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Null-controllability of cascade reaction-diffusion systems with odd
coupling terms

KeviN LE BALC'H
TakEo TAKAHASHI

Abstract

In this paper, we consider a nonlinear system of two parabolic equations, with a distributed control
in the first equation and an odd coupling term in the second one. We prove that the nonlinear system is
locally null-controllable for any arbitrary small time. The main difficulty is that the linearized system is
not null-controllable. To overcome this obstacle, we extend in a nonlinear setting the strategy introduced
in [18] that consists in constructing odd controls for the linear heat equation. The proof relies on
three main steps. First, we obtain from the classical L? parabolic Carleman estimate, conjugated with
maximal regularity results, a weighted L” observability inequality for the nonhomogeneous heat equation.
Secondly, we perform a duality argument, close to the well-known Hilbert Uniqueness Method in a
reflexive Banach setting, to prove that the heat equation perturbed by a source term is null-controllable
thanks to odd controls. Finally, the nonlinearity is handled with a Schauder fixed-point argument.

1. Introduction

Let T > 0 be a positive time, d € N*, Q be a bounded, connected, open subset of R4 of
class C? corresponding to the spatial domain and w be a nonempty open subset such that
w C Q. In what follows, we use the notation 1, for the characteristic function of w.

The null-controllability of the heat equation described below was first obtained
by Fattorini and Russell [12] for d = 1 and by Lebeau, Robbiano [19] and Fursikov,
Imanuvilov [15] for d > 1. More precisely for any yo € L?(Q), there exists & €
L*((0,T) x w) such that the solution y of the system

oy—-Ay=hl, in(0,T)xQ,
y=0 on (0,7) X 0Q, (1.1
y(0,-)=yo in&,
satisfies y(7, - ) = 0. These results were then extended to a large number of other parabolic
systems, linear or nonlinear. For instance, the null-controllability of linear coupled

parabolic systems has been a challenging issue for the control community in the last
two decades. In that direction, we can quote, among the large literature devoted to this
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problem, [2], where Ammar-Khodja, Benabdallah, Dupaix, Gonzdlez-Burgos exhibit
sharp conditions for the null-controllability of systems of the form

8,Y — DAY = AY + Bhl,, in(0,T)xQ,
Y=0 on (0,T) x L, (1.2)
Y(0,-) =Y, in Q.

Here, at time ¢t € (0,T], Y(z,-) : Q — R" is the state, h = h(t,-) : Q — R™ is the
control, D := diag(dy, ..., d,) with d; € (0, +c0) is the diffusion matrix, A € R"™" is
the coupling matrix and B € R™™ represents the distribution of controls. One objective
is to reduce the number of controls m (and in particular to have m < n) by using the
coupling matrices A and B. Let us also quote the survey [3] for other results and open
problems in that direction. For nonlinear systems, a standard strategy consists in deducing
local controllability results from the null-controllability of the linearized system: see, for
instance, [1, 5, 16, 23], etc.

In this article, we consider the following controlled semi-linear reaction-diffusion
system

dy1 - diAyy = anyy' +hl, in (0,7) xQ,
diy2 = daAys = azny\* +any)’ in (0,7) X Q, (13)
y1=y2=0 on (0,7) X 09, '

y1(0,-) =y1,0, ¥2(0,-) =y20 inQ,

where di,d> € (0,+00), Ni,N>,N3 € N* and a;; € R. In (1.3), at time ¢ € [0,T],
(v1, y2)(2,+) : @ — RZ is the state while (z,-) : w — R s the control. We are interested
in the null-controllability of (1.3), that is find a control 2 = h(t, x), supported in (0, T) X w,
that steers the state (y;, y2) to zero at time 7, i.e. (y1,y2)(T,-) = 0. Note that (1.3) is
a so-called “cascade system” because the first equation is decoupled from the second
equation. For such a system, the basic idea is to use the nonlinear coupling term a; yf[ 2,
as an indirect control term, that acts on the second component y,. From a modeling
point of view, this type of system with polynomial nonlinearities naturally appears when
considering chemical reactions. In this case, y;, y» denote relative concentrations of two
chemical species Y1, Y», the control & represents the action of adding or extracting another
chemical component at a specified location (in w) of the chemical medium (in ). Then
the goal is to steer the two concentrations y, y, to the chemical equilibrium (0, 0) at a
given time 7.
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1.1. Main results

Our control results on (1.3) are written in the framework of weak solutions. More precisely,
we define the Banach space

W= (o, T; Hg(g)) nH! (o, T:H™! (Q)) AL®((0,T) x Q), (1.4)

and we consider solutions of (1.3) such that y;, y, € ‘W. The precise definition of the
weak solutions of (1.3) is given in Definition 2.7 and a corresponding well-posedness
result is stated in Theorem 2.8 for controls # € LP((0,T) X w) with

d+2
pe( - ,oo], and p>2ifd=1. (1.5)
Our first main result can be stated as follows.

Theorem 1.1. Let p satisfies (1.5). Assume
a1 #0, Nyisodd. (1.6)
Then there exists 6 > 0 such that for any initial data satisfying
”)’LOHLw(Q) + ”yszHL""(Q) <6, (1.7)
there exists a control h € LP((0,T) X w) satisfying

2l e (0,7)xew) S 65 (1.8)
such that the solution (y1, y2) € W X W of (1.3) satisfies
(1, y2)(T,-) =0. (1.9)

Here and in all that follows, we use the notation X < Y if there exists a constant C > 0
such that we have the inequality X < CY. In the whole paper, we use C as a generic
positive constant that does not depend on the other terms of the inequality. The value of
the constant C may change from one appearance to another. Our constants may depend
on the geometry (2, w), on the time 7" and on the dimension d. If we want to emphasize
the dependence on a quantity k, we write X < Y.

As we will see, the smallness conditions on the initial data i.e. (1.7) and on the control
i.e. (1.8) are sufficient conditions to guarantee the well-posedness of the system (1.3), see
Theorem 2.8 below.

Before continuing, let us make some comments related to Theorem 1.1.

e Theorem 1.1 is a small-time local null-controllability result in the sense that
for any time 7 > O (arbitrarily small), we can impose smallness conditions on
the initial data (y1,9, y2,0) i.e. (1.7) so that the system (1.3) is null-controllable.
The global null-controllability in small time or even in large time is an open
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problem. Actually, some partial answers can already be made. Indeed, if N is
even, then (1.3) is not null-controllable because one cannot prevent the blow-up
from happening of the first equation. For a proof of this fact, one can see [14,
Theorem 1] for weaker semilinearities. If N; is odd, the problem is largely open
because we still do not know if the first equation of (1.3) is null-controllable or
not, see for instance [6, Open Problems 7.14, 7.15].

The sufficient condition (1.6) ensuring the local null-controllability of (1.3)
is actually necessary. Indeed, if ay; = O then the second equation of (1.3) is
decoupled from the first equation so y, cannot be driven to O at time 7. Moreover,
if NV, is even, the strong maximum principle shows that we can not control y;:
assume for instance that ay; > 0, then

dry2 = daAyr — anyy” = azny? > 0in (0,7) x Q (1.10)
and thus > (¢, x) := y2(t, x)e™ Y, with A > |aas| ||)’2||Ziz(10 T)%Q) satisfies
0ry2 —daAyr +¢y> > 0in (0,7) X Q

with ¢ > 0 and we can apply the standard strong maximum principle (see, for
instance, [11, Theorem 12, p. 397]):if y2,0 > Oand y, o # O thenforallz € (0,7T],
ya(t,-) > 01in Q.

