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Existence and multiplicity results for a fractional
curvature problem

AZEB ALGHANEMI
KHADIJAH ABDULLAH SHARAF
Hicuem CHTIOUI
MoHAMED GDARAT

Abstract

We consider the existence problem of conformal metrics with prescribed fractional curvature on the
standard sphere S, n > 2. It is equivalent to solving a fractional nonlinear variational equation involving
a critical nonlinearity. By studying the lack of compactness of the associated variational problem, we
extend the existence results of [2] and [3] to any fractional order o= € (0, %) and prove a general existence
and multiplicity Theorem under an Euler—Hopf type criterion.

1. Introduction

In recent decades, mathematicians and physicists are interested in certain problems of
conformal metrics with prescribed curvatures. We study the problem of finding conformal
metrics with prescribed fractional curvature, which is of interest in geometry, physics and
engineering. See [21] and [26] and references therein.

Let go be the standard metric of the unite sphere S”, n > 2, and let g be a new metric
conformally equivalent to go. Writing g = U 8o, where o € (0, 7) and u is a smooth
positive function on S”, then the fractional curvature Ry of (5", g) is given by:

Pgo(u) =c(n, U)Rgu%, on S,
where c¢(n,07) =T'(5 +0)/I'(3 — ) and Pg is the conformal fractional operator on
(8™, go) defined by
- _TB+ 1+0)
® rB+i-0)
Pg can be seen as the pull back operator of the fractional Laplacian (—A) on R" via
the stereographic projection.

Let K : S — R be a given function. According to the formula above, the problem of
finding conformal metrics g on §" with a fractional curvature Rg equals K is equivalent

Keywords: Fractional nonlinear problems, Variational analysis, Critical nonlinearities, Palais—Smale condition,
Critical points at infinity.
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to the solving of the fractional nonlinear equations

n#2g.
{Pgo(u) =c(n,0)Kun-2c, (E.)

u>0 onS"

where o € (0, ).

For o = 1, (E4) corresponds to the Nirenberg problem. For o= = 2, it corresponds
to the Paneitz—Branson curvature problem. For o = k € N, it is the higher order
Nirenberg problems related to the so-called GJMS operators. For these topics, we refer
to [7,9, 10, 14, 18, 23, 24, 30, 31] and the references therein.

For o ¢ N, the fractional curvature problems and related conformally invariant
operators were introduced in the works of Case—Chang [12], Chang—Gonzalez [13] and
Graham—Zworski [25] and have been the subject of various studies. We may refer to [1]
foro = % [2,3,16,22,27,28,37] for o € (0, 1), [29, 34] for o € (0, ), [11] for o = 7,
and [38] for o= > 7. For the problem on general manifolds, we refer to [20].

The purpose of the present paper is to study problem (E) on S", for n > 2 and
o € (0, 5). We are interested in the lack of compactness of the associated variational
problem. We describe the asymptotic behavior of non-compact gradient lines; identify
the locations of blow-up, which are the so-called critical points at infinity; compute the
index of the associated energy functional at each blow-up point; and derive a criterion for
the existence of solutions in terms of an Euler—Hopf index.

Our main assumption is the following:

(f)p. Assume that K is of class C Uon ™ such that for any critical point y, there exists a
real B = B(y) € (1,n), and a neighborhood Ny, of y in which the following expansion
holds (in some geodesic normal coordinates system around y).

K(x) = K() + > bel(x = y)lf +o(lx - yPP),
k=1

where, by =br(y) #0,Vk=1,...,n and 3;_, bx #0.

Under condition ( f)g, any critical point of K is isolated in S", therefore, K admits a
finite number of critical points. We denote
y19-~~’y5‘09

all the critical points of K. Forany 1 <i # j < sg, we denote

Lij=BUi) +B(y;) - LPODBY)

n-2o0
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For any real r > 1, we define
7(r = {}’i,i = 15 .. .,S(), Stﬂ(yt) = r}’
Ker ={yii=1,...,50, s.t. B(y;) <r},
Ksr ={yi,i =1,...,50, s.t. B(y;) >r}.

For y; € Ksp—20, We denote

Syi = {yj (S 7(<n—20'7 S.t. Lij = 0}

(Hi). Assume that for any q-tuple 74 = (21,...,24) € (Sy,)4,1 < q < #Sy,, such that
Zi # 2,V 1 # J, we have

P(Tq)
20 n-2¢ 25(%’;,)
_ Zq: c(z)B(z)) |Zhe bk(Zj)|( nc2 3 K(z;)"* 27 Gz, y1) "
oo K" \e@BE) (K (@)K i) T |Sh bi(z)]
N c(yB(yi) Zzzlzbk(yi) 40,
nK (y;)** ="
where

,B(Zj) dx
(C(Zj):/ —'xll s—dx and Ez/ —_—
e (14 |x[?)" R (1 [x]?) 2%

Forany 74 = (21,...,2¢) € (Kn-205)9,1 < g < #K,_2o, such that z; # z;,Vi # j,
we define a g X g matrix M (7,) = (m;;) by:
n-20 ey br(zi)
c(z;)=—= —, i=1...,q,
2 J K(z;)2e

n-2o

(K(z)K(z)) *

mi; = m(z;, ;) = —

, 1<i#j<uq,

—.n-2o
mi; = m(z;,z;) =2 2

where, G(z;,zj) = =

(1-cosd(zi,zj)) 2

(Hz). Let p(ty) be the least eigenvalue of M (t,). We assume that p(t,) # 0, for any
g=1,...,#K,-2.

