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Regularity of the stress field for degenerate and/or singular elliptic
problems

BENJAMIN LLEDOS

Abstract

We investigate the regularity of the solutions to degenerate and/or singular elliptic equations. We prove
the continuity of G (Vu) where u is a locally Lipschitz solution of div G (Vu) = A € R in dimension
two under some growth assumptions on G. Additionally, we establish a result that holds in any dimension,
indicating that the separation between Vu and the degeneracy set of G is continuous.

Régularité du stress field pour des équations elliptiques dégénérées et/ou
singulieres

Résumé

Nous étudions la régularité des solutions d’équations elliptiques dégénérées et/ou singulieres. Nous
prouvons la continuité de G (Vu) ol u est une solution localement Lipschitz de div G(Vu) =1 € Ren
dimension deux sous certaines hypotheses de croissance sur G. De plus, nous établissons un résultat
valable en toute dimension, indiquant que la séparation entre Vu et I’ensemble de dégénérescence de G
est continue.

1. Introduction

1.1. A first example

In this article, we establish the continuity of certain functions of the gradients of solutions
for elliptic partial differential equations. For instance, let us consider a locally Lipschitz
continuous function u, which is defined on an open subset Q of R2, and minimizes the
following functional:

v—>/<p(Vv)—/lv (1.1)
Q

among the functions in WJ’Z(Q). The set WJ’Z(Q) is the set of functions v € L?(Q), with
a distributional gradient that is also in L?(), such that u and v have the same trace on
the boundary 0Q of Q. Here, we assume that A € R, and ¢ has the following form:
3lz)? if |z] < 1,
p(2) =1zl -5 ifl<|z <2, (1.2)
Nz + 1 if2 <[z,
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This convex function is not strictly convex and is not C>. Hence, we cannot apply the
classical regularity theory for smooth strictly convex functions. The case where we do not
have ellipticity at only one point has also been well studied. For instance, in the case of the
p-Laplacian when ¢(z) = |z|? with p > 1 we know that the solutions are C'*®. However,
in our example, D?¢(z) has an eigenvalue equal to 0 on the entire annulus {1 < |z| < 2}.
Thus, we cannot use the results already known when the set of degeneracy is just a point.

For this kind of problems, we know that we can not expect u to be C' on Q. In fact,
by [10, Theorem 1] the function

C - 4x|? if |x] < 2,
u(x) := ., (1.3)
C+z—§|x| 1fz<|x|ﬁl

is a minimizer of (1.1) with ¢ as in (1.2) on the set W;’Z(Q) with its own boundary
condition.

The problem (1.1) with ¢ as in (1.2) was introduced by Kawohl, Stara and Wittum
in [23] where the authors want to prove the uniqueness of the solutions. They assume
that Q has several symmetries to establish the Lipschitz continuity of the level sets of
the minimizers. However, we prove in this article that Q need not have any symmetry to
achieve this result. This shows that a good understanding of the regularity of the solutions
can be useful to prove the uniqueness of the minimizers. Nevertheless, for (1.1) with ¢ as
stated in (1.2) and A4 € Ry, [27, Theorem 1.1] presents a direct proof of uniqueness.

Since in general, u is not C!, one of our main objectives is to prove the continuity of
V¢ (Vu). This new result has important applications, such as the local C*® regularity of
the solution around points where the gradient has a norm either smaller than one or larger
than two. In addition, this demonstrates that, in general, the level sets of a solution are C 1
curves.

More generally, the aim of the article is to prove this kind of continuity estimates
for various non-strictly convex functions defined on R2. These estimates are provided
in the broader context of elliptic equations, which also encompass the Euler—-Lagrange
equations linked to minimization problems. In Theorem 1.10, we partially generalize
these results to any dimension N € N.

1.2. General problem

Let G : RV — RY be a continuous function with N € N. In this article, we study the
regularity of locally Lipschitz continuous weak solutions of the following equation:

divG(Vug) = f in Q (1.4)
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Regularity of the stress field

with Q an open bounded set of RN and f : RV — Rin W9(Q) with ¢ > N. We assume
that G is monotone in the following sense:

(G(z1) = G(z2),21—22) 20 (1.5)

for every z1, z2 € RN. By solution, we mean every locally Lipschitz function uq such that

/g (G (Vo). V) = - /Q 16

for every function 6 € C;°(2). When G is the gradient of a convex function ¢, we obtain
a nonlinear elliptic equation that can be seen as the Euler-Lagrange equation associated
to the minimization of

/so(VV) + fv. (1.6)
Q

Many results state that the solutions are locally Lipschitz under suitable growth on
G at infinity, see e.g. [7], [9], [16] and [18]. The main goal of the paper is to prove the
continuity of the stress field G (Vug) depending on the assumptions of G and f.

If G is smooth and if there exists C > 0 such that

1
cla- B)* <(G(A) - G(B),A—-B) < C|A - B?

for every A, B € RY then the solutions of (1.4) are C! when f € L?(Q) with p > N,
(see [17, Theorem 6.33]). This is the case for instance for the Poisson equation when G = Id.
When there exist A and B two distinct vectors of RV such that (G(A4)-G(B), A—B) = 0 we
say that the equation is degenerate. If we cannot bound from above (G(A) — G(B), A—B)
by a constant times the quantity |A — B|?, then we say that the equation is singular. In
these two critical frameworks, the C! regularity is not guaranteed.

However, the study of the regularity of the solutions for degenerate and/or singular
equations with a large set of degeneracy and/or singularity is a recent and dynamic subject.
In the seminal paper [1], the authors study the partial C'*® regularity of the solutions.
Namely, let ug be a minimizer of (1.6), if x € Q is a Lebesgue point of Vi such that
¢ is C? and D?¢ is positive-definite on a neighborhood of Vuq(x), then there exists
an open neighborhood U of x such that ug € C®(U). If we apply this result to ¢ as
in (1.2) then there exist two open sets U; and U, such that ug € C L@ on these two sets.
Moreover, |Vug| < 1 on Uy, |Vug| > 2 on U, and for a.e. x € Q\(U; U U,) we have
1 < |Vup(x)| < 2. The drawback of this result is that we do not know the behavior of
Vuy at the boundary of the set where u € C!»?. Specifically, as x approaches dU, N Q
from the interior of U, will |Vug(x)| converge to 2?

Some results of our paper use ideas from [15]. In this article, De Silva and Savin prove,
in particular, two theorems stating that the minimizers of (1.6) with f = 0 and ¢ strictly
convex, are C!. The first one is [15, Theorem 1.1] where ¢ is not singular and degenerate
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on the same set. The second one is [15, Theorem 1.2] where ¢ is not singular except at a
finite number of points.