The linear case
Ny =N,=N3 =1,
is already treated in [9] by de Teresa. To obtain such a result, the author shows a

Carleman estimate and deduce from it an observability inequality for the adjoint
system.

For the semi-linear case, the main idea is to linearize the system in order to
use the previous result. However, if Ny > 2, in the linearized system around
the trajectory ((¥7, ¥2), i) = ((0,0), 0), we can see that the second equation is
decoupled from the first one and thus can not be controlled; the linearized system
is thus not null-controllable.

To overcome this difficulty, Coron, Guerrero, Rosier [7] use the return method in
the case

N, =3, N3z=1.
More precisely, they construct a reference trajectory ((yy, y2), h) of (1.3) starting
from (¥7, y2) (0, -) = 0, reaching (y1, y2)(7, - ) = 0 and satisfying |y;| > &€ > 0
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in (¢1, ) X w. Then they linearize (1.3) around the reference trajectory and obtain
for the second equation

0ry2 — daAys = 3ax 1°y1 +axny in (0,T) x Q. (1.11)

They can then use [9] to obtain that the null-controllability of the linearized
system and then the local null-controllability of the nonlinear system (1.3) by
a fixed-point argument. For an extension of this method to a 3 X 3 cascade
reaction-diffusion system with cubic coupling terms, see [8].

In [18], the first author employs a new direct strategy in order to deal with the
case

N odd and N3 =1,

that we adapt here to prove Theorem 1.1 for the more general case

N> odd and N3 > 1.

Our method is quite general and can be applied to other systems. For instance,
one can replace the Laplace operator —A in (1.3) by an elliptic operator A : y —
—div(AVy), with A € C 2(Q: My(R)) a matrix-valued function such that for
some constant S > 0,

d d
D AwEad =By Il (reQ £erd).
k=1 k=1

The main hypotheses needed in our method are the corresponding parabolic
operator d; — A satisfies a Carleman estimate and a maximal regularity property.
Such properties are recalled for the Laplace operator in Theorem 3.2 and
Theorem 2.3 but are valid for the above operator (see, for instance, [15, Lemma 1.2,
p- 5] and [17, Theorem 7.1, p. 181], [17, Theorem 9.1, p. 341]).

To simplify the work and without loss of generality, we assume in what follows that

di=dy=1, ajy=ax=axn=1, Ni,Ny,N32>2.

We describe below the idea of the proof.

Strategy of the proof. We proceed in two steps: in the first step, we control the first
equation of (1.3) in the time interval (0, 7/2). Using that the semi-linear heat equation
is locally null-controllable for any positive time, there exists a control & such that
y1(T/2,-) = 0. Using the smallness assumptions, we can ensure that the second equation
of (1.3) admits a solution on (0, 7'/2). In the second step, we control this second equation
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thanks to a fictitious odd control H. Here and in what follows, an odd control H means
that H can be written under the form H = H™2, where H is a sufficiently smooth function.
More precisely, we can consider the control problem

{3zy2 ~Ayr=Hy, +yY* in(T/2,T)xQ,

(1.12)
y2=0 on (T/2,T) x 0,

where y,, = )'("1:,’2 and where y,, € C*(Q) has a compact support in w, y,, # 0. We then
need a control H such that y,(7,-) = 0, satisfying H(T/2,-) = H(T,-) = 0 and such
that H'/M2 is regular. Such a control is given by our second main result (Theorem 1.2)
stated below. We can then set in (7/2,T)

yi= (Hyo) ™. b= ayn = Ay =y

Note in particular that y;(7T'/2,-) = yi (T, -) = 0. By construction, ((yi, y2), ) is thus a
trajectory of (1.3) satisfying (1.9).

From the above strategy, we see that the proof of Theorem 1.1 relies on the construction
of odd controls for a semi-linear heat equation that we present now. For N > 2, we
consider the system

Oy — Ay =hy,+y" in(0,T)xQ,
y=0 on (0,T) X 0Q, (1.13)
¥(0,-) = yo in Q.
The definition of the weak solutions for the above system and a corresponding well-

posedness result are given in Definition 2.4 and Theorem 2.5. Our second main result
states as follows.

Theorem 1.2. Assume that N > 2, n € N, and p > 1. There exists § > 0 such that for
every initial data yy € L™ (Q) such that

lyoll= () < 0, (1.14)

there exists a control h € L*((0,T) X w) satisfying

2l Lo 0,7y xe) S 1Yol (@) 5 (1.15)
R D e LP(0,T; WP (Q)) N WP (0,T; LP (Q)),
R/t Ly = g1/ Gty Z ) (1.16)
and such that the solution y € ‘W of (1.13) satisfies
Iyllqy < ||y0||L°°(Q), (1.17)
and
y(T,-)=0. (1.18)
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As for Theorem 1.1, the smallness conditions (1.14) and (1.15) are sufficient to
guarantee the well-posedness of the semi-linear heat equation (1.13), see Theorem 2.5
below. Note that the conditions in (1.16) at # = 0 and ¢t = T correspond the conditions
H(T/2,-) = H(T,-) = 01in our strategy of proof for Theorem 1.1.

Before continuing, let us make some comments related to Theorem 1.2.

e The crucial property in Theorem 1.2 is the odd behavior of the control, stated
in (1.16). Actually, the small-time local null-controllability of (1.13) with controls
in L*((0,T) X w) is a consequence of [4, Lemma 6].

e For N = 1, that is the linear case, the result of Theorem 1.2 is still true and has
already been established by the first author, see [18, Proposition 3.7]. One can
even obtain a (small-time) global null-controllability result with odd controls due
to the linear setting. Note that here, we extend the result of [18] in the case of a
linear heat equation with a source term, see Section 3.3.

Strategy of the proof. First, we use a classical Carleman estimate for the nonhomoge-
neous heat equation to obtain a weighted L observability inequality stated in Corollary 3.3.
From this result and after that, we need to take care about the weights appearing in the
norm of the adjoint system they have to be “comparable”. We then deduce from this result
a weighted LP observability inequality, see Proposition 3.4 below with an arbitrary large
p- As a consequence, a null-controllability result is obtained for the heat equation with a
source term and with odd controls. Let us remark that taking p large enough allows us to
do only one bootstrap argument for getting the desired odd behavior for the control, see
Proposition 3.6 below. This is different from [18, Theorem 4.4 and Proposition 4.9] where
two such arguments are used for obtaining the null-controllability of the heat equation
with odd controls. Another bootstrap argument is then required in order to deal with the
nonlinearity in the fixed-point argument, see Proposition 3.8 below. Finally, a Schauder
fixed-point argument, see Section 3.5, is performed to obtain Theorem 1.2. We can remark
that here due to our method for constructing the control, in this fixed point argument, the
corresponding nonlinear mapping is a-Holder continuous with @ < 1. In particular, a
Banach fixed point argument does not seem to apply.

1.2. Outline of the paper

The outline of the paper is as follows. In Section 2, we recall some standard facts about
well-posedness, regularity results for linear and nonlinear heat equations in various
functional settings. We notably prove that (1.13) and (1.3) are locally well-posed, see
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Theorem 2.5 and Theorem 2.8 below. Section 3 and Section 4 are devoted to the proofs of
the main results, i.e. Theorem 1.1 and Theorem 1.2.