It has been first pointed out by A. Bahri [4], that when the interaction between different
bubbles is of the same order as the self interaction, the functions p(7,) and p(7,) play a
fundamental role in the theory of the critical points at infinity. For problem (E ), such
kind of phenomenon appears when £;; = 0. Note that conditions like (H;) and (H;)
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were used first in [15, Theorem 10.3] for the study of the Nirenberg problem, as standard

conditions to guarantee the existence of solutions. See also [17]. Let
D15 yp) L < p <so,st. =20 be(yi) >0, Vi=1,...,p,yi #y;
and £;; >0,V 1 <i# j < p. Moreover, if we denote, yi,...,yq, all the

B = { components of (yi,...,yp), such that, for any i = 1,..., g, there exists,.

j=1....q.j # i, satisfying, £;; = 0, then, (y1,...,yq) € K!,_and
P syq) >0

We shall prove the following result.

Theorem 1.1. Let K be a positive function satisfying conditions (f)g, 8 € (1,n), (Hy)

and (Hp). If
Z (_1)17_1“'2;-7:] ("_IT(Yj)) £1
()’1 ~~~~~ )’17)6300
then (E ) has a solution. Moreover, in a generic case, if B(y;) > "’22", Vi=1,...,s0,
then

#S> |1 - Z (_1)17—1+Zj-’:,(n—17()’j)) )

Here, S is the set of solutions of (E ) and
i(y;)) =#{bx(y;). k=1,...,n, st b(y;) <0}

Note that the criteria of existence of solutions given by Theorem 1.1 extends the ones
of [2] and [3] to any fractional order o € (0, 5). In addition, Theorem 1.1 provides a
lower bound of the number of solutions. It holds under the assumption that all the critical
points of the variational functional J are non-degenerate. Such an assumption is valid for
generic K (modulo a perturbation of the function K) by Sard—Smale Theorem [35]. For
the degenerate case, (degenerate critical points of J), the result of Theorem 1.1 remains
open, since the topological contribution of a degenerate critical point is unknown in
general, see [33].

The proof of Theorem 1.1 is based on a refined analysis of the compactness defect
of the variational structure associated to problem (E.). Theorem 3.6 in Section 3
provides a precise characterization of the critical points at infinity (blowup points) under
condition (f)g, B € (1,n).

Unlike the case of o € (0, 1), many interesting curvature problems in differential
geometry arise in studying the non linear fractional equations (E-), o € (0, ). Namely,
the celebrate scalar curvature problem for o = 1 and n > 3 and the Q-curvature
problem for oo = 2 and n > 5. Moreover, there is a qualitative difference in results and
configurations of blow-up points between the cases o~ € (0, 1) and o € (0, %). Indeed, if

4
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we place for example in dimension n = 4 and if the prescribed function K satisfies the
classical non degenerate condition near its critical points, that it is the case of B(y) = 2,
for all the critical points, we find that the behavior of the concentration phenomenon of
the associated gradient flow depends to the value of o . Precisely, (see Section 3), the
configuration of blow-up points differ with respect to o € (0,1), 0 € (1,2) and o = 1.
Namely, for o € (0, 1), the gradient flow concentrates at several distinct critical points of
K, for o € (1, 2), the concentration phenomenon happens at only one critical point and
for o = 1, the concentration phenomenon depend to the matrix defined in (H;). Although
the results on problem (E ), o= € (0, £) differ to the ones of [2] and [3], the same kind of
methods allows to conclude.

In the next Section, we state the variational formulation of problem (E ) and we recall
some known results.

Acknowledgement

We are grateful to the anonymous referee for their interesting comments that improved
the quality of the manuscript.

2. Preliminaries

(Eo) is a variational problem. The solutions are the critical points (up to positive
multiplicative constants) of the following functional:

a
fsn PgouudvgO

(fyn Kui37 dvg,)

subjected to the constraint u € X*. Here,

J(u) = ueH(S"),

n-2oc °

St={ueX,u>0}, Z={uecH(S"),|ul|=1}

and H (S™) is the fractional Sobolev space defined as the closure of C*(S™) with respect
to the norm

2 _
[|z]| —/ P;)uudvgo.
Sn

J does not satisfy the Palais—Smale condition (P.S). This is a consequence of the lack of
compactness of the embedding H? (S") — L (S8™). The sequences violating (P.S)
condition are characterized as follows. For a € S and A > 0, define
n-2o
A2

6(“»") (x) = n-2o °
(I+22+(1-2%)cosdg,(a,x)) 2
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Up to a positive multiplicative constant, 6, 1) satisfies
o n+§u’ n
Pg()5(a,,1) = 6(&/1), on S",

see [27]. Let w be a solution of (E ) or zero. Let p € N and A > 0. We set,

uEZ,EIa'o,a'],...,ap>O,Ela1,...,apES",EIA],...,/IP>£_l,

40
s.t., ||M - oW — Zle a,-é(ai’,h.)” < g, with aélfhr J(u) e — 1] < e,

Vipsw)=1{

a7 J(u)w K(a;) - 1| <&, Vi=1,. .,pandg;<e VI<i#

l
J<p
A -ole
Here, &;; = (’l’ + 2L+ (1 —cosd(a,,aj)))
Proposition 2.1 ([5, 32, 36]). For any sequence (uy)y in X* such that J(uy) — ¢,c € R
and 8J(uy) — O, there exists p € N and (gr)x > Ogr — 0 and an extracted subsequence
denoted again (uy)y such that uy € V(p, ex, w), where w is a solution of (E ) or zero.

It is known that for any u € V(p, &, w), there exists a unique representation as follows:

)4
u=ap(w+h)+ Z @0 (g;,2,) + Vs
i=1
up to a permutation, see [4, Proposition 5.2] and [5, p. 348-350]. Here h € T,,W,(w)
andv € H? (§") N T, W,(w) belonging to Vj, where

Vo={v:lvll<e, (v,0) =0, Y ¢ €E}.

0 a 17} a . .
Here E = {a) h, 6, A),M,% i=1,. ..,p} and (-,-) denotes the inner
product related to the norm || -||. The following Morse Lemma gets rid of the v-

contributions.