There is a recent family of results when the set of degeneracy or singularity is convex.
In this case, G = V¢ with ¢ a convex function that is strongly convex outside a convex
set C containing the origin. Let us quote two results of continuity everywhere on Q. The
first one is an article of Santambrogio and Vespri [30, Theorem 11] in dimension two and
the second one an article of Colombo and Figalli [14, Theorem 1.1]. In the latter case,
the authors prove that F'(Vu) is continuous on Q when F is a continuous function that
vanishes on C. When ¢ is as in (1.2), thanks to [14, Theorem 1.1] we get that (|Vug| —2)+
is continuous on €. In our paper we obtain a similar result for (1 — |Vugl), even if the set
of degeneracy is not convex.

In the vectorial case, the article [4] extends [14] for a particular ¢ that is equal to
%(| -| = 1)P with p > 1. It would be interesting to see if we can extend the results of our
paper to the vectorial case.

1.3. Main results

We state the new results of this paper. Theorem 1.1, Theorem 1.5 and Theorem 1.7 are
only valid in dimension two. Theorem 1.10 which is valid in any dimension extends [28,
Theorem 2.1] with a larger class of degeneracy sets.

Theorem 1.1. Let us assume that G € Cl(()) ’cl (R?) and f = 0. We also assume that:

for every L > 0 there exists Cy. > 0 such that for every 71,72 € Br(0):
(G(z1) = G(22), 21 — 22) 2 CLIG(21) = G(22)]%. (A1)
Then for every solution ug of (1.4) the function G (Vug) is continuous.

Remark 1.2. We point out that (A;) does not imply that G is strictly monotone or a
gradient of a convex function. However, if G is the gradient of a Cli)’cl (R?) convex function,

then it satisfies (A]) with CL = m.
L

Moreover, we have an explicit modulus of continuity:

Remark 1.3. Letugbe asolution of (1.4). Then, forevery x € Q, forevery y € Baisix.00) (X),
2
we have
|G (Vuo(x)) = G(Vuo(y))| < Cw(|x = y|).
Here, C > 0 is a constant depending on the Sobolev norm of G (Vuy) :
9L
C = V27||G (Vu) ||? < —
V2r||G( o)llwl,z(Bdm(?m) ) = 4K
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Regularity of the stress field

where L = ||Vuy| and K > 0 depending only on [|[DG||r~ (B, (0)) and

L= (B 3 dist(x,0Q) (X))
Y

Cy, the constant introduced in (Ay).

Moreover, w is a modulus of continuity independent of u, for every 0 < r <

1

\/ln(dist();,(')g)) ) .

When f € R is not equal to zero, we can extend the previous result under structural

dist(x,0Q) .
—5

w(r) =

assumptions on G. In order to state the next result, we need the following definition:

Definition 1.4. We say that a convex function N : RNV — R, is a pseudo-norm if
N (0) = 0, N is positively homogeneous and {z € R" such that N'(z) < 1} is an open
strictly convex bounded set with a C!*! continuous boundary.

It is important to notice that A is not necessarily symmetric. Hence, the definition of a
pseudo-norm is more general than the definition of a norm with C'-! level sets.

The next theorem is stated when f = A € R and G is the sum of gradients of convex
functions:

Theorem 1.5. Let us assume that f = A € Rand G = 3", G; with n € N. Here, the
functions (G;)1<i<yn are gradients of convex functions (¢;)1<i<n that have one of the two
following forms:

¢i(2) = filNi(z =€) and f{(2) =0 & 2=0 (A2)
with f; € CIL’CI (R) a convex function, N; a pseudo-norm and &; € R?.
¢i(2) = fi({z, &) (A3)

where f; € ClLEI (R) is a convex function and &; € R*\{0}.
Then for every solution ug of (1.4) the function G (Vug) is continuous.

Remark 1.6. In this article, we use the convention that 0 ¢ N.

We can apply Theorem 1.5 to G = Ve with ¢ asin (1.2). Hence, Vo (Vug) is continuous.
In this particular case, [1 — |Vugl],+ is continuous which is a new feature that can not
be obtained with [14], [28] or [30] since the set of degeneracy is an annulus. Thus, we
know that |Vug(x)| has to go to 1 when x converges to the boundary of the open set
{x" € Qsuch that |Vug(x")| < 1} from the inside. This new result is useful to study
global regularity of the level lines.

Theorem 1.5 can also be used for orthotropic type functionals. By orthotropic we mean
that G = Vg and ¢ is the sum of convex functions z — ¢;(z) that depends only on one
coordinate of z. Hence, if ¢(2) = |z1|P! + |z2|P> with 2 < p; < py and with z; := (z, ¢;),
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then Vo (Vug) is continuous. In the singular case where 1 < p; < 2 < p;, we have the
following result:

Theorem 1.7. Let us assume that f = A1 € Rand G = G| + G, with

Gi(2) = f{ (2, &))éi
where f| € Cli)’cl (R) and > € C'(R) N CIL’CI (R\{0}) are two convex functions and
1,6 € Rz\{()} are non colinear. Moreover, we assume that there exist r > 0 and a
modulus of convexity w : Ry — R, for f>. Namely, w is a continuous function satisfying

w(t) =0 & t = 0 such that for every x,y € (—r,r) we have

() = L)) (x = y) > w(lx = y]).
Then for every solution ugy of (1.4) the function G(Vuy) is continuous.

Theorem 1.7 can be used to prove some regularity results of the solutions in the case
of orthotropic functionals with more general growth than power-type growth. In fact, if
©(z) = |z1|P* + |z2]P2 with 1 < p; < 2 < p; as in a case of [5] then the functional is
singular on {z; = 0} and degenerate on {z; = 0}. Hence, this is only when z = 0 that we
have both problems. In our case, the set where ¢ is singular and degenerate at the same
time can be a line. For instance, we can consider fi () := (|| — r)2 and f>(t) = |t|% for
every ¢ € R. But we do not have the C! regularity in that case.

However, the two functions (|0ug| — r)+ and Iaii% are continuous. We can see that
the continuity of this last function implies the continuity of d,ug. Hence, the regularity
of G(Vug) can be useful when we exploit the local properties of G. For instance, in the
setting of Theorem 1.1, Theorem 1.5 or Theorem 1.7 we have a local C' regularity result:

Proposition 1.8. Under the assumptions of Theorem 1.1, Theorem 1.5 or Theorem 1.7,
G (Vug) has a continuous representative o. If G is a homeomorphism between two open
sets U and V then ug € C' (o1 (V)).

In the case where o~ ! (V) = Q then uq is C'. The above proposition can be seen as an
extension of what is known in dimension one. For instance, [13, Theorem 15.5] states
that a Lipschitz minimizer uq of fab F(x,u(x),u’(x))dxis C' when y — F(x,uo(x),y)
is strictly convex for a.e. x € (a, b).