2. Well-posedness and regularity results for the heat equation

In this section, we give the notion of solutions that we consider in what follows. Then we
recall standard well-posedness results for both linear and semi-linear heat equations in
various functional settings we will use in what follows.

2.1. Functional spaces

In this article, we use in a crucial way a L? framework with p € (1, o). First, we introduce

the standard notation for the dual exponent p’ € (1, o) of p defined by the relation
1 1
— + - = 1.
p D

We also introduce the following functional spaces

XP = LP (o, T; W“’(Q)) AWLP (0,T; LP(Q)). 2.1)
We have the following classical embedding results (see, for instance, [17, Lemma 3.3,
p. 80]): for p,q > 1,
. e 1
XP — L9(0,T; L1(Q)) if i 22)
XP — L®(0,T;L*(Q)) if p> #,

XP < L9(0,T;Wh(Q)) if Cll > 113 -4, 23
XP — L= (0,T;Whe(Q)) if p>d+2.
We also have, see for instance [17, Lemma 3.4, p. 82],
XP < 0 ([0, T): Wz/P’vP(Q)) : 2.4)

where WP (Q) denotes the fractional Sobolev spaces (see, for instance, [17, p. 70]). We
recall that functions in WP (Q) admit a trace on 0Q if @ > 1/p. If @ > 1/p, we denote
by WSI "P(Q) the subspace of functions f € WP (Q) such that f = 0 on Q. We also
write W;"" (Q) := W*P(Q) if @ < 1/p. From [10, Corollary 4.53, p. 216], we have

, d+2
WP P (Q) s LO(Q) if p>%,

and thus Jan
XP e CO([0,T]: L™(Q)) if p> % (2.5)
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We finish with some other classical results on the spaces X7, for which we give a short
proof for completeness.

Lemma 2.1. The following statements hold.
M Ifp > #, then XP is an algebra.

(2) Forany N > 1,q > 1, if

1 1 2
—|1-= — 2.6
q ( N) = 2+d (2.6)
then the embedding
X9 — LN9((0,T) x Q) is compact. 2.7

Proof. For the first point, we consider f, g € X”. Then
oif. g, V2f, VPg € LP(0,T; LP(Q)),
and from (2.2) and (2.3)
f, g € L°(0,T:L™(Q)), Vf, Vge L (0, T LZP(Q)) .
We thus deduce that
d,(fg), V(fg) € L” (0,T; L (Q)).

For the second point, we can use (2.6) to consider p > 1 such that
1 1 1 2

— > .
gN p q 2+d

2.8)

We thus deduce from (2.2) that
X9 — LP((0,T) x Q) — LN9((0,T) x Q)
and from the Holder inequality, there exists 8 € (0, 1) such that
£ lva 0. 1)x0) < ||f||19ﬂ((0,T)><g) ”f”lL;f()((),T)xQ) (f € LP((0,T) xQ)). (2.9)
From the Aubin-Lions lemma (see, for instance, [21, § 8, Corollary 4]), the embedding

X9~ L9((0,T) x Q) is compact.

Consequently, if (f;) is a bounded sequence of X7, it has a subsequence converging
in L9((0,T) x Q) and bounded in L”((0,T) x Q). From (2.9), this subsequence is
converging in LN ((0,T) x Q). O
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2.2. Linear heat equation
Let us first consider the linear nonhomogenenous heat equation
Oy—-Ay=g in(0,7T) XQ,
y=0 on(0,7)x0Q, (2.10)
v(0,-) =yp inQ.

In this article, we need several definitions of solutions for (2.10):
Definition 2.2. We introduce three concepts of solutions for (2.10).

() If yg € W(?/P"I’(Q) and g € LP((0,T) x Q), we say that y € X” is a strong

solution of (2.10) if it satisfies (2.10) a.e. and in the trace sense.

(2) If yg € L?>(Q) and g € L*>(0,T; H™'(Q)), we say that y € L*(0,T; Hé(Q)) N
HY(0,T; H'(Q)) is a weak solution if

T T
/0 Oyt 20 gy g A+ /0 /Q Vy(t,x) - V (1,x)drdx

T
= /0 (1) Ny & Ve L (0T HY@), @11

and
y(0,-) = yo in L*(Q). (2.12)

(3) If yg e L'(Q) and g € L'((0,T) x Q), we say that y € L”((0,T) x Q) is a very
weak solution of (2.10) if

I o -aoaa
(0,T)xQ
= // gldrdx + / yo(x)Z (0, x)dx V{eCo([0,T)xQ).
(0, T)xQ Q

We recall the following implications
strong solution = weak solution = very weak solution,

and the reverse implications are also true assuming that y is regular enough. We also note
that the definition of weak solution is meaningful due to the continuous embedding (see,
for instance, [11, Theorem 3, p. 303])

12 (o, T HOI(Q)> nH' (o,T;H-l(Q)) SN ([0, T];LZ(Q)) . 2.13)
We also state standard results for the well-posedness of (2.10) (see, for instance [11,

Theorems 3 and 4, pp. 378-379], [17, Theorem 7.1, p. 181] and [17, Theorem 9.1, p. 341]):
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Theorem 2.3. The following well-posedness results hold.

(1) For any yo € L*(Q) and g € L*(0,T; H'(Q)), the equation (2.10) admits a
unique weak solution y and we have the estimate

||y”L2(0,T;H3(Q))mH1(O,T;H*I(Q)) S ||)’0||L2(£z) + ”g”LZ(O,T;H*l(Q)) . (2.14)

(2) Foryg e L®(Q) and g € L=((0,T) x Q), the unique weak solution y of (2.10)
satisfies

Iyl c0,myx0) S Yol (@) + gl =0, 1)x9) - (2.15)

(3) Assume p € (1,00). For any yq € Wg/p/’p(Q) and g € LP((0,T) x Q), there
exists a unique strong solution y € XP of (2.10) and we have the estimate

Iyllxr < lyollware.r ) + 118llLr 0,1)x0) - (2.16)

2.3. Semi-linear heat equation

For N € N, N > 2, let us then consider the semi-linear heat equation
Oy —Ay=yN+g in(0,T)xQ,
y=0 on (0,7T) X 0Q, (2.17)
¥(0,-) =yo in Q.

The space W is defined in (1.4). First we recall the definition of a weak solution for the
system (2.17):

Definition 2.4. We say that y € W is a weak solution of (2.17) if
T T
A Oy () L gy 1+ /0 fg Vy(t,x) - VE (1, x)drdx

r T
:/0 /QyN(t,x)g’(t,x)dtdx+/0 <g(t,.)’4(,,.)>H71(Q)’H&(Q) dr
Vie (0T HYQ), 218)

and
¥(0,+) = yo in L*(Q). (2.19)

Let us state the following well-posedness result for (2.17) for small data. This result is
standard, but we recall the proof for completeness.
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Theorem 2.5. Assume p satisfies (1.5). There exists 6 > 0 small enough such that for
any yg € L*(Q) and g € LP((0,T) X Q), satisfying
lyolle(q) + l1gllLr (0,1)x0) <6, (2.20)

the system (2.17) admits a unique weak solution. Moreover, we have

¥y + 5™V o (0.7 < Iollzs @) + gl (o.1)xa) @21

Proof. First, we show that for any F' € L= ((0,T) x€2), there exists a unique weak solution
to the heat equation
oy—-Ay=F+g in(0,T)xQ,
y=0 on (0,T) x 0, (2.22)
y(0,-) = yo in Q.

