®) where
v is the infinitesimal action of g and ® € Algis @ = 1—12 2ijk(eis[ej, ex])ei Aej A ex
for a basis (e;); of g. Let € g®2 be a classical r-matrix whose symmetric part is the dual
of the invariant pairing of g and denote by 7 its skew-symmetric part. It is proved in [3,
Theorem 7.1] that the bivector field 7 = P + v(7) satisfies [7r, 7] = 0 so defines a structure
of G-Poisson variety on X which we call a twist of the quasi Poisson structure (X, P, p).

Let X = (X, A) be a connected marked surface with A # 0. Li-Bland—Severa [46]
and Nie [52] independently equipped the G = G”* manifold X (X) with a quasi-Poisson
structure PLBSN | Their construction generalizes the Massuyeau—Turaev construction
in [49] when X has a single boundary arc. It is related to our construction as follows.

Theorem D.1. The Poisson variety (Xg(X),{ -, }°) is a twist of the Li-Bland—Severa—
Nie quasi Poisson structure in the sense that if 1° denotes the bivector field associated to
{-,-}" then

a0 = PLBSN + V(Z 70(&)
aeA

In particular, this re-proves the well-known fact (see e.g. [S1]) that the Fock—Rosly
Poisson structure is a twist of the Li-Bland—Severa—Nie quasi Poisson structure. In
the particular case where £ = B and o = (—, +), then Xg(B) is G equipped with its
Poisson-Lie structure and G action given by conjugacy. The bivector field PLBSN in
this case vanishes so we recover the observation, made by Drinfeld, that the Lie—Poisson
structure of G is a twist of the 0 quasi Poisson structure, i.e. that at the infinitesimal level,
that the skew-symmetric part 7 can be thought as a twist between the Lie bialgebra defining
the Lie group G and a quasi Lie bialgebra with vanishing cobracket (see [18, Section 2.2]
for details). This observation is at the very origin of the notion of quasi-Poisson manifolds.
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Proof. Let {-,- }BSN denote the bracket defined by {f,g}*BSN ([p]) := (D1 f ®

Dip1g, P{°N) (it does not satisfies Jacobi). An explicit formula for the bracket

{fc,s he, }EBSN was computed in [46, Theorem 3] and [52, Theorem 2.5]. This for-
mula is very similar to the generalized Goldman formula we found in Theorem 4.11 with
one difference: the r matrices which appear in the sums are replaced by their symmetric
part. So

{wa hCz}D([p]) - {wa hCz}LBSN([p])

- Z Z <Xf,Cl (v1) ®Xh,Cz(V2),7D(v1’V2)>
acA (vi,v2)€S(a)

- <D[p]fcl ®D[p]hCZ,V(ZF°(“))>.

a

This proves the equality 7° — PLBSN = V(Zaeﬂ ;7“(“)) as required. O
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