This proposition is useful in the case of orthotropic functionals with ¢(z) = |z;|”' +
|z2|72. The first result on this subject [15, Theorem 1.1] provides the C' regularity of the
locally Lipschitz minimizers when the problem is fully singular: 1 < p; < p, < 2 or fully
degenerate: 2 < p; < p». We point out that we can use Theorem 1.5 and Proposition 1.8
to obtain a new proof of the C! regularity of ug in the degenerate case 2 < p| < p».

The singular and degenerate case where 1 < p; < 2 < pj is studied in [5] using ideas
of [15] but Proposition 1.8 combined with Theorem 1.7 gives a new proof of the C!
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regularity in this case. The fully singular case 1 < p; < py < 2 is out of the scope of
Theorem 1.5 and Theorem 1.7 unless p, = 2. Some other cases with different exponents
can be found in the following papers: [6], [26] and [29].

Under the assumptions of Theorem 1.5, when G is the gradient of a convex function ¢
that depends only on the Euclidean norm, we have that m—gﬁg;l = ;Z‘;l is continuous
when Vug # 0. This allows to define the normal of the level sets as a continuous function.

Consequently, we have the following result on the regularity of the level sets of a solution:

Proposition 1.9. Let ¢ be a radial CIL’CI (R?) convex function and uq a solution of (1.4)
with G = V. We denote by o the continuous representative of Vo(Vugy) obtained in
Theorem 1.5. Then for a.e. t € R, the connected components of [ug =t] N [o # 0] are
C! curves.

Our last result is an improvement of [28, Theorem 2.1]. In this article, Mooney
considers a C' convex function ¢ and proves that the Lipschitz minimizers of

= [ o

are C! under some assumptions on ¢. He introduces the sets

Oy = {z eRY, %|v|2 <(D?*¢(z)v,v) < k|v|*,Vv e RN} and D, = RN\ U Ok.
keN
Then [28, Theorem 2.1] establishes that if ¢ is C* outside D, and if D, is a finite set of
coplanar points, then the solutions are C'.
In order to state the last theorem, we assume that there exists a compact set D such
that G € C'(RN\Dg) and Dg = RN\ Uy en Ox with this time

1
Oy = {Z e RN, %|v|2 < (DG(z)v,v) < k|v|* forevery v € RN}.

For every ¢t > 0, we introduce the closed —neighborhood of a set U as
N;(U) := {z € R" such that dist(z,U) < t}.

Theorem 1.10. Let us assume that f € WH4(Q) with g > N, D is contained in a plane
and has finitely many connected components. We assume that there exists ty > 0 such that
for every 0 < t < 1y the connected components of N;(Dg) are simply connected. Then,
for every solution ug of (1.4), dist(Vug, Dg) and dist(Vug, Dg) X Vug are continuous.
Moreover, if G is constant on each connected components of D¢, then G(Vug) is
continuous.

This assumption on the simply connected neighborhoods is satisfied when the connected
components of D are simply connected with a Lipschitz boundary. The main difference
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between this result and [28, Theorem 2.1] is that the degeneracy set D is not just points.
However, even if the conclusion is weakened, the solutions are still C! around points
x € Q such that Vu(x) is outside this set of degeneracy. Furthermore, we prove that the
distance between Vu and the degeneracy set is a continuous function.

This extension is natural in the sense that this is an improvement of [28] comparable
to the improvement of [14] and [30] to the p-Laplacian case. In fact, we view [14] or [30]
as an extension of what is known for the p-Laplacian case, where the set of degeneracy
is one point, to the case where the set of degeneracy is larger. This is exactly what we
are doing in Theorem 1.10 with respect to [28, Theorem 2.1]. Here, it is proven that the
distance between Vi and the degeneracy set is continuous.

The study of the regularity of the solutions of (1.4) with a right-hand side f € L?(Q)
with ¢ > N is a widely studied subject in the classical framework of uniform elliptic
equations and degenerate problems. It is the case in [4] and [14] for instance. In our case,
the right-hand side belongs to the smaller set of Sobolev functions: f € W4 (Q) with
qg > N.

It is important to notice that the case where G is constant on each connected components
of D¢ does not cover the framework of Theorem 1.1, Theorem 1.5 and Theorem 1.7
since the connected components of D must be simply connected. That is not the case
when G = Vo with ¢ as in (1.2), for example.

1.4. Ideas of the proofs

The proof of the continuity of G(Vug) in Theorem 1.1, Theorem 1.5 and Theorem 1.7
uses ideas from [15]. In this article, the authors prove the C! regularity for Lipschitz
minimizers of the following functional:

v—>/QF(Vv).

A major difference between our article and [15] is that we do not require G to be
strictly monotone, which, as expected, weakens the conclusion. The solutions are not
necessarily C! as shown in (1.3) but Proposition 1.8 provides a partial answer to that.

We can divide the proofs of Theorem 1.1, Theorem 1.5 and Theorem 1.7 in four parts:

Part 1. We regularize G in order to work with smooth elliptic equations of the form
divG™ (Vu,,) = fin.

We have to be careful when we approximate our problem since the functions (G™);en
have to share some properties of G such as the pseudo-norm structure or the orthotropic
form.
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Part2. Asin[15], we want to prove that ||G™ (Vi) ||w1.2(q) can be bounded uniformly
in m € N. Since Theorem 1.1 is stated for a function G that is not necessarily the
gradient of a convex function, we have to adapt some ideas of [15] to the setting of partial
differential equations. In the case of Theorem 1.1 and Theorem 1.5 we prove the following
result:

Proposition 1.11. We assume that G € C'(RN) satisfies the assumptions of Theorem 1.1
or Theorem 1.5. Then G(Vu) € Wll)’cz(ﬂ).

We have an analogous result in the framework of Theorem 1.7. In our case, we have to
combine some results of [15] with an adaptation of [8, Theorem 2.1] to obtain Sobolev
estimates in this particular framework. Hence, we can avoid the singularity at the origin
with the following result:

Proposition 1.12. We assume that G € C'(RY) satisfies the assumption of Theorem 1.7.
Then for every Q' € Q and every r > 0:

/ IVIG(Vu)]|> < C(G,r,Q) (1.7)
Q'NU,

where U, := {x € Q such that |(Vu(x), &)| = r}. Moreover, G1(Vu) € Wl{)f (Q).

There exists several other results about the Sobolev regularity of G (Vu) with more
general right-hand side f. We can cite the recent papers: [2], [11], [12] and [21] for
instance.