Proposition 2.2 ([5, 6]). There exists a C'-mapping which to any (a;, a;, A;, h) such
that ag(w + h) + 2{;1 @i0(a;2) € V(p, &, w), associates v = v(«a;, a;, Ai, h) € H7 ("),
where V is the unique solution of

)4
./(Clo(a) +h) + Z a'i(s(a,«,/l,») +v| =

i=1

P
min J(ao(w+h)+2a/,~6(ai,,1i)+v).

v satisfying (Vo) =
i=

In addition there is a change of variables v — v =V, such that

i=1 i=1

p p
J(ao(w +h)+ D @6 (a) + v) = J(a'o(a) +h)+ ) @ib(a) + v) +|VIP2.
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As shown in [5, p. 328], by applying the differential equation V = —uV, u > 1, the
norm of the flow V(s) decreases and tends to zero. Therefore, in order to establish our
deformation Lemma, we can work as if V = 0.

Following [2, p. 1291], the estimate of ||V|| is given as follows.

Proposition 2.3.

n+2o

p
1 1 VK(a; log 4;
s e 3 (Lo Ly 1K@ g d)™

n 2
i=1 /1i2 /l? Ai /l.n+2J
l
n+2o n+2o

2(n-20) -1\ 20 .
4 o) S 8 (logakg) ", ifn > 60

_1) =2 .
Yisr €xr(loger)) ™, if n <60.

We now introduce the definition of critical point at infinity of J.

Definition 2.4 ([4]). A critical point at infinity of J in X* is a limit of flow line u(s) of
the gradient vector field (—dJ) such that u(s) lies in V(p, &, w), p > 1, for any s large.
Writing

P
u(s) = ap(s)(w + h(s)) + Z @ (8)0(a;(s),2:(s)) + v(8),
p

@; =lime;(s) and ¥y; =lima,(s),
we then denote
p
Qow + Z (7,'6(%’00)
i=1
such a critical point at infinity.

3. Critical points at infinity

In this Section, we characterize the critical points at infinity of problem (E,) under
conditions ( f)g, (H1), (Hz). Such a characterization hinges on an analysis of the gradient
flow of J in all the possible neighborhoods of these critical points at infinity. First,
according to the above definition, these neighborhoods correspond to the sets V(p, &, w)
such that p > 1 and w is zero or a solution of (E ). Second, following the results of [2,
p- 1300-1304], the possible neighborhoods of the critical points at infinity are reduced to
the sets:
u=ay(w+h)+ Zf;l ®ib(g; ) +Vv EV(p,s,w)st,Vi=1,...,p,
Vs(p,&,w) = {3 vi € K with |a; —yi| < Landy; #y,,V1<i#j<p }

Here, K denotes the set of all critical points of K.
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3.1. Asymptotic analysis in Vs(p, &, w)

In this Subsection, we study the variation of the energy functional J with respect to
Ai,i =1,..., p and h variables. We follow the computations of [19] and [2], (see also
Propositions 3.1 and 3.2 of [19]).

Proposition 3.1. For any u = ag(w + h) + Zle @i0(a;,2,) € Vs(p, €, w), we have

p
1
a1+ > o| —== ||
SV

where c is a fixed positive constant independent of u.

(0J(u), h) < —c

Proof. Following [19, Proposition 3.3], we have

n+2o

nilo n o
dJ(w), h>—2J(u)(a0||h||2 a2 (u) w7 / Kwn4—2vh2dvg0)

14
1
+o<||h||2)+Zo(
=1\, °?

1 )
n-2c |’
A2

L

4o n .
Since a7 J(u) 2> =1+ o(1), we obtain,

P
(04 (u), h) = aoQ(h, h) + (|| 1*) + Zo(
i=1

where Q(h, h) is a quadratic form defined by

2 n+20' _do
Qe by = AP - 2252 /S Kwi v,

which is definite and negative, see [5, p. 354]. This finishes the proof. O

Proposition 3.2. For any u = ag(w + h) + Zf:] @i0(a;,2,) € Vs(p, &, w) and for any
i=1,...,p, we have

36 (a;,0:)
i)
<6.I(u), a o1

n+20 w(a; -20 a,f"Z”: be(yi) _ O¢ij
= 27u) o 2T D MR ey T ey et
A2 n K(ap)a]™"
+o(|lhl >+Z (ﬁ(y)) > olei)),
J#
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2
—~ -1
C:/ |X| n+2(rdx
(14 )™

where

Proof. We have

06 (a;.2;)
87 (u), a; A; —Li)
< (u), @ o,

06 ai A; n n+2o 66 a
= 2J(u)[<u,ai/li#fl)> —a;J(u) =10 /n Ku#/l é—/’l/l)d ]

We follow the computation of [19, Proposition 3.4]. We have,

96 (a;. ) (a. ) 96 (a;.4:)
<u,a'l~/li8—/li =oa;lw+h, 4, —————= Zala/] 6(5,] ,11),/1 o, .

By expanding w around a;, we have

36 0 . _ola;
<o)+h,/1i (,,/1,)>:_n+20'cw(a)+0( ! )
A

2 n-2o n-2o
2 2

A

i i

By a computation similar to [4, Sections 1 and 2], we have

Za,aj<6(a, ;)4 (a' ) > Za/laj gei +ZO(8U)

J#I

. n+2s .
Expanding un-2s, the integral term reduces to

n+t2o Bé(al A )
/n Kun=20 4; o, ——dvg,
n+2o

e 00 (a, ;) 4 S 86(“:',,/1{)
= | K(aw) 27 4; o, ——dvg g K Z“i5(aj,/1j) A dvg
n n j:l i

4o

n+20 P n-2o (al )
Ry ./Sn K(; a/"s(a.f«lﬁ) (aow)di—Z==dv,

+o(h]1?) +O(Z g,»]-).