In order to do this, we can write y = y;| + y, with

Oyr—Ay1=F in(0,T)XxQ, Oyr—Ayr =g in(0,7T)xL,
yi=0 on(0,T)xdQ, y2=0 on(0,7)x0Q, (2.23)
y1(0,-) =yo inQ, y2(0,-) =0 inQ.

Applying Theorem 2.3, the above systems admit respectively a unique solution y; € ‘W
and y, € X? and with the hypotheses on p, we deduce from (2.2) that X? — W. We
conclude the existence and the uniqueness of a weak solution y € ‘W of (2.22) and we
have the estimate

Yl 0,myx@) S IyollLe(y +1&llLr 0,1)x0) + 1FllLe(0,1)%0) - (2.24)
We can thus define the following mapping
N :L¥((0,T) x Q) — L¥((0,T) xQ), F +— yV, (2.25)

where y is the unique weak solution to (2.22) and if y¢ and g satisfy (2.20) and if we
consider

Bs :={F € L((0,T) X Q) ; |FllL=(0.r)x0) <0}, (2.26)
then we deduce from (2.24) that for 6 > 0 small enough, N (Bs) C Bs. We can also
show in a similar way that the restriction of NV on By is a strict contraction. The Banach

fixed point yields the existence of a unique fixed point F and the corresponding solution
y of (2.22) is a weak solution of (2.17).
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For the uniqueness, we consider y{, yo € W two solutions of (2.17). Then, y := y; —y»
satisfies (in a weak sense)

dy—Ay=yy —yY in(0.T)xQ,
y=0 on (0,7) X 0Q, (2.27)
y(o’ . ) =0 in Q.

In particular, using that y;,y, € L*((0,T) X Q), we can write the standard energy
estimate: for any ¢ € [0, 7],

t t
I sy < [ [ (o =5 )aste s [y B s

and we conclude with the Gronwall lemma. m]

We now state some regularizing effects of (2.17).

Lemma 2.6. Assume the hypotheses of Theorem 2.5 and let us consider y the correspond-
ing weak solution of (2.17).

(1) Ifg = Othenforanyt € (0,T] andforanyq > 1, y(t,-) € Wg/q/’q (Q). Moreover,
we have the estimate

Iy (. ) lwaa @) Stg Yol (q) - (2.28)

(2) In the general case, for any t € (0,T], y(t,-) € L*(Q) and we have the estimate
Iy (@ )= @) Seq 1ol + 181l Lr (0,7)x) - (2.29)

Proof. Let us denote by 6 the function 6(z) = ¢ for t € R. Then we deduce from (2.17)
that

8 (8y) — A(By) =y + 6y~ in (0,T) X Q,
0y =0 on (0,T) x 0Q,
(6y)(0,-) =0 in Q,

and from Theorem 2.5,

Iy + gyN“L‘”((O,T)xQ) S yollz=(g) -

Applying Theorem 2.3, we deduce that y € X7 for any ¢ > 1, and we conclude with (2.4).
The second point can be done similarly by using (2.5) and that p satisfies (1.5). O
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The above definition and properties can be extended to the parabolic system

dy1 — Ay =y +g in (0,7) x Q,
Ny . N .
Ory2 = Ayr = y|7 +y,° in (0,7) X Q, 230)
yi=y2=0 on (0,7) x 0,

y1(0,-) =y1,0, ¥2(0,-) =y20 inQ.

More precisely, we have the following definition and well-posedness results:

Definition 2.7. We say that (y;, y2) € ‘W X W is a weak solution of (2.30) if
T T
‘/0‘ ((%yl(t,-),{(t,~)>H71(Q)’Hé(9) dt+‘/0‘ ‘/QVyl(t,x)'Vf(t,x)dtdx

T N T
:/O /lel(t,x)g(t,x)dtdx+/0 <g(t")’§(t")>H-1(Q),H(;(g) dr

Viel? (o,T;Hg(Q)) ,
T T
‘/0\ <3z)’2(t, ')7 {:(t? ')>H’1(Q),H(;(Q) dt+‘/0‘ ‘/g;VyZ(t’x) ! V{(t,x)dtdx

T T
=/ /yﬁvz(t,x){(t,x)dtd“/ /yév3(t,x)§(t,x)dtdx
0 Q 0 Q
Viel? (o,T;Hg(g)) ,
and
(1. ¥2)(0,) = (y1.0, ¥2.0) in L*(Q)*. (2.31)

Theorem 2.8. Assume p satisfies (1.5). There exists 6 > 0 small enough such that for
any (y1,0, 2.0) € L*®(Q)? and g € LP((0,T) x Q), satisfying

||(y1,o,y2,o)||Lm<Q)z +IgllLr (0,m)xe) <0, (2.32)
the system (2.30) admits a unique weak solution. Moreover, we have

b
L™ ((0,T)xQ) 2

S lyollze () +11gllLe 0,r)xe) - (2.33)

|

N,
131l + 1y2llay -+ ||y

Lo((0,T)xQ) L= ((0,T)xQ)

3. Proof of Theorem 1.2

The goal of this part is to prove Theorem 1.2.
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We first set

) (1€ (0,7)), po(0)=po(T) =0, (3.1

0 =

and
exp (- ) (1€ 10.T/2),
exp (~ror) (e (T/2,7)),

Using Lemma 2.6, that is taking the control # = 0 in [0,7/2] X w in order to benefit
from the regularizing effect of the semi-linear heat equation (1.13), we see that it is
sufficient to show the following result.

p(t) = p(T) =0. (3.2)

Theorem 3.1. Assume N,n € N, N > 2 and T > 0. Let us consider p satisfying

p=02n+1)(2k+1)+1, (3.3)
with k € N large enough so that
d+2
_—, 34
> = (3:4)

and q > max(%,Z). There exist 6 > 0 and m > 0 such that for any initial data

2
vo € W (Q) with
lyoll 2, <,
wa Q)

there exists a control h and a strong solution y of (1.13) such that

2oexe, YN eL1(0.7:L9(Q),
P

o\ @neD)
) e XP, 3.5)

he L¥(0,T; L= (Q)), (—

m
together with the estimate
( /’l ) 1/(2n+l)
P o

0
B
pm
< llyollwerara gy - (3.6)
In particular, h satisfies (1.15) and (1.16) and y satisfies (1.18).

N I/N 2n+1

Yy

h
Xa ”pml

+
Py

L=(0,T:L>(Q))

L4(0,T;L9(Q))

The differences with Theorem 1.2 are that we can apply Lemma 2.6 to replace

2
Yo € L=(Q) by yg € WO"' 4 () and that we take here p large enough for the space X7”
(but we have p; < pp = XP2 c XP'). Note that since g > #, then, from (2.2),
X7 — L=(0,T; L*(Q)) so that y € W.
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3.1. Carleman estimate and L> observability inequality for the heat equation

The goal of this part is to deduce a weighted L? observability inequality for the heat
equation from a Carleman estimate. We first recall a standard Carleman estimate for
the heat equation that is due to Fursikov and Imanuvilov [15]. We start by introducing
a nonempty domain wyq such that y, > 0 on wy C w. By using [15], see also [22,
Theorem 9.4.3), there exists n° € C2(Q) satisfying

n°>0inQ, n°=0o0ndQ, mgxnozl, Vi® #0in Q\ wo. (3.7)