Part 3. We use this uniform estimate to obtain a uniform modulus of continuity. The
original idea, specific to the dimension two, is due to Lebesgue and is used e.g. in [15,
Lemma 2.1] and [26, Lemma 3.1]:

Proposition 1.13. Let H € Wl’z(Q). If for every € > 0 and every xo € Q there exists

loc

C(€e,x0) > 0 such that for every 0 < ¢ < dist(xg, 0Q):
0SCp;(xg) H = € = 08Cop,(x) H = C(€,x0),
then H is continuous at x. Here, 0SCp s (xy) H := SUpy ycp, (x,) [H(X) — H(Y)|.
The second tool is a classical maximum principle, see e.g. [19, Theorem 3.1]:

Proposition 1.14. Let u be a C? solution of (1.4) with G € C* and f = A € R. Then for
any e € SN1 and any open set Q' € Q, we have that

sup Qeu(x) = sup O.u(x).
xeQ xeoQ
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This maximum principle is used as in [15] to prove that G™(Vu,,) satisfies the
assumptions of the result from Lebesgue uniformly in m € N. Hence, the functions
G™(Vu,,) are uniformly continuous in m € N.

Part 4. We pass to the limit when m goes to +co and we prove that the sequence
G"(Vu,,) converges uniformly to G (Vuy).

The strategy of the proof of Theorem 1.10 is different. Since the result is stated in
any dimension, we can not use the result from Lebesgue. The proof is an adaptation of
the one from [28, Theorem 2.1]. In our case, the result is stated with partial differential
equations and with a non-zero right-hand side f € W!4(Q) with ¢ > N, which create
some technical difficulties.

The proof shows that one of the two following cases occurs:

o cither Vu(B, (x¢)) is outside the degeneracy set D for r small enough.
e or Vu(B,(xp)) is inside the convex hull of D when r is small enough.

In the first case, we are reduced to the framework of uniform elliptic partial differential
equations and the conclusion follows from classical results. In the second case, we use the
fact that the set of degeneracy D¢ is in a plane to show that either Vu(B, (xg)) converges
to a point outside D when r — 0 or Vu(B, (xp)) is contained in a neighborhood of D¢
when r — 0.

1.5. Plan of the paper

In the following Section 2, we approximate our equation (1.4) by smooth equations in
order to work with smooth functions. We also prove that if we pass to the limit, we obtain
a solution of (1.4). In Section 3, we prove a uniform continuity estimate for Theorem 1.1
and Theorem 1.5 thanks to a uniform Sobolev estimate. Section 4 is devoted to the proof
of Theorem 1.7 for approximated solutions. In the subsequent Section 5, we prove an
intermediate result for Theorem 1.10. Finally, we pass to the limit in Section 6 to obtain
the final conclusions. Section A is an appendix about classical results for the Minkowski
functional used for the pseudo-norms.

2. Approximations of the solutions by smooth functions

In this article, we assume a priori that the solution uy of (1.4) is locally Lipschitz
continuous. This regularity can be obtained under a uniform convexity condition at infinity.
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For instance, we can apply [16, Theorem 4.1] or [7, Theorem 2.1] when there exist C > 0
and R > 0 such that G € C'(RV\Bg(0)) and

1
clé1 <(DG(2)¢,6) < CleP? @1

for every z € RN \I?(O) and every & € RV, Under these assumptions for every Q' € Q
there exists a constant L := L(Q', R, C) such that ||Vug ||z~ ) < L.

Since we want to prove some local regularity results, we can assume that u is globally
Lipschitz continuous on Q. Hence, we can change G outside a sufficiently large ball in
order to assume that there exist C > 0 and R > 0 such that G satisfies (2.1).

In this section, we describe an approximation argument for the proofs of the main
theorems, which must be adapted for each theorem in order to have smooth approximations
(G™)men that have the same properties as G and (2.1) uniformly in m € N.

We begin with an infinitesimal version of the assumption (A1):

Lemma 2.1. Let L > 0 and H be a C' function that satisfies (Ay). Then there exists
Cyr > 0 such that for every z € By (0) and every v € RN we have:

(DH(z)v,v) > CL|DH(2)v|*.
Proof. This result is true when v = 0. By assumption (A;), we have that for every
z € B1(0), every v € RV\{0} and every 0 < h < Ll_v‘lzlz

(H(z+hv) — H(z), hv) > CL|H(z+ hv) — H(z)|%.

By dividing this last equation by 42 and letting & go to 0, we get:
(DH(z)v,v) > CL|DH(2)v|*. =]

We use this new version of (A;) in order to approximate G in the framework of
Theorem 1.1. In this section, the constant L > 0 is such that [|Vug||.~ ) < L.

Proposition 2.2. If G satisfies the assumptions of Theorem 1.1 then there exists a sequence
of smooth functions (G™)men converging uniformly to G on Br (0) that satisfy the same
assumptions as G and (2.1) uniformly in m € N. Namely, there exists C1 > 0 independent
of m € N such that for every z,& € RN we have

(DG™(2)€,€) = C1IDG™ ()€1 (AD
Moreover, DG™ is invertible everywhere for every m € N.

Proof. Let (pm)men be a standard radial mollifying sequence with support in B 1 (0). We

introduce the convex function ®(z) := (|z| — 2L)? for every z € R? with L the Lipschitz
constant of up and 6 € C;°(B4r(0)) such that 0 < 6 < 1 on R™, 6 =1 on B3;(0) and
VOl Lo mny < 2.
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We set |
G" :=0(G * pp) + KVO™ + —1d
m

where @ := ® = p,, and K > 0 to be fixed later. Thanks to ® and the regularity of G,
G satisfies (2.1) uniformly in m € N. Since we add the identity in G™, we have that
DG™ is invertible everywhere. It remains to check that G™ satisfies the assumption (A})
uniformly in m € N.

For every z1,22 € R? we have

(G*pm(21)=G*pm(22),21-22) 2 /RZ<G(21—)’)—G(Z2—y), (z1=y)=(z22=y)) pm(y) dy.

Thus, by assumption (A;) we obtain that

(G *pm(z1) = G % pm(22), 21 — 22) = C3L41 /2 1G(z1 = y) = G(z2 = y)Ppm(y) dy
R
for every z1,z2 € B31(0). By Jensen’s inequality we get that

(G *pm(z1) = G * pm(22), 21 — 22) = C3141|G * pm(21) = G *pm(12)|2'

Hence, by Lemma 2.1 we obtain that

(DG * p(2)€,&) = C31.411DG * pp (7)€L

for every z € B31.(0), every ¢ € RN and every m € N. In (A7) we can assume that |£] = 1.
For every z,& € RN with |£] = 1 we have that:

(DG™(2)€,&) 2 0(D(G * pp)(2)é,€) + K(D* D" (2)¢,&) = [VOID(G * p) ()|

and
IDG™ (2)£1° < 4(IVOIPIG % pm(2) > + 07| D(G % pm) (2)|* + K*| D*®™ (2)£]°).
If z € B3 (0), then 6(z) = 1 and VO(z) = 0. Hence,

1. 1 .
(DG™(2)¢,¢) = me{Cm], R}IDG (€.
If z ¢ B4z (0) then DG™ = KD?>®™. Thus,

(DG"(2)E.£) = 5 |DG" ()EP.