i#j

=L+L+13+R.
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Stereographic projection combined with expansions of K and w around ai yield

n-2o

+20 _ nto i 1
lz—n 3 aca'(;“z” wfiw) +0( ),
A2 A

i i

n+2o _4do wla; 1
I3 =— 3 Caoa'imwK(ai) f;zta) +0( m)+20(3ij),
/l. 2 /l 2 J#

4 4

and by the computation of [2, Proposition A-1], we have

P n+2o n+2o 86
— n-2o n-2o ((l, Ai )
I = élaj . K(x)é(a /1) oL ——=dv,

n+2o 4o 86(@ )
20 Z/S K(x);6(a;.1;) (@i ar.2)) 727 Ai EXD — g +ZO(8”)
J#i T
__n- 20 nZo’ Zk 1 k(yl) % - 681'1'
- n Bi)e(y I)T-'-;aj K(aj)wliﬁ_/li
J#i
+Za,] n2U'K(a )C/l—+Zo(gU)
J# J#i

4o n
Using the fact that ;'*” K (a;)J (u) =20 = 1+o0(1) foranyi=1,..., p, Proposition 3.2
follows. O

3.2. Concentration phenomena in Vs(p, €, w)

The objective of this Subsection is to provide a quantitative description of the concentration
phenomena of problem (E ) and determine the locations of the critical points at infinity.
As mentioned above these points take places in Vs(p, £, w), p > 1,w is a solution of
(E ) or zero and € and ¢ are positive and small. We shall prove the following result.

Proposition 3.3. Assume that K satisfies condition (f)g with B € (”_22‘r ,n). There exists
a decreasing pseudo gradient W in Vs(p,e,w), p > 1,w # 0 and € and § positive and
small such that for any u = ag(w + h) + 2{11 @b (a;,2,) € Vs(p, €, w), we have

)4
@) OJ(u),W(u)) < _C(Z( n{i + |VK(a )|
4, 2

i=1

+ 1Al +Zs,,),

i+]

10
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(ii) <(9](u+\7),W(u) + —6((17(2’/1’ )(W(u))>
)4
s—c(Z( = + ) +||h||2+Ze,J),
i=1\A. 2 i#]

(i) [W(w)| < % and maxi<i<p A;(s) is a bounded function on R*.

Here c is a positive constant independent of u.

The above result shows that a deconcentration phenomenon occurs in Vs(p, €, w),
w # 0. This yields to the following result.

Theorem 3.4. Assume that K satisfies condition (f)g, B € ("_22”,11). Then for any
solution w of (Ey), Vs(p, €, w) contains no critical point at infinity.

We now state the proof of Proposition 3.3.

Proof of Proposition 3.3. Letu = ap(w + h) + Zf’zl @0 (a;,2,) € Vs(p, &, w).
We order thed;’s parameters. Assume that

A << 4.
We decrease all the A; with different speeds. For any i = 1, ..., p, we set

A= =2

Using Proposition 3.2 and the fact B(yl) > 1= 2" , we have

00 (0 a.
<(’)J(u),/li (M"_”‘)>_—c +e sz +Zo(s”)+o(||h||)

J# J#i

Define
2 i)
_ _ iy Y9(aiAi)
W(u) = agh i:EI a;2' A; —6/1,-

By Proposition 3.1,

(0J (u), h><—c||h|I2+Z ( _zu)~

Therefor by the above two inequalities, we get

p
(BJ(u),W(u))S—c(||h||2+Z 12) Zu +Zo(3”)
i=1 A, 2

J# J#

i

11
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Observe that,
.0
2‘/16/l 0 Vi<i<j<p.
i
Moreover,
VK (ai)| ~ lai = ;P07
Therefore,
|VK (a;)| o
< , Yi=1,...,p
: B(yi)
A; /li
Thus,

(0T (u), W(u)) < —c|||n]? +Z +Z . +Z IVK(a )

zl/l J#i

Claim (i) of the Proposition follows. Arguing as in [5, Appendix 2], Claim (ii) follows
from (i) and the estimate of ||| given in Lemma 2.3, ||W|| is bounded since ||/l MH
i=1,..., pare bounded and by construction the max<;<, 4;(s) is a bounded function,
since all the parameters A;(s),i = 1, ..., p decrease along the flow lines of W. Estimate (iii)

follows and the proof of proposition 3.1 is thereby completed. O
Next, we focus on the neighborhoods of the form Vs(p,€,0),p > 1

Proposition 3.5. Assume that K is positive and satisfies (f)g, S € (1,n), (H1) and (H,)
conditions. For any p > 1, € and § positive and small, there exists a decreasing pseudo
gradient W in Vs(p, ,0) such that for any u = Zf.’zl @i0(a;,2,) € Vs(p, &, w), we have

1) (0J(u), W(u)) < —C(Zsu Z(WK(a . * ﬂﬁim))’

l

i#j i=1
(i) <[)J(u +v), W(u) + a—(W(u))>
’ 6( l? L l)
VK (a;)| 1
_C(ZSU Z( A /lﬁm)))'
i£j i

(i) [[Ww)| < % and the only case where the maxi<i<p A;(s) is not bounded, is
when a;(s) — yi,Yi=1,...,p, with (y1,...,Yp) € Beo.

The above proposition shows that the flow lines of W can only be concentrated when
a;(s)tendsto y;,as s — +oo, foranyi =1,...,p, with (y1,...,yp) € Be. We therefore
have the following result.

12
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Theorem 3.6. Under the assumption of Proposition 3.5, the critical points at infinity of
(Ey) are
2 1
Zjé(yi’m)’ (y17""yP)EBOO'
izt K(yi) ™
We now state the proof of Proposition 3.5.

Proof of Proposition 3.5. Letu = 2{.’21 @i0(a;,2;) € Vs(p,€,0), p > 1. The construction
of W(u) will depend to the following three statements.

Statement 1. We assume that £;; >0,V 1 <i# j < p.

In this case, the following Claim holds.

1 1
= + .
Eij O(Agm) ) O(A;;m) )

Indeed, for i # j, we have

Claim1l. V1 <i#j<p,

1

n-2c °

(Aid;) 2

Lety > 0 and small.
\_n=20 n-2o
If /l'f(y’) > <yA, * , wegete;; = o(—5), for y small enough.