We then define the following functions:
exp (42) —exp {1 (2+7n°(x))} £(t) = exp {1 (2+n°(x))}
(T —1) ’ B t(T —1)

We can now state the Carleman estimate for the heat equation, see [13, Lemma 1.3].

a(t,x) = (3.8)

Theorem 3.2. There exist Ao, so, Co € R} such that for any 2 > Ao, s > so(T + 7?),
e X*withl =00n (0,T) X 09,

/f SAE e |7 dudr < C (// ¢35, + AL dxdr
(0,7)xQ (0,T)xQ
+ // SAEe By 7P dedt]. (3.9)
(0,T)xQ

From the above result, one can obtain a similar estimate with weights depending
only on time. We recall that pg and p are defined in (3.1) and (3.2). We have that

p0.p € WH=(0,T) nC°([0,T]) and
( O)I
P

Moreover, we have the following instrumental estimates

posp<l, < L (3.10)

my <my = (p"™ < p™, |(p™)'] < p™). (3.11)
With the above notation, we can state the following corollary of Theorem 3.2.
Corollary 3.3. Assume r > 1. Then, there exist mo, My € R} with
mo < My < rmy, (3.12)

such that for any ¢ € X? with £ = 0 on (0,T) x 0K the following relation holds

1200z + 10" ¢l 20,1020
S 1™ (0L + AD 20,1202 (0)) + ||p810§Xw||L2(0,T;L2(9)) - Q13
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We want to highlight the fact that the dependence in space of the Carleman weights
appearing in (3.9) has been removed in (3.13). Moreover, it is worth mentioning that the
vanishing property at ¢ = T of the Carleman weights for the left-hand-side of (3.9) has
been dropped. This is why one can make appeared the first left-hand-side of (3.13), that
is the classical left-hand-side term for proving a L? observability inequality. The same
remark applies for the first right-hand-side term of (3.9) to get the first right-hand-side
term of (3.13). Finally, the fact that my and M, are comparable is quantified in (3.12).

Proof of Corollary 3.3. We consider sy and Ay from Theorem 3.2. Then, we deduce
from (3.7) and (3.8) that for any A > A, s > so(T +T?),

2_eM

3
1 <8324 < (sz) < ST

Therefore combining these estimates with (3.7) and (3.8) and taking s = so(7 + Tz), we
deduce that

M - -
Py S SV eI < PAteT Py’
with

My = sp (T + T2) (64/1 - eu) , Mg =S (T + T2) (64/1 — e (1 +/12)) .

We now fix 4 = ¢ large enough, so that (3.12) holds. Applying (3.9), we obtain

My
”po ¢ L2(0,T;L2())
< ”pgm ((91‘{ + Aé’)”LZ(O,T;LZ(Q)) + ||p6”0§/\/w”L2(O,T;L2(Q)) . (314)

Using (3.1) and (3.2), the above relation yields
||pM0§||L2(T/2,T;L2(Q))
S ”p6n0 (6t£ + Ag)”LZ(O,T;LZ(Q)) + |‘p(r)n‘)§Xw||L2(0,T;L2(Q)) . (315)

Let us consider yr € C*([0,T]), xr = 1 in [0,T/2], xr = 0 in [3T/4,T] and
‘X’Ti < 1/T. Then

=0 (x1l) —A(xrd) == (xr) { = x1 (8 +AL) in(0,T) xQ,
(xr$) =0 on (0,T) x 0Q, (3.16)
xr{)(T,-)=0 in Q.
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By using the maximal regularity of the heat equation in L? i.e. Theorem 2.3 with p = 2
to (3.16) and the Sobolev embedding (2.4) we deduce

1£(0, - )”LZ(Q) + ||§||L2(0,T/2;L2(Q))

SN0+ ALl 20,57 /a:02(0)) + 16l L2 (12,57 /4:02(02)) »
and thus by using that p(¢) = p(T/2) in (0,7/2) and p(t) > p(3T/4) in (0,37 /4), we
obtain

||§(0, . )”LZ(Q) + ||PM°§||L2(0,T/2;L2(Q))
S 0™ (0 + ADN 2 0,1:020)) + “pMO{“LZ(T/Z,T;L2(Q)) :
Combining this last estimate with (3.15) and (3.10), we deduce the expected observability
inequality (3.13). O
3.2. A weighted L” observability inequality

The goal of this part is to deduce from the weighted L? observability inequality in
Corollary 3.3 a weighted L? observability inequality for p > 2, by applying maximal
regularity results for the heat equation. More precisely, we show the following result:

Proposition 3.4. Assume p > 2 andr € (1,p’). Then, there exist mg,m; € R} with
mo < my < rmy, (3.17)
such that for any { € XP with { = 0on (0,T) X 9, the following relation holds

120, Lr @) + o™ Ceeo.1:0r @)
< ||Pm0 (atév + Af)“LP(o,T;Lp(Q)) + i|P(r;LO§Xw|

LP (0.T-LP (Q)) * (3.18)

The main difference between (3.18) and (3.13) is the L? framework. We want to
highlight that M of (3.12) has been transformed into m; of (3.17). Basically, the proof
is as follows. By a bootstrap argument, we apply recursively maximal regularity results
in L", starting from r = 2 together with Sobolev embeddings to obtain (3.18). During
the induction process, My becomes M| € (My, rmg) then M, € (M|, rmy), etc. to finally
take the value m;| € (myg, rmp).

Proof. First, we apply Corollary 3.3 to obtain mg, My € R} satistfying (3.12) and such
that (3.13) holds for any £ € X? with £ = 0 on (0,T) X dQ. We then set g := —0;{ — AL
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so that for any M; > 0,
-0, (leﬁ) -A (pM‘,Z) =- (pM]), {+pMg in(0,7T)xQ,
(le g) =0 on (0,T) x L, (3.19)
(leg) (T,)=0 inQ.

In particular, if we consider M| € (My, rmg) then by (3.12) and (3.11)

so that

() <

LZ(O,T;L2(Q)) + ||pM1g||L2(O,T;L2(Q))
s HpM%HLZ(o,T;LZ(Q)) + ”pmog”L2(0,T;L2(Q)) . (3.20)

We can apply the maximal regularity result in L2, i.e. Theorem 2.3 with p = 2 to (3.19),
and use (3.20) and the L? observability inequality (3.13) to deduce

”leéV”XZ S ”pmog“Lz(O,T:LZ(Q)) + ||pOmO§X‘U||L2(O,T;L2(Q)) : (32D

We then use the Sobolev embedding (2.2) to deduce

X% — L9(0,T; L9 (Q)) (3.22)
with g1 > 2 defined by
1 2 1 1 1 2
if —— < — th =p, 1 ==
B 2T oxa Sy T ER e T T

Then, we consider M, € (M, rmyg) so that from (3.11),
’(,DM2)/‘ < le, ,0M2 < pmo7

and with (3.22) and (3.21), we deduce

(o) <

M,
L41(0,T;L91 () +||p 8llLan (0,151 (@)

S [lo™ ¢l + o™ gl s 0,721 0

S o™ 8l Lar o.:0 (@) + |‘p(’)'l()§Xw||L2(0,T;L2(Q)) - (29
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Now we apply Theorem 2.3 to
~0, (p"20) - A (p¥2¢) = = (0™) £+ Mg in (0,7) %€,
(pMZ{) -0 on (0,T) x 62, (3.24)

(p™2¢) ) =0 inQ,
with p = g1, and using (3.23), we obtain
o™ ¢l xar s o™ gllzar .1z @ *+ 06 Xl 2072y - 329

If ¢; = p, then using H'(0,T) < C°([0,T]) and L?(0,T; L?(Q)) — L*(0,T; L*(Q)),
we deduce from the above relation the desired observability inequality (3.18) with
m; = M,. Else, we have g; < p and we can repeat the argument, that is we use the
Sobolev embedding (2.2) to deduce

X9 s L9 (0,T; L9(Q)) (3.26)

with g > g defined by
1 2 1 1 1 2 1 2
if — - < — th =p, el —=—- = : .
T 2ed Sy BT O T T 2vd 2 T 2+d

Taking M3 € (M, rmyg), and proceeding as above, applying Theorem 2.3 with p = ¢»
and using (3.26) and (3.25), we find

||pM3§||XC]2 s ||pm0g||L‘72 (0,T;L92(Q)) + ”panog/\/w“LZ(QT;LZ(Q)) .