Finally, if z € B47,(0)\ B3 (0) then we can bound |V8| from above by % Hence, we want
to find C > 0 such that:

K(D*®™(2)&,¢)

4 2
2 4C| 751G 5 pm(D +ID(G # pu) () + KD ()| + 1D (G * puu) (2)].
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By definition of ®, when m is large enough this is equivalent to

4K 2

4
= 2 7IP(G xpm) ()] +4C| 151G Pm(DI? +1D(G % pm) (2)]* +4K7).
By global Lipschitz regularity of G on B := B4z (0) we can choose the two constants
K = K(L,||DG|lp~)) > 0 and C := C(L,||DG|lr~(p)) > 0 such that this last
inequality is true. Hence, by taking C; as min{C, SLK %} the assumption (A}) is

satisfied uniformly in m € N. O

In the case of Theorem 1.5 we proceed as follows:

Proposition 2.3. If G satisfies the assumptions of Theorem 1.5 then there exists a sequence
of C* functions (G™)men converging to G uniformly on By (0) that satisfy the same
assumptions as G and (2.1) uniformly in m € N. Moreover, DG™ is invertible everywhere
for every m € N.

Proof. In the framework of Theorem 1.5, we have that G = Y7, Vg; with ¢;(-) =
JiNi (- =&) or i () = fi({-.&0)).

For L > [|Vuyl|~(q) and every 1 < i < n, we introduce:

fi(=2L) + f/(-2L)(t +2L) + (t +2L)* ift < -2L
Fi@) =1 £ if 2L <1< 2L,
;L) + f/(2L)(t = 2L) + (¢ — 2L)? ifr>2L,

and ®(z) = (| -| — 2L)2. We divide the rest of the proof in four steps.

Step 1. If <pl~(-)~: fi({-,&:)) then we set GI"(+) := V[f"(({-,&:))] for every m € N
with f7(-) = fi % pm () + |- 1%

Step 2. If ¢;(-) = fi(N;(- = &;)), we proceed as follows. We introduce C :=
(N:)7'({[0,1)}), then AN; is the convex gauge yc of the convex set C. We regular-
ize yc by convolution: y¢: = yc * pm. For every m € N, the function y/ is convex and
has strictly convex lower level sets thanks to Proposition A.2. By Sard’s theorem, we
can define C,, as (yg)—l({[o, rm)}) with r,,, — 1 when m — +oo selected such that
C,, is smooth. Moreover, we can assume that there exists 7 > 0 independent of m such
that B, (0) is in the interior of Cp,. Then we define A" as the gauge of C,,. Hence, by
Proposition A.1 N/ is a pseudo-norm smooth outside the origin. Moreover, for every
z # 0 we have that

ve,, (Pm(2))

VN (z) = e, (Pm(2), Pu(2))

)
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where P,,(z) is the intersection between R,z and 0C,,, and v¢,, is the unit outward normal
vector of Cy,. In order to regularize f; we set

Fr@) = fixpm(-) + l|-|2)((It|q + l)q - (i)q +a§")-
m m

m

Here, ¢ > 6 is chosen in order to have f"(N/") at least C> for the upcoming
computations, @;" is the only point where the strictly convex and coercive function
fi % () + %| -|? attains its minimum. Finally, we set er() = N = &)
Hence, ¢!" is a strictly convex function such that V¢?'(z) =0 & z = &;.

Step 3. We prove that ¢}" and V¢! converge uniformly to ¢; and V¢; on every compact
set when m — +oo. For every z € R?\{0} we have that

lyc (Pm(2)) = vc(Pc()] < lvE(Pm(2)) = v (Pm ()| + lyc (Pc(2) = ¥& (Pm(2)]

with Pc(z) the intersection of C and R, z. By uniform convergence of y{* to yc on
compact sets, the first term in the right-hand side converges to O when m — +oo uniformly
in z € R?\{0}. The second term is equal to |r,,, — 1| and converges also to 0 uniformly
in z € R?\{0}. This means that y¢(P,,(z)) converges uniformly to 1 on R?\{0} when
m — +co. Hence, P,, converges to Pc uniformly on R?\{0}. By homogeneity of N,
we get that N/"'(z) = % for every z # 0. The convergence of P,, combined with the
fact that N7 (0) = 0 = N;(0) gives that N/" converges uniformly to N; on every compact
sets of R* when m — +co. Thus, we obtain that @' converges uniformly to ¢; on every
compact sets of R* when m — +co.

When z = &;, V¢! (&;) = 0 and for every z # &;, we have that
Voi'(2) = (") (N (2 = &) YN" (2 = &).
1
Moreover, if we set f;" := g (©}") with @' (r) = (|z]7 + %)3 — (L)% then
(™) (1) = (&) (@ (D) (@) (1) + (g (O (1)) (8 (1))*.
The fact that (g7")"(0) = 0 and (©7)" (1) < % with C independent of m € N gives
that the functions (f")mnen are uniformly in C LI(R2). Hence, it only remains to check
that VA" converge uniformly to VA; on R2\{0}. For every z € R?\{0} we have that

Ve, (P(z . : VY (Pon)
VAN (2) = e (CPm<(z))(,2i(z)> # 0. The function v¢,, (P,,) is equal to IVZ%W that

converges uniformly on R\ {0} to % that is equal to v¢ (P¢). Since there exists a
small ball B, (0) with r > 0 independent of m € N inside every C" the scalar product
(ve,,(Pm(z2)), Pn(z)) can be bounded from below by a positive constant independent
of m € N. Hence, VN/" converges uniformly on R2\{0} to VA;. Thus, Vi converges

uniformly on every compact sets of R? to V;.
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Thanks to Proposition A.3 the sets C,, have a Lipschitz continuous normal with a
Lipschitz constant independent of m € N. Hence, the functions

Vo' (2) == (fi") (N (2)) VN (z)

if z # 0 and V¢!"(0) = 0 are equi-Lipschitz continuous on each compact set of R2.

Step 4. In order to have (G™),,,env satisfying (2.1) uniformly inm € N we add a term of the
following form: V[(®x*p,,, (| - |)+ %| -|?]. We define G™ as the following: G™ := — G
Since we add the identity in G, we have that DG™ is invertible everywhere. Thus,
G™ is a function that satisfies the assumptions of Theorem 1.5 and (2.1) uniformly in
m € N. |

We have the following result for Theorem 1.7:

Proposition 2.4. If G satisfies the assumptions of Theorem 1.7 then there exists a sequence
of smooth functions (G™)en converging to G uniformly on By (0) that satisfy the same
assumptions as G and (2.1) uniformly in m € N. Moreover, DG™ is invertible everywhere
for every m € N and for every 0 <r < L, sup, ., (f5")" (1) can be bounded uniformly
inm € N.