/lf(yj)
y_n=2c n-2o
If /l'f(y’ )% > yA; * , then for £ small enough S(y;) strictly larger than ”’22”. In
this case
1
Sij S C(,}/) n-2o n-2o :
3 (HW)
A
Using the fact that
n-2o0 n-2o
1 > B(yi)s

+
2 2B(y;) — (n—20)
we get £;; = o(ﬁ) and therefore Claim 1 is valid.

The construction of the pseudo gradient in the current statement depends to the
following two cases.

Case1:¥Vi=1,...,p,— 2% bi(y;) > 0. Weset
i = A,

13
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forany,i =1,..., p. The corresponding pseudo gradient is
L A6 (a; 1)
W(u)—Zal i (a‘ i) .

By the expansion of Proposition 3.2, we get

(09 (u), W} (w) < ¢ Z Zk,llﬁ(l;x(yl ZO o)

i=

Using the estimation of Claim 1, we obtain

P
<aJ(u)7W11 (Lt)> < —C(Z ﬁ + Zb‘ij)
i=1 1 i£j

i#j
p
1 |VK (ai)|
S_C(Z(/lﬁ(yi) + 1; +Zb‘ij .
i=1 t i#]
Note that, under the action of Wll, the parameters A;(s) — oo, foranyi=1,...,p.
It is a concentration phenomena.
Case 2: 3i,1 <i < p, such that = 3} _, br(y;) < 0. Let
n
= {i,l <i<p, st — Zbk(y[) < 0}.
k=1
We set A; = —A;, for any i € I. By the expansion of Proposition 3.2 we have
aJ(u), - Zaz‘%(“‘“ <=y ——+> 0
94, - A ﬁ(y ) i
i€l i€l iel
J#l
<-), ﬂﬁ(y) ZO(‘SU)
iel j#l

where,

7_ - B o b By
I.—{I,ISLSP, A er}légllj }

Of course, any index i of I¢ satisfies —2ia bi(yi) > 0. Let u = ;e @i6(a;.0,)-
u satisfies the condition of Case 1. Let Wll (1) be the corresponding vector field. We have,

(6](u),W11(17)> <- Z 1, ,B(y) 20(511)

ielc iel
J#E

14
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Let
96 (a0
Wi (u) = W) (@) - Z(liﬁiéa—/li)-

iel

By the above two inequalities, le satisfies

O (1VK ()] 1
<aJ(“)’W12(“)>S‘C(Z( A +4,ﬂ<y[>)+;8”'

i=1

Note that the max<;<, 4;(s) is a decreasing function along le. It is a deconcentration
phenomenon. In this statement, we denote W, the pseudo gradient defined by a convex
combination of W/ and W?

Statement 2. We assume that £;; > 0,V 1 <i # j < p and exist iy # jo such that
Liyj = 0.
Denote
I = {i,l <i<p, st 3]’¢iwith£ij=0}.
The construction of the required vector field depends to the following two cases.

Case 1: 3i € I such that B(y;) = n — 20 Under the assumption that L;; > 0,V i # j,
we obtain the following:

B(yi) =n-20, Viel.

Let it = Y @i6(q4,,2,)- We introduce the following Lemma.

Lemma 3.7. Under condition (Hy), there exists a decreasing pseudo gradient w
satisfying:

@ (000, W) < —C[Z M—% + ) i#jelsy|+ ) 0.

iel i iel
jel

) W@ < L and the only case where the max;c; ;(s) is not bounded is when
P((yi)iel) is positive.

Here, p((yi)ier) is the least eigenvalue of the matrix (m(y;,y;))
introduction.

ijel defined in the

Proof. See [2, Proposition 3.3]. O

According the above Lemma, three Subcases may occur.

15
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Subcase 1: p((yi)ier) > 0 and — ¥} _; br(y;) > 0,V i € I°. In this case, we define
- 00 (a: 1
1 (a;i,A;)
W2 (u) = W(ﬁ) + Z ai/lia—/li.
iel€
Using the fact that £;; > 0,Vi € land j € I°, we get

p .
(09 (u), W, (u)) < _C(Z(ﬁﬁl(y,.) . IVK/l('a,)l) . Z&y)-

i=1 i)

A concentration phenomenon happens in this case.

Subcase 1: p((yi)iel) > 0. By Lemma 3.7, the max;¢y 4;(s) remains bounded along the
flow lines i(s) of W. Let

T._ ) . B(yi) | n-2o
1.-{1,1313;7, s.t. 4; szln]el/lj }

By the estimation of Lemma 3.7, we have

Z(/lﬁl()’i) * WKA(,.ai)') + ) 'Sif) + ) 0(e).

el i#jel iel
! JjeI©

<6J(u), W@} <—c

Let Uy = };cjec @id(a;i, A;). Uy satisfies the condition of the above Statement 1. We apply
the corresponding vector field Wy (u;). It verifies

Z(/lﬁl(y,-) " lVI;(iai)l) + ) 8:’1‘) + ), 0(s)-

iefc i#jelc ielc
jel

(0J (u), Wi(uy)) < —c

Let W2 = W(E) + Wi (u1). The above two inequalities and the estimation of Claim 1 yield
2

P )
(0J (), W3 (u)) < _C(Z(ﬁﬁl(y,) + IVKA('aL)I) N Z si,-).

i=1 it]

Moreover the max;<;<p 4;(s) is bounded along the flow of WZZ.

Subcase 1: 3i € I€ such that — 3} _, br(y;) < 0. We denote

n
I = {i € Ic,—Zbk(yi) < 0}.
k=1

We decrease all the A;,i € 7. We set
96 (a;,0:)
Z(u) = — A ——.
() Zla .

16
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By the expansion of Proposition 3.2 and Claim 1, we have

1 IVK (ai)
Z(liﬁmf’ Y D, e

ielh iel, j#i

(0J(u), Z(u)) < —c

Let

—~ _ 1 _

Il :{i,l SlSp, /llﬁ(yl) > Emln/lﬁ(y’)}
The above expansion can be improved as follows.