We can proceed by induction and since 1/g,, decrease by 2/(2 + d) at each step, after
a finite number of steps, we obtain g, = p and we deduce the desired observability
inequality (3.18). O

3.3. Controllability of the heat equation with a source term in L”’

We use the above observability results to show, by a duality argument, the controllability
of a linear system associated with (1.13):
Oy—Ay=hy,+F in(0,T)xQ,
y=0 on (0,7T) X 0Q, (3.27)
y(0,+) =yo in Q.
In order to control the above system, we fix p € 2N* and we consider m( and m; as in

Proposition 3.4. Then, we introduce

Yo = {g e C([0,T] x Q) ; £ =0on (0,T) x asz} , (3.28)
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and we define the following norm for ¢ € MY,

120y = 10"(0:L + AD o o.7:00 () + 105 L X w] LP(0.15LP (Q) ° (3.29)

The fact that it is anorm is a consequence of the weighted L? observability inequality (3.18).
We denote by Y the completion of Y with respect to the norm || - || y.

First, we have the following result that roughly states that a function £ € Y belongs to
some suitable weighted X spaces.

Lemma 3.5. Assume m > m. Then, forany £ € Y,

leg el r < 1™ Cllxr < NNy - (3.30)
Proof. Using m > my, (3.17) and (3.11), we have
(™)< p™,  p™ < p™. (3.31)

Now, if £ € Y, then
=0: (p"0) = A(p") == (p™) L+ p™ (=0;{ = AL) in(0,T) xQ,
(p"¢) =0 on (0,7) x9Q, . (3.32)
(p"¢) (T,-) =0 in Q.
Combining the observability inequality (3.18) and (3.31), we deduce
= (o™ ¢ +p™ (=018 = AD)|

Applying the maximal regularity result Theorem 2.3 on (3.32) and using the above
relation, we deduce the second estimate in (3.30). For the first estimate, we use (3.10) to
obtain that ||po/p|lw1.=,ry < 1 and this allows us to conclude the proof. O

LP(0,T;LP (Q)) s ||§||y .

We now introduce some functional spaces: for m > 0 and p € [1, o], we set

L2(0,T; LP(Q)) := {f e LP(0,T; LP(Q)) ; pim e LP(0,T; LP(Q))}, (3.33)
LP (0.T: LP(Q)) := {f € LP(0,T;LP(Q)) ; F% € LP(0,T; LP(Q))}, (3.34)
0

endowed with the following norm

I lze 0.0 @) =

bl

LP(0,T;LP (Q))

oM
(3.39)

”f”Lsz,o(O,T;U’(Q)) = p(r)n

LP(0,T;LP (Q))
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From now on, we assume p € 2N*. This assumption allows us to use, in what follows,
that |x|? = xP for x € R. Letus consider, forany yo € L”' (Q) and F € Lh, (0,T; L' (Q)),
the functional J = J, r defined as follows:

1 1
1@ = [ prrcag-aorac [ prer
P JJ(0,T)xQ P JJ0,T)xQ

—// F{dtdx—/yg(x){(o,x)dx. (3.36)
(0,T)xQ Q

Using the L” observability inequality (3.18), we can check that J € C'(Y;R) is a strictly
convex and coercive functional on Y. In particular, J admits a unique minimum 7. We
can thus define, for yo € L?'(Q) and F € Lh (0,T; L?'(Q)), the following maps

Ml(yO,F) = 47

e L
el )= ™ (‘M - AZ ) ; (3.37)
M3(yo, F) = _p(’)’lopr,,] —P—l.

Proposition 3.6. Assume p € 2N* and r € (1, p’) and let us consider mo and m| given
by Proposition 3.4. For any yo € LP' (Q) and F € Lh (0,T; LP' (Q)), let us set

{=Mi(yo,F), y=Ma(yo,F), h=Ms(yo,F). (3.38)

(1) Exf'stence of a solution. We have that y € Lﬁl,O(O, T;LP (Q)) and h €
LZO 00T L?'(Q)), together with the estimates

—||P ’ ’
< ||F|1P, + p 3.39
20y < 0N iy * 100 (3.39)

+ || A (3.40)

I o @) * Wy oo @ S Vg, ooy * W0l -

Moreover, y is the very weak solution of (3.27) associated with F, h and yg in

the sense of Definition 2.2.

(2) Odd behavior of the control. The control h satisfies h'/(P~1) € XP and
BP0,y = B PD(T ) =0 inQ, (3.41)
together with the estimate

1/(p-1 1/(p-1
< IFILS D +lvoll ) (3.42)

H h1/<p71>| |
Xp Ly, (0.T:L7 (Q))
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(3) Regularity of the solution. Assume that yo € W' P-P'(Q) and that yo = 0 on 6Q
if p = 2. Then for any m < mg, y/p"™ € XP' together with the estimate

Y

m

- s ”F‘”L'l/:l/1 (O,T;Lp, (Q)) + ||y0||W2/P»l" (Q) . (343)
In particular, y(T,-) = 0.

The first point will be obtained from Euler-Lagrange equation. The odd behavior of
the control, i.e. (3.42), remarking that p — 1 is odd, comes from the identification of &
in (3.38), (3.37) and from a weighted X” estimate of /. Finally, the regularity result on
the solution comes from a maximal parabolic regularity result. Note that if p # 2, then
p = 4and p’ < 3/2 so that we do not need to impose the compatibility condition yg = 0
on 0€2.