Proof. Let us consider L > ||[Vug||1~(q). In the framework of Theorem 1.7, we have
that G = G| + G with G;(-) = f/((-,&))& for i = 1,2. We introduce ®;(z) :=
({2 €Dl = 2L)3, @2(2) = ({z,é2)| = 2L); and @(z) := @y(z) + P2(z). We also
introduce f; and f that satisfy

f[i(=2L) + f/(=2L)(t +2L) + (t +2L)* ift < -2L
fi(0) =3 fi(0) if 2L <t <2L,
f;(2L) + f/(2L)(t —2L) + (1 - 2L)? ift > 2L.

Hence, we set for every m € N, G(-) := V[(fi * pm)({-,&)) + (-, &% +
®; * p, ()] for i = 1,2. Then we can define G™ as the sum of these two functions:
G™ := G"™ + G". Since we add L|(-, &) + L|(-,&)[* in G™ we have that DG™ is
invertible everywhere.

It remains to check that around the origin where £ () := f2 * pp () + #| P+ @ x
pm( ) this function has a uniform modulus of convexity w without any dependence on
m € N. For every m > % and every x, y € (=5, 5) we have that

(Y () = (Y () (x—y) = /

Br
2

0 (L= =f=)((x=1)=(y=1)pm(r)dr.
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By the uniform convexity assumption made on f5, we have that (f;(x — 1) — f5(y — 1))
((x=1)=(y—1)) = w(|x—yl|) forevery x, y,t € (=3, 5). Hence, ((f;")"(x) = (/3")" ()
(x —y) = w(|x —y|) for every m > % and every x,y € (=5, 5). O

In the case of Theorem 1.10 we just approximate G by (G * p,, + VO + % Id)nen
with ®(-) = (]-| — 2L)2.

Proposition 2.5. If G satisfies the assumptions of Theorem 1.10 then there exists a sequence
of smooth functions (G™),en converging to G uniformly on Bp (0) that satisfy (2.1)
uniformly in m € N. Moreover, for every r > O there exists k, € N such that for every
m > % and every z € RN such that dist(z, Dg) > r we have k—lr Id < (DG™(z))" < k. 1d

. ._ DG™+(DG™)T
with (DG™)* = BEHDET)

Proof. We regularize G as in the proof of Proposition 2.2. More precisely, we introduce
®(-):=(]-|-2L)%0¢ Cy(B4.(0)) such that 0 < 6 < 1 on RN, 6 = 1 on B3 (0).
For every m € N, we set G™ := 6(G * p;;) + # Id+KV® * p,, with K > 0 such that G
is monotone. Thus, for every r > 0 the support of p,, is inside Bz (0) for every m > %
Since {z € R" such that dist(z, Dg) > 5} is inside Oy, for a certain k. the conclusion
follows. =

In all the four cases, when m — +co we have that G™ — G uniformly on By, (0) with
L > 0 selected such that ||Vug|| ~@) < L. Hence, up to a modification of G outside
B (0), we can assume that G™ — G uniformly on every compact sets of RV when
m — +00,

For every m € N, we can consider the following equation:

2.2)

divG,,(Vv(x)) = fin inQ,
Vv =ug on 0Q,

with f,,, := f * p,, and ug a globally Lipschitz continuous solution of (1.4).

By [17, Theorem 6.33], the solution u,,, of (2.2) is C? inside Q if q > 6 in the proof of
Proposition 2.3. We have that (2.1) implies the existence of C > 0, C’ > 0, D € R and
D’ > 0 such that

Clzi = 22>+ D < (G(z1) = G(22),21 = 22) < C'|z1 — 22> + D’ (2.3)

for every z1,zo € R"V. By the growth assumptions of G™, the sequence (i,)men is
uniformly bounded in W'?(Q):

Proposition 2.6. The sequence (uy,)men is uniformly bounded in W,i(;z(Q).
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Proof. For every m € N, using the fact that u,, is a solution of (2.2) we obtain:

/Q (G (Vit). Vit — 110)) = /Q Fon it = 100)

Thanks to the first inequality in (2.3) we get:
J (G (T V= 0)) + €1t = TP+ D < = [ sl = ).
Q Q

Hence, since ug € WH*(Q) and || finllz=(@) < Il (@) we have:

/|Vum—Vu0|2SC'/qum—Vu0|+D'.
Q Q

Applying Young’s inequality on the first term of the right-hand side gives that |Vu,,, — Vuy|
is bounded in L?(Q). Thus, (u,,) is uniformly bounded in W,i(’)z(Q). O

By (2.1), we can assume that for every Q" € Q there exists Lo such that | Vi, || L~ o) <
Lo for every m € N.

Since the sequence (u,,)men is uniformly bounded in W!2(Q), we can extract a
subsequence that converges weakly to a function u € W&(’)Z(Q). Moreover, for every
subset Q' € Q, we can use the Ascoli theorem to extract a subsequence of (u,;)men
that converges uniformly to # on ©’. Up to a diagonal process, we can assume that the
sequence (u;;)men converges locally uniformly to u on Q.

We can prove that u is a solution of (1.4). To do so, we use the following result on
Young measures:

Lemma 2.7. There exists a family of probability measures (vy)xcq measurable with
respect to x such that for a.e. x € Q and for ve-a.e. y € RN we have:

(G(y) = G(Vu(x)),y = Vu(x)) = 0. (2.4)

Moreover, these probability measures satisfy the following property:

/QH(x, Vu,(x))dx — /Q/RN H(x,y)dvy(y)dx 2.5)

when m — +oo, for every bounded Carathéodory function H : Q x RN — R.

Proof. Since for every Q' € Q there exists Lo independent of m € N such that
Vil =@y < Lo, we get:

lim sup {x € Q, |Vu,,(x)}| > k| =0.

k—+00 1 N
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By [3, Theorem] and [3, Remark 3], the sequence (Vu,;,)men, up to an extraction,
generates a family of Young measures denoted by (vy).cq satisfying (2.5). By weak
convergence of (Vi) men to Vu, we obtain that

vt = [ ydn) 2.6

for a.e. x € Q. Since u,, is a solution of (2.2), for every 6 € C;°(€2) we have that

/Q (G™ (Vity), V) = - /Q b,

When m — +o0, G™ — G on the compact set By (0) where L is the uniform bound
of (”vum”L‘x’(supp 9)) Thus,

lim (G"™(Vuy) — G(Vu,,), Vo) =0.
Q

m—+00

Hence, by (2.5) and the previous equation we have that

- [ro= [, [ Goan. s

Xg := lim H(x, Vi, (x))dx
Q

We introduce Xg :

m—-+co

with H(x,y) := 0(x){G(y),y — Vu(x)). Thus, by (2.5) we obtain:

Xo= [[06) [ G0y - Tutav(rar,

Since u,, is solution of a (2.2), we get that Xy is equal to:

m—-+co

lim 0(G(Vu,,) — G™(Vup,), Vu,, — Vu)
Q
—{(G"(Vuy), V0 (U — u) — f1n0(uy, — u)dx.