(0J(u), Z(u)) < _C[Z(/lﬁl(yi) 4 |VK/l(vai)|) + Z gij

iel iel| j#i

i
+Zo(ﬂlﬁ(}’i)).

iel{

Letu = Zieif @i0(qa;,2,)- Forany i € I¢, B(y;) = n — 20~. We apply the corresponding
vector field W of Lemma 3.7. We have

(0500, W@) < —c( 3 (Ml(m . IVKA(.ai)I
iels 2 i

+ Z Eij) + Z O(Eij).

i#jelf] i%:lf
J#l

For m > 0 small enough, let W23(u) = mW(ﬁ) + Z(u). From the above two inequalities,
W satisfies

p .
0,30 = (3 s + ) 5 |

i=1 i£]
It is clear that the max;<;<p 4;(s) remains bounded along WS’.

Case 2: Vi € I,B(y;) # n —20. Under the assumption £;; > 0,V i # j, there is only
one index jo, 1 < jo < p such that 8(yj,) > n — 20 The indices set / is then reduced to:

I={joyu{i=1,....p, st. L, =0}.
Setting,
Nj, = {i =1,...,p, s.t. Lij, =0}.
It is easy to see that 8(y;) < n— 20,V i € Nj,. We introduce the following Lemma that
we will prove in the appendix of this paper.

Lemma 3.8. Under condition (Hy), there exists a pseudo gradient Z (u) with the following
properties.

1 1
(@) (0J(), Z(w)) < —c (W+8ijo)+ > 0(@)

i€EN; i ieNS$
Joo ot Jo

17
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®) |1Z(w)| < % and maxi<;<p A;(s) remains bounded along the flow lines of Z.

Define,

_ N
Nio=li=1,....p, st. 2200 > = PO
Jo {l D, s i = 12]]1}/10 J

The first inequality of Lemma 3.8 yields

(07 (u), 2(w) < _C[ )y Aﬁlm + D i

ieNj, i i€Nj,

1
3 O(A/?(yi))
L

jeN¢
i N/o

Letu = 3, e @i6(q;,2,)- Of course L;; >0,Vi#je€ ﬁj‘o We apply W, (i), where W,
Jo
is the vector field defined in statement 1. We have,

1
2, Ve 2, ®
4

. _N7C ., _ATC
zeNjO l¢]eN_l.0

(0J (u), Wy () < —c

+ Z O(Eij)

ieNj‘.(') JENj,

Fori € ]VIC.O and j € Nj,, L;; > 0. Therefore, &;; = O(ATI»J) +o(ﬁ). Thus,
. l_ ;

1 1
2 oot DY O(Aﬁm))
ieNjCO i i;tjeNﬁ) ieNj, i

(0J (u), Wy (u)) < —c

Setting W;‘ (u) = Z(u) + Wy (). From the above inequalities, we have

(L IVK(a)]
<6J(M)’W§(“)>S_ClZ(ﬂ?(yi)+ 2 )+Zeu-

i=1 i%)

Note that max;<;<p 4;(s) is a bounded function along the flow lines of WE‘ . In this

statement, we denote W, the pseudo gradient defined by a convex combination of
Wii=1,2,....4

Statement 3. We assume that there exist i # j such that ¢;; < 0.

We order/lf(y"),i =1,..., p. Assume that
Biy) <. < /lﬁ()’ip)

i] Ip

A

Let M > 1 and let

n={i=t1.p st 000 <m0,

We discuss the construction of the pseudo gradient in the current statement with respect
to the following three cases.

18
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Case 1: #I; = 1. It follows that

: ( : )
=0 ,Vj=2,...,p,
B(yij) B(yiy)
/lij ! /li] !

For M large enough. We decrease all the 4;;’s, j = 2,..., p. By the expansion of
Proposition 3.2, we have

D 06 (a;.:;) 1
1]ty
<6J(”)"Z“ff”ffT <—c e +o| 5o |
Jj=1 L (] /ll-l
Let
1 (at /L 66(61, /l, )
WS(M)Z( Zbk(yn ) 1 a/{ll ! _Z_;O’l] l]#jl
The max<;<p 4;(s) remains bounded along W3] . Moreover,

p 1 VK (a;)|
(07(w), W5 (w) < - (Ej(dﬁow T

i=1

. Zgij).

i£j

Case 2: #1y > 2and L;j >0,V i # j € I;. We denote i = Y ;c;, ®i0(q; a,)- U Verifies
the properties of statement 1 or statement 2.
Let W;(u),i = 1 or 2 be the corresponding vector field. We have

( 1 VK (aDl) , Z:&f+ }: O(si)).

+
/lﬁ()’i) /li R
i i#£jel; l'EIl,jéllC

(0 (). Wi(@) < —c[z

i€l

Note that Ilc # 0, since there exists at least 7 # j satisfying .L;; < 0. We decrease all 4;’s,
i € I7. We get

06 (a0, |
<6J(u),—Za/,~/ll#> ngij+0(m).
A 1

ielf ielf i
Jj#i
Let m > 0 small enough and let
aa(al i)

W2(u) mW; () — Z @il ————=

LEI‘

04;

We have,

201 |VK (a;)]
(07 (u), W3 (u)) < C(Z(lﬂ(y, yy

. ZSU).

i=1 i#]
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Case 3: #1 > 2 and there exists i # j € I such that L;; < 0. Inthis case, 8(y;) > n—20
or 5(y;) > n—20. Assume for example that 8(y;) > n - 20
The following Claim holds.