Proof of Proposition 3.6. We start by writing the Euler-Lagrange equation for J at ¢ to
obtain

// PP (=3, — ADYP~ (=8, — AZ)drdx + // P b2 cdrdx
O.T)xE (0,T)xQ

=/] F{dtdx+/y0(x)§(0,x)dx (Cey). (344
(0.T)xQ Q

Taking ¢ = ¢ in the above relation and using Young’s inequality and the L” observability
inequality (3.18), we deduce (3.39).
Then, (3.38) and (3.37) yield

P

Y I o o"Mop

pmo

and we deduce (3.40) from (3.39).
Moreover, (3.44) and (3.38) imply

// y(=8;¢ — Af)drdx = // Xohdrdx + // Fdrdx
(0, T)xQ (0, T)xQ (0, T)xQ

+/Qy0(x)g(o,x)dx (£ €C([0,T)xQ)), (3.45)

p’ »
= ‘p(r)nOXw{‘ s

aZ+aZ’

mo
0

that is y is the very weak solution to (3.27) associated with the control %, F and yg in the
sense of Definition 2.2.
For the second point, from (3.38) and (3.37), we have

WP = - (3.46)
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and since p’mg > mj, we can apply Lemma 3.5 with m = p’m( and we deduce (3.42)
from (3.39) and (3.30). Since p’my > my, there exists r > 0 such that p’mgy —r > my,
we then obtain (3.41) because

H%rhl/(”_”“

o S e, < veny

rh1/<p—1>|
Xr

|-
c(10,T1;w2/"-p(Q)) ~ “'DO

Finally, for the last point, we write the system satisfied by y/p™:

h F !
ﬁt(L)—A(L)Z_Xw"'__m ply in (0,7) X Q,

EEa—! on (0,7T) x 9Q, (3.47)

y Yo .
—(0,-) = in Q.
p" p™(0)

By using m < mgy < my, (3.10), (3.11) and (3.40), we have

h F ol
— X+ = m—y
pm pm pm+

SHEN o o 7107 comy T 1170l Le @
L7 (0.1:L7 (@) Ly, (0.T:LP (Q)) (Q)

Applying Theorem 2.3 to (3.47) with the above estimate, we deduce the regularity estimate
on y,i.e. (3.43). |

3.4. L™ bound on the control and L¢ estimate of the nonlinearity

From now on, we assume r € (1, p’) and we assume that my and m; are given by
Proposition 3.4 with this . In particular they satisfy (3.17) which yields

0<mop—mi(p—1) <my.
First we have the following result on the control .
Lemma 3.7. Assume p satisfies (3.3) and (3.4). Then for any
0O<sm<mop-m(p-1), (3.48)
the control h given by (3.38) satisfies h'/?"*1) e XP and h € Lz,O(O, T, L>(Q)) with

the estimate
p o\ V@)
()

0

2n+1

Mllzs 0.1z @) + SIFNl o eae ey * I0ll i@y - (3:49)

Xr

In the above result, p has to be sufficiently large to get that X7 is an algebra, and this
enables us to get that 1!/ 2"+ is sufficiently smooth, because p — 1 = (2n + 1)(2k + 1),
as expected in (1.16).
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Proof of Lemma 3.7. Since p satisfies (3.4), we can apply Lemma 2.1 and deduce that
XP is an algebra. On the other hand, from Proposition 3.6, p/(P=1) e XP_ we can thus
conclude by using that

B/ @nl) _ (hl/(p—l))2k+] _

Now, from (3.38) and (3.37), we can write
h my —-m - - p71
— :_(P(() opP ) (p l)/\/wé/) . (350)
Po
If m satisfies (3.48), then (mop —m)/(p — 1) > m, we can apply Lemma 3.5 and
use (3.50), (3.10), (3.39) to obtain

mop i -1 7\ mop—-m -1 _p-1
— < (pé op—m)/(p >Xw§) < “p(() op=m)/(p=1), 7 ;
pO Xp xr Xz
_p-1
s ngy s ||F”L,“,’TI] (0,T;LP' (Q)) + ”)’OHLP’(Q) .
We obtain (3.49) by using that X7 is an algebra and (2.2). .

Proposition 3.8. Let N € N*, N > 2 and assume p, q satisfying q > p’, (2.6), (3.3)
and (3.4). Let us consider my and m; given by Proposition 3.4 with
ri=—2— c(,p). (3.51)
p - 1+ N

2
For any yo € W' 4 (Q) and F € L}, (0,T; L9(Q)), and for any m satisfying (3.48), y
defined by (3.38) satisfies y/p™ € X9 and yV € L}, (0,T; L9(Q)) with the estimates

y
]|y = Wl iz * I¥ollweraraay (3.52)
N N
||y ”L;’,,I(O,T;L‘I(Q)) < (||F||L;111(0,T;Lf4(9)) + ||y0||w2/q’,q(g)) . (3.53)

The goal of the above result is to get an appropriate L9 bound on the nonlinearity, this
would be a first step in order to prove the local null-controllability of the semi-linear heat
equation.

Proof. We define g as follows

1 1 2 1 1 2
if —<——-——,th =gq, else — = — — . 3.54
i Sy a2 enqg; =q eseq1 o d+2 ( )
In both cases, we have g > g and 1/q" > 1/4].
We deduce from (3.43) and the Sobolev embedding (2.2) that for any m < my,

||y||L:él (0,T;L91(Q)) < ||[;'||L’I:ll1 (O,T;L”/(Q)) + ||y0||W2/1’J7' Q) - (355)
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We then consider m satisfying (3.48). We have in particular m < mg < m; and we can
write

h F /
3t(Lm)—A(Lm)=—me+—m—m Ty i (0.7) xQ,
p o) p P p
A on (0,7) X 0Q,
pm
y Yo .
=(0,-) = in Q.
o= o)

Applying Theorem 2.3 on the above equation and using (3.49) and (3.55) withm € (m, mg)
together with (3.10), (3.11), we deduce

’

Y

o

< ”h”Lﬁ(O,T;Lm(Q)) + ”F”L;’nll (0,T;L91 (Q)) + p_m+1y

X L91(0,T;L91 (Q))

3.56
SIFNLgy 0.z @y + o0ll i ) *+ IV (0 7.0 ) (3.56)

< ”F”Lz,ll (0,T;L91 (Q)) + ”yO”WZ/q’,q(Q) .

We can proceed by induction, using again (2.2), and since the corresponding sequence
1/g, decreases by 2/(d + 2) (see (3.54)) at each step, we obtain after a finite number of
steps that for any m satisfying (3.48), we have

Y

P | xa

< ||F||L;1,,,l o.1:24(0)) T 1yollw2rara (g - (3.57)

Using that g satisfies (2.6) so that the Sobolev embedding (2.7) holds, we deduce that

‘ L4((0,T)xQ)

From (3.17) and (3.51), we have

yN

me

N
< (IFlg, oo * ollyawrai) - G:59)

mj
— < — -1
N < Mop mi(p-1)

so that we can take m = m /N in (3.57), (3.58) and we deduce (3.53). O

3.5. A Schauder fixed-point argument

Let us consider the hypotheses of Proposition 3.8 and assume yg € W; la"a (). Then,
using the conclusion of Proposition 3.8, we can define the mapping

N Lj (0,T;L9(Q)) — Lk (0,T; L1(Q)), Fr— yY, (3.59)
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where y = Ms(yo, F). Moreover, using (3.53), we deduce that if Rq := [[yo|lyy2/a’.a (@) 18
small enough, then the closed set

Br, = {F € L, (0.T:L9Q)) 5 Flg, 0.1500 ) < Rol (3.60)
is invariant by N.

Proposition 3.9. The mapping N : Br, — BRg, defined above is continuous and N (Bg,)
is relatively compact into Bpg,.

Proof. Let us consider a sequence (F},),, of Bg,. We write y, = M>(yo, F,,). Then we
can use (3.52) to obtain that (y,/p™/N)) is bounded in X9. Applying Lemma 2.1, we
deduce that, up to a subsequence,
Yn N y
pm/N) (N

in LYY ((0,T) x Q),

for some y € L%\’/N (0,7; L9V (Q)). We deduce that N (Bg,) is relatively compact into
Bg,.