Using the fact that (u,,),en converges uniformly to u on supp 6 and that (G™),;en
converges uniformly to G on the compact set By, (0) when m — +oco imply that Xy = 0.
But by (2.6) we get that

0=Xo= [0 ] GOy =Tudr (s

- / o / (G(y) ~ G(Vu).y - Vuydvy(y)dx  (27)
Q RN
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where the last equality comes from (2.6). Since (2.7) is true for every 6 € CO‘X’(Q), we
obtain that for a.e. x € Q,

[ (60) = GTu).y = Tu)dra () =0
and the conclusion follows from the fact that (G(y) — G(Vu(x)),y — Vu(x)) > 0. O
We can make the following observation:
Remark 2.8. For a.e. x € Q, if G is strictly monotone at Vu(x), namely
(G(Vu(x)) = G(y), Vu(x) —y) >0
for every y € RM\{Vu(x)}, then v, = Ovu(x) thanks to Lemma 2.7.
With this lemma, we can show that:

Proposition 2.9. Under the assumptions of Theorem 1.1, Theorem 1.5 or Theorem 1.7,
we have G(Vu,,) — G(Vu) in L' (Q) when m — +oo.

Proof. Thanks to Lemma 2.7 and (2.5), it remains to prove the following result:
supp vy C {y € RN such that G(y) = G(Vu(x))} fora.e. x € Q.

Since G is the sum of monotone functions (G;)<i<n, Wwe have that (G(y) — G(Vu(x)),
y — Vu(x)) is the sum of n nonnegative terms : (G;(y) — G;(Vu(x)),y — Vu(x)) for every
1 <i<n. Forae x € Qandv-ae.yeRY, since (G(y) — G(Vu(x)),y — Vu(x)) =0
forevery 1 <i < nwe getthat (G;(y) — G;(Vu(x)),y — Vu(x)) = 0. We distinguish two
cases:

(a) If the condition (A;) is satisfied for G;, for a.e. x € Q and v -a.e. y € RV, we
have that G;(y) = G;(Vu(x)) at once.

(b) If G; is the gradient of a convex function ¢;, we obtain that for a.e. x € Q and
ve-ae. y € RV, Gi(y) = G;(Vu(x)) and the conclusion follows. O

We can prove that u is a solution of (1.4):

Proposition 2.10. Under the assumptions of Theorems 1.1, 1.5 or 1.7, the function u is a
solution of

divG(Vu(x)) =f inQ,
u = ug on 0Q.
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Proof. Since (u;,),, converges weakly to u € W,l(;z(Q), we have that u satisfies the
boundary condition. It remains to prove that

L(G(Vu),VG) :—/Qfﬁ

for every 0 € C;°(€). Since ||Viyl|L=(supp oy is uniformly bounded, G™(Vu,,) —
G(Vu,) — 0 in L'(suppd) when m — +co. By Remark 2.9, this implies that
G™(Vu,,) — G(Vu) in L' (supp 6). Since

[ (67 .50 == [ 10
Q Q
we have our desired result. O

We conclude this section with a counterpart of Proposition 2.9 in the case of Theo-
rem 1.10:

Proposition 2.11. Under the assumptions of Theorem 1.10, we have that
/Idist(Vum, Dg) —dist(Vu,Dg)| — 0
Q

and

/|dist(Vum, D¢)Vu,, —dist(Vu, Dg)Vu| — 0
Q
when m — +o0.

Proof. For every x € Q, such that Vu(x) ¢ Dg we have that (DG (Vu(x))A, A) > 0 for
every A # 0. Hence, (G(Vu(x)) — G(A), Vu(x) — Ay > 0 for every A € RN \{Vu(x)}.
Thanks to Remark 2.8, we get that v, = Jy,(). Since (x,y) — |dist(y,Dg) —
dist(Vu(x), D)| is a Carathéodory function, this implies together with (2.5) that

/ |dist(Vitm, Dg) — dist(Vu, Dg)|
Q

— / / |dist(y, Dg) — dist(Vu(x), Dg)|dv,(y)dx =0
Q JRN
and for the same reasons
/ |Vuy, x dist(Vuy,, Dg) — Vu X dist(Vu, Dg)| — 0
Q

when m — +oo. ]

102



Regularity of the stress field
3. Uniform estimates for Theorem 1.1 and Theorem 1.5

In this section, we prove that G (Vu,,) is continuous with a modulus of continuity
independent of m € N if we are under the assumptions of Theorem 1.1 or Theorem 1.5.

3.1. W2 regularity of G™(Vu,,)

In this subsection, we show that G™(Vu,,) € WIIO’CZ(Q) with a norm uniformly bounded
in m € N. More precisely, our goal is to prove, in the framework of Theorem 1.1 and
Theorem 1.5, that for every 1 < i < n the function G!"(Vuy,) is in WIL’CZ(Q) with a

norm that does not depend on m € N. To do this, we use the same method as in [15,
Proposition 2.4] to smooth functions, namely the regularized equations.

Proposition 3.1. Let us consider u a C? solution of (1.4) where G € C'(RN) satisfies
the assumptions of Theorem 1.1 with (Ay) replaced by (A}) or the assumptions of
Theorem 1.5. If we write G := 3.\, G; as in those theorems, then G;(Vu) € Wllo’f(ﬂ) for
everyl <i <nand G(Vu) € Wlt’cz(Q). Moreover, the norms of these quantities depend
only on the Lipschitz constant of u, the norm of the right-hand side, the Lipschitz constant
of G and Cy from assumption (A}).