Claim 2.
1

W = o0(g;j), as g is small.
j

Indeed,
n-2o

1 -1 A :

4

& o~ .
/l/;(y,«) i /lf(yﬁ—"*;"

Using the fact that /l'f O1) < M/l'f s ), since i, j € I, we obtain

'[;(>7.i) n-2o
1 /.3(}’[) 2
-1 J
oy
Pon = Pon-23=
J J
< M
TR (o0 -5
J
Therefore,
1 el
Aﬁ(yf) g — 0, ase — 0,

since £;; < 0. Claim 22 is vahd.
Let

z 46
(ar Ar)
W3 (u) = Z ard, .
By the expansion of Proposition 3.2, we have
(0700 W) <~ Y ey + ( )
Observe that, for r € I;, we have

0( ﬁ():l )

Therefore by Claim 2

ABO) ,lf(yf) and for r € I¢, we have Flm =

1

/lﬁ(yr =o(gy), Vr=1,...,p.

20
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Thus,

: (L [VK(a)
<0J(u)’W;(”)>S_CIZ(A?@[)+ 2 )+Zeu~

i=1 i#]
In the current statement, we denote W3 the vector field defined by a convex combination
of Wé, i = 1,2,3. By construction the max; <;<p 4;(s) remains bounded along the flow
lines of Ws.

The required pseudo gradient W of Proposition 3.3, is defined by a convex combination
of Wi, W, and W3. By construction it verifies (i) and (iii) forany u € V(p, &, 0). Concerning
(ii), it follows from (i) and the estimate of ||v||, following [8, Appendix 2]. This completes
the proof of Proposition 3.3. O

4. Proof of Theorem 1.1

We now prove our existence and multiplicity result.

Proof. Under the assumption of Theorem 3.6, the critical points at infinity of in
V(p,&,0),p > 1, are:

P
1
(yl,...,yp)ooz ————70(yi,00)> with (yl,...,yp) € Bo.
; K(yi) =
Following [8, Lemma 4.2], J can be expanded near each (y1, ..., yp)w as follows.

)4
J(Z a’id(ai,/li)+v)

i=1

20
P n n )4
1 ) 1
> —) [1 - (|h|2 + > be(yo)l(a; —yi>k|ﬁ<yl>) > Aﬁ(ml I,
i

-1 K(yi) i=1 i=1
where i € RP~! are the related coordinates of the expansion of J according to the @;’s
variables.

Using the fact that by (y;) # O,Yi=1,...,pandV k = 1,...,n, the index of J at

()’1, e syp)oo is giVen by

J4
ind(J,y1,...,yp) = Z(n —-i(y)+p-1,
i=1
where i(y;) = #{bx(y:), k = 1,...,n, s.t. bp(y;) < O}.
For any critical point at infinity (w,y1,...,Yp)w of Jin V(p,&,w),p 2 l,wis a
solution of (E) or zero, we denote W, (w, y1,...,Yp) the unstable manifold of the
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gradient vector field at (w, y1,...,Yp)w. We apply the deformation Lemma to deform
the variational space X*. We have

e | W@u [ Wu@ynvpeu [ Wabn ).

0J (w)=0 dJ (w)=0, (V15eees Yp)€Bx
p=>1

4.1
The symbol =~ designates: retracts by deformation. This implies that (E ) has at least one
solution. Otherwise, the above retraction will be reduced to

x| WO yp)e 4.2)

and thus,

1= Z (=1)ind(oyiseesyp)

by computing the Euler—Poincare characteristic of the both sides of(4.2). This contradicts
the assumption of Theorem 1.1.

Now, if B(y) > "‘22‘7, for any critical point y of K, Theorem 3.4 rules out the existence
of the critical points at infinity of J in V(p,&,w),p > 1 and w # 0. Thus (4.1) is
reduced to

T~ U W, (w) U U Wu(¥1s s Y p)eo- 4.3)
0J (w)=0 (P1seees Yp)€Bw

1= Z (_l)ind(J,a)) + Z (_l)ind(J,yl ..... yp)’

0J (w)=0 (V15000 yP)EBDO
Therefore
#S 2 1_ Z (_1)ind(J,y1 ,,,,, y,,) ,
(Y15--:Yp ) €EBeo
where S = {w € X*, J(w) = 0}. This finishes the proof of Theorem 1.1. O

5. Appendix

We now prove Lemma 3.8
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Proof of Lemma 3.8. Leti € Nj,. By the expansion of Proposition 3.2, we have

<8J(u)’ai/li35(ai,di>> =J(u)25n[n—20 Byie(yi) Xz br(yi)

A n K(yi)w AB01)
n-2o —_ G is j 1
+2 5 (n-20)0 Y L) — —
w (K(y)K(y;) + (4id)) >
1
+ Z o(eij) + 0(_/lﬁ(y") ),
i#j i
since
g -2 n-2o G i» YV
Ai—L = _n 0-2T2 (i r}:le, for any i # j
04; 2 (i) ==
and
n _4o
K(a;)J(u)m=2 a7 =1+0(1), foranyi=1,...,p.
Let 5p > 0 small enough and let
N Ble(y) Xz b0yl
1€ Njy, S.L. 20—y B00)
nK(y:) 2 4
160 = n-20
1 227 ¢ G(yi,yj)

n-2o n-2o

>
(1=60) (K(y)K(y;,)) "5 (Aid;)™3

The construction of the required pseudo gradient of Lemma 3.8 is related to the following
2 cases.