To show the continuity of N, we consider F1, F> € Bg, and we write (see (3.37)
and (3.38)) fori = 1,2,

i = Mi(o, F)s yii= Moo, Fi), i i= Ms(yo, F).
From the Euler-Lagrange equation (3.44) for J,, r, and J,, r,, we deduce

-1

_ _ -1 _ _
I o [(—6@1 -a0)" - (-0l - aL) }(—atg—Ag)dzdx
(0,T)xQ
+// o X6 (ff_l —Zf_l){dtdx
(0, T)xQ
=// (Fi - F) fdidx (£ €Y). (3.61)
(0, T)xQ

In the above relation, we take ¢ = ¢ 1 - g » in the above relation and we combine it with
the observability inequality (3.18) and with the relation

(1= < (7 =) o -x) (€ R),

to deduce

|2 -2, <nm-Faa? (3:62)

’
Ly (0.1:LP" (@)
Moreover, using that

-1 -1 - —
™ =527 < b=l (2 4 P2 G e R),
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we obtain from (3.10)

m

M-t (@) ‘(p(mopm)/(P Yol )” : ~ (ot D, )” !
p p

< |p(mop—m)/(P—1) (Zl _ 52)‘ ((p(mop—m)/(P—l)Zl)p_z N (p(mop—m)/(P—l)Z2)p_2) ‘

Thus, if m satisfies (3.48), the above relation combined with (3.10), (3.4) that guarantees
that X? is an algebra and Lemma 3.5 yield

|

Therefore, using (3.39) and (3.62), we find

1 = h2ll s 0.7:04 (@)

< “p('nOP*M)/(P*U (51 _ 52)| .

(mop=m)/(p=1) 7, |

-2
(mop-m)/(p-1) 7 ||P
+p |

<[, (lel, +[2l)

Xp

_ VD)
A1 = hallLg 0.7:02 ) < IF1 F2||L:;,'1(0,T;L1”(9))

(p-2)/(p-1)
) . (3.63)

X (1Bl o @y *+ P2y (ozia ey * I90llo

Note that y; — y, satisfies the following system

- hi—h F - F
o, (yl yz) A()’l yz) _m 2)(&)+ 1 2
pm ,Om pm pm
- pm+1 (y1—y2) in(0,7)%xQ,
2 =0 on (0,7) x 0,
pm
y Yo .
_(0’) = in Q.
pm p™(0)

Now, we follow the same proof as in Proposition 3.8 and we use that m = m/N
satisfies (3.48) to deduce from (3.63) that

yi—y2
le]/N

S |IFy - F2||L;5,1(0,T;Lq(9>)
(p-2)/(p-1) 1/(p=1)
+R F 3.64
0 ” 1 - ||Lp (0 T.LP' (Q)) ( )
We then write
Y{V ~— Y
pm

< Iyt = val iV o)V
pml/N pml(N—l)/N
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so that from Holder’s inequality, we have

N N
Iy = ¥ |Lfﬁ1 o.rLa(@) S I _y2||L317/N(°’T¥L"N(Q))
N-1 N-1
X + '
”)’1 ||LZ111V/N (O,T;L‘IN (Q)) ||y1 ”L;In[lv/N (O,T;L‘IN(Q)))

Combining this relation with the Sobolev embedding (2.2), (3.52), (3.64), we deduce that

”yiv - yév”LZ” (0,T;L4 (Q))

(p-2)/(p-1) 1/(p-1)
< (||F1 = B2llg, o190 + Ry lF1 - F2||L51/1 (0.1 (Q)))
X (||F1 ||L,qn1 0,7:L4(Q)) T ||F2||L;1nl(o,T;Lq(Q)) + ||)’0||W2/q’,q(g)) (3.65)
which implies the continuity of N. O

Remark 3.10. In the above proof, let us remark that we show that the mapping N : Bg, —
Bp, is a-Holder continuous with @ = 1/(p — 1) (see (3.65)). It is not clear if this mapping
is Lipschitz continuous or if we can show that for Ry small enough it is contractive. As
a consequence, in the proof of Theorem 3.1, we do not apply the Banach fixed-point
theorem (as it can be done with the method proposed in [20]) and we use instead the
Schauder fixed-point theorem.

We are now in a position to prove Theorem 3.1.

Proof of Theorem 3.1. Since q > max(#,Z), then we can check that ¢ > p’ and
satisfies (2.6). We can thus apply Proposition 3.9: if Ry := ||yolly2/a.4 () is small enough,
then the mapping NV : Br, — Bpg, defined by (3.59) is continuous, where Bg, is the
closed convex set defined by (3.60). Moreover, N (Bg,) is relatively compact in Bg, so
that we can apply the Schauder fixed point theorem to deduce the existence of a fixed point
F € Bg,. Setting y = My (yo, F) and h = M3(yo, F), we use Proposition 3.6, Lemma 3.7
and Proposition 3.8 and obtain that & satisfies (1.16), that y is the strong solution
of (1.13) associating with & and y( and that for any m satisfying (3.48), y/p™ € X4,
yNoe L (0,T; L1(Q)), h'/CmD) e XP b e Ly o(0,T; L*(Q)) together with the
estimates (3.6). |

4. Proof of Theorem 1.1

The goal of this part is to prove the local null-controllability of (1.3).
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Proof of Theorem 1.1. As explained in the introduction, the proof is divided into two
steps.

Step~1 . Control of the first equation in (0,T/2). First we apply Theorem 2.5: there ex-
ists 0 > 0 small enough such that if
||)’2,0||Lm<9) <9, gl (0,7/2)x) < o, 4.1
the system
diy2—Ayr =y +g in(0,7/2)xQ,
y2=0 on (0,7/2) X 0L, 4.2)
¥2(0,-) =20 in Q,

admits a unique weak solution in the sense of Definition 2.4.
Now we apply Theorem 1.2 to

Oy = Ay =y + by, in(0,T/2) xQ,
vy =0 on (0,7/2) x 0Q, 4.3)
y1(0,+) = y1,0 in Q.
There exists § > 0 such that for any y; o € L* () with
“yl»OHL"“(Q) <6, “44)
there exists a control & € L*(0,T/2; L*(Q)) such that y,(T/2,-) = 0 and

IyillLeo,7/2:02 Q) S ||y1,0||Loo(g) .
Assuming (1.7) with § > 0 possibly smaller, we have that
g =y € L%((0,T) x Q)

satisfies (4.1) so that we have obtained at this step a control & € L*(0,T/2; L*(Q)),
such that (1.3) admits a weak solution (y, y») in (0,7/2) and y(T/2,-) = 0. By using
Lemma 2.6, y 7/2 := y2(T'/2, - ) satisfies

||y2,T/2||L°°(sz) S 6.

Step 2. Control of the second equation in (T /2, T) through a fictitious odd control.
By taking 6 > 0 possibly smaller, we can apply Theorem 1.2 to

diy2—Ayr=Hy, +yY* in(T/2,T) xQ,
y2=0 on (T/2,T) x 6%, 4.5)
v2(T/2,+) =y2112 in Q.
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We deduce the existence of a control H such that y,(7,-) = 0 and such that

H'N: ¢ 1P (T/2, T; WZ’P(Q)) AWLP (T)2,T; LP(Q)),

H'/N(1/2,.) = HN (T, ) = 0.

We then set, in (T/2,T),

yi=(Hyo) ™, hi=dy - Ay -y € LP((T/2,T) x Q).

Concatenating y1, y, and & between the two steps, we can check that 4 € LP((0,T) x Q),
that (y1, y2) is the weak solution of (1.3) and that (1.9) holds. This concludes the proof
of Theorem 1.1. O
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