Case I: 15, # 0. Forany i € I5,, we set

1 00 (a;,1;
Vi(u) = (— Z bk()’i))ai/li%~
k=1 !
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From the above expansion, we have

2:n -2 ie(yi " br(yn)
<aJ<u),w<u)>:J<u>z(—” 20 plnelr) (Ziei o)
K(yi)~ A

n_ b i G l', ]
20y (30, be(y) (a(i/)yj))

“(K(y)K(y))"F° e

1
O(Aﬁm)) + D 00)

I
e =20 BOie(y) (Zio br()’
=J(u) 2 |- n 2-o)m B(yi)
K(yi)™ A
o E Sz bi(yi) G(Yi,yjo))
o)c

(KK (yjp) "5 (idj)"3°

4 1
+Zo(ﬂﬁ(yj))’
J

Jj=1

sinceV j=1,...,p,j # joand j # i, we have L;; > 0, so by Claim 1,

1 1
= + .
Eij O(AE(W ) O(Afm) )

If (X%, bi(yi)) > 0, we get

1 S 1
(0J (), Vi(u)) < —C( 507 +<9ifo) +ZO(W)-
=RV

J J=

If (X7, bi(yi)) <0, we get (using the fact that i € I5,),

n-20 Bhe() (Zi, b))’
2(1— 0‘)+n

(yi)
mK(y) Rl

DI (w), Vi(w)) < J(u)T" (_

p
o (1= 5= 20 BODEGD (Bt b))’ )+ Zo(ﬂm, )

2(l-0o)+n
J=1

nooaK () B0

P
+
/lﬁ(yf ZO(AB(y; )

J=1

24



Existence and multiplicity results for a fractional curvature problem

Thus,

, 1 ¢ 1
<(9J(M), Z W(M)>S—CZIGI5OW+ZO(W).
iEI(;O /]-l' j:] /l]

Observe that, under the action of ), I, Vi(u), the maxi<;<p 4;(s) remains bounded,

n-2o n-2o
since for any i € I,, /lﬁ 0= is upper bounded by M /ljo” . Now, for the indices

i € Nj, \ 1s,, we have A; > mA;,, where iy € I5, and m > 0, small enough.
Therefore,

1 S 1
<6J(u), Z Vi(u)> < —c Z 800 +Z]0(/l,3(yj‘))'
i J

i€150 iENjO J=

Let m; > 0 small enough and let

Xi(w) = Y Vilw)—m Y Ayt 65““ )

iels, i€N;,
‘We have
(00 (), X () < L, £ 3o
w,a1u)) = =¢ Z 2800 ZSU ZO /lﬁ(yj) ’
i€Nj, i J#i j=1 P
)y Yo
S - ( UO) ¥ ( )
iENjO /1,3()71 = /lﬁ(YJ

Lemma 3.8, follows in this case.

Case 2: 15, # 0. We move 4 ;,. By the expansion of Proposition 3.2, we have

06(a. 1.
<¢9](u), ajo/ljo%>
Jo

I )z n [n n20' B()’jo)c()’jo) 2221 bk(yjo)

2(1- 0')+n B( . )
(yjo) /lJO yjo

_ G(yi»¥j) ( )
2O-)C n-— 20' n— 2(r
% (KK (yjp)" T (4 A,0> Z] AZOD

since for any i € Nj‘.‘o,i # jo, we have L;;, > 0, therefore by Claim 1,

1 1
iin = + .
Eido o(ﬂ/;(yj())) "(/lg(m)
Jo t
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We decompose N j, into two parts.

. 1-280 Blyie(y) [ZiabeGo| . 2%3°
i € Njy, n 21-o)tn BOi) <c n-2c
Nl = Ko7 4 (KK (yj)
” Glayi) _ 1+280 et |Sin br(y)
n-2o 2(1- 0')+n B(yi)
(i 4jo) 2 "K(yi) Vit
and
n-2o
- 2 G(yi,yi
i € NiO’ c - n-2o (yl y,‘,lf)z)g
N2~ — (K(yi)K(yio)) * (/l /110) ’
. J 14260 BGie(y) [ X bi()]
2(1-0)+n i
L (C e N
We have,
00 (a;.2;)
<6J(u), A, —a/’l‘)jo &
e [n—za BUCOR) Tiy br(y)
2(1-0)+n (r)+n (yin)
T K () Dol
n-2o G is Y J 1
+3(n-20)2"7 (i yj(’)n = .
ien), (K(y)K(yj)) * (didj,) 2
+ Z O(S,JO)+Z B(y,
1eN120
Observe that for any i € NJI.O,
~ 2n722(r G(yhym) ﬁ()’jo)c(yjo) 2221 bk(yjo)
n— 20‘ n— 20' 2(l-o)+n 0—)+n .
S KOOK O M) T Ky Pl
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as dg is small enough. Therefore

87(1). 1. 96 a;,,45,) TP K —20 BWj)c(yjo) Zhei br(vjy)
(W), djy——— ()= — e
Jo K(ym)
£y n=20 BGe(y) |ZibeOal| 1
ieN} n K(yi)w Kij, /1,]3_0@1‘0)

) 0(8,,0)+Z B(y,

zeN2
where
2 P0j)
Ko = ﬂ(yi)C(yl')iZZ L b ()| (K (s N l .
i = n 2(7 2(1- v’)+n .
T K(yi) G(yinyjy)

Let,

BOC ) Zict b1y ) » BUDeO) [Zia i)

p(jos J()) 2(1- (r)+n Z Njo 12“ (,l)m L

i1

K(yj) K(yi)

Under condition (Hi), p(jo, Nj,) # 0. We set

. R 66(“1’0”1‘7‘0)
Zj,(u) = —sign p(jo, NjO)AjoT
Jo

Along J()(M) maxi<i<p is bounded since /lﬁ()’m

A; does not move under the action of Zj, (u)
The preceding expansion yields

is upper bound by ##©%) i € N, and

p
C
. < ——
(07, Zj (W) < = + 2, Oleu +Z"( B0 )

/ljo ieN Jj=1 /l

1 p
< -—c Z (W+8ij0)+ Z 0 8110 +Z (/lﬁ()h )
ieN}o i iGNIzO a
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For the indices i € N?O,

864
oJ(u), — Z aidi———= (‘/l' >

leN2

IA

o 3o 3 0{ )
zeN2 teN
jii

p
(SUO B(YL )+Zo(/lﬁ(yj )

J=1

INg

Let m5 > 0 small enough and let

96 (a0,
Xou) = maZjy() = Y aidi—g
ieN? !

It satisfies
1 E 1
(0J(u), Xo(u)) < —c Z (W +sij0) + Z O(W).
TENj, Y Jj=1 j
The required pseudo gradient Z of Lemma 3.8 is defined by a convex combination of
X1 (u) and X, (u). O
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