Proof. Let us consider Q” € Q' e Q. By differentiating (1.4), for every e € S!, every
0 e C& (') we have that

/(DG(VM)V(')@M, Vo) = —/ 0. 0.
Q Q

In this last equality, we choose the following test function: 6 = ?d,u with 1 € Cy ()
and n = 1 on Q”. Hence, we get:

/ (DG (Vu)Vdeu, Voou)n* = -2 / 10.u{DG (Vu)Vdeu, Vn) — / de [ Beut.
Q Q Q

Since G = X\, G; it can be rewritten as
n
> / (DG (Vu)Vou, Voou)n?*
i=1 Y8

=—2Z 10.u(DG;(Vu)Vi,u,Vn) — | 8o fn*0eu. (3.1)
i=1 7% Q

By Remark 1.2 and Lemma 2.1, each G; satisfies the assumption (A’l ). Hence, there exists
C; = Ci(L) > 0 with L := ||Vul| .~ (o) such that

(DG (Vu)Vdou, Vou) > C;|DG;(Vu)Vd.ul?.
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We set K := minj<;<n{C;}. Thanks to Young’s inequality, each term of the sum in
the right-hand side of (3.1) can be bounded by

1
« / DG (Vu)Voouln® + - / VnPIVul + 9 £171Vul
Q a Jo

with0 < a < K.
Thus, since 7 = 1 on Q" we have that

z 2L(L|Qn dist(8, 0Q”) % + ,
Z/ |DGi(VM)Vaeu|2 < (L& ( ) ”f”WI I(Q)). (3.2)
i-1 Y a(G,L,C))K(G,L,Cy)

Here, the dependence on G in @ and K is just the dependence on ||[DG;l|r=(B, (0))-
Hence, for every ¢ € S', the function 8, (G;(Vu)) = DG;(Vu)Vd.u is in L2, (). Thus,
G;(Vu) € WIL’CZ(Q), and we have an explicit estimate for the norm from (3.2). Moreover,
G (Vu) is also in W,>>(Q) as the sum of (G;(Vu))1<i<n- O

We apply this result to G™ and u,, to prove a uniform estimate on the Sobolev norm
of GI"(Vuyy,).

Proposition 3.2. IfG € C%!(RY) satisfies the assumption of Theorem 1.1 or Theorem 1.5,
then, G™(Vu,,) € WIL’S(Q) with a norm independent of m € N. Moreover, GT"(Vu,,) €

Wllo’CZ(Q) with a norm independent of m € N for every 1 <i < n.

Proof. We introduce Q" € Q" @ Q. In the case of Theorem 1.1 and Theorem 1.5 the
functions (G™)pen satisfy uniformly the assumption (A/). Since the norm || Vi, ||~ (o)
can be bounded uniformly in m € N, all the estimates of the previous proposition are
independent of m € N if we apply it to G™ and u,,. Hence, |G} (Vi) |lw1.2(qr) can
be bounded uniformly in m € N. That is also the case for their sum: G™(Vu,,) €
wh(Q). O

loc

3.2. Continuity of G (Vu,,)

In this subsection, we use the W'-? regularity obtained earlier to prove the continuity of
G"(Vu,,).

The following proposition is crucial to the proofs of Theorem 1.1 and Theorem 1.5. As
in [15, Lemma 2.1] and [26, Theorem 3.1] our strategy to prove it relies on a maximum
principle that can be found in [19, Theorem 3.1] and a theorem due to Lebesgue stated
in [25, p. 388]:
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Proposition 3.3. Let H € WIIO’CZ(Q). Assume that for every € > 0 and every xo € Q there
exists C(€,xg) > 0 such that for every 0 < ¢ < dist(xg, 0Q):
0SCB(xg) H = € = 0SChB,(xy) H 2 C(e,xp).
Then, H is continuous. Here, 05Cp, (x,) H = SUPy yep, (xy) [H(X) = H(y)|.

Proof. We argue by contradiction. Let us assume that there exist € > 0 and xo € Q such
that forevery 0 < § < w there are x, y € Bs(xp) such that |H(x) — H(y)| > €. By
assumption, there exist x1,xy € dBs(xg) such that |H(x;) — H(x)| = C(e,xo). Hence,
there exists e € S! such that

C(e,x0) < (H(x1),e) — (H(x2), €).

Forae.0 <6 < w, the term in the right-hand side can be bounded from above
by /6 Bs(x0) |VH|dH". By Cauchy—Schwarz inequality we obtain

2
Clexo” / \VH|?dH".
2né 0B s(x0)

By integrating over § between a certain & and —diSt(xg 99 \ye have
C(e,x0)% . dist(xg, 0Q)
2 ln S ||H||%)VI,Z(B . ( ))
n 20 ¢ dist(xg.09) (X0
2

By taking 6 > O small enough we obtain a contradiction thanks to the fact that
He W]]O’CZ(Q). O

Thanks to Proposition 3.1 we can make the following observation:

Remark 3.4. In Proposition 3.2, we have proved that G™(Vu,,) is bounded in W]Lf (Q)
uniformly in m € N. Hence, the functions (G™(Vu,,))men are uniformly continuous on
any compact subset of  with a modulus of continuity independent of m € N if they

satisfy the assumptions of Proposition 3.3 with a constant C (€, x¢) independent of m € N.

It remains to prove that under the assumptions of Theorem 1.1 and Theorem 1.5, the
functions G (Vu,,) or G (Vu,,) satisfy the maximum principle stated in Proposition 3.3
with C that does not depend on m € N.

The following lemma, instrumental for the proof of Theorem 1.1 uses the fact that

f=0
Lemma 3.5. Let u,, be a C? solution of (2.2) with f = 0. We have that det(D’u,,) < 0.

Proof. Since u,, is a solution of (2.2) with f = 0, we have that

Te(DG™ (Vity) D?uy) = 0. (3.3)
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Thus,
Tr((DG™)* (Vi) D*uty) = 0 (3.4)

where (DG™)* = w is the symmetric part of DG". Thanks to Proposition 2.2,
(DG™)* is positive-definite. We work in a basis where (DG™)* is diagonal, let us say

that
ms (@ O
(DG™ _(0 b)

with a, b > 0 and

Dzum = (a 7) .
Yy B
Then, by (3.4) we have that @ + 8 is non-positive. Hence, det(D?u,,) < 0. O

As a consequence of Lemma 3.5, [22, Theorem 2] implies that:

Proposition 3.6. Let u,, be a solution of (2.2) with f = 0. Then for every Q' € Q, we
have that OV, (Q") C Vi, (0Q7).

Remark 3.7. This last result is true in any dimension, provided that the sign of det(D?u,y,)
does not change. This is the case if u,, is convex everywhere or concave for instance. This
proposition can be used as an improved version of [15, Lemma 3.2].

With this result we can prove the following lemma:

Lemma 3.8. Let u,, be a solution of (2.2) with f = 0. Then for every Q' € Q we have
that 0o (Q') C o(0Q") where o := G™(Vuy,,).

Proof. We consider z € do(Q’), then there exists a sequence (z,)nen such that z,, €
o(Q’) and z;, — z when n — +oo. Hence, there exists a sequence (y,)nen With
Yn € Vu,(Q") such that G (y,) = z,. Since the sequence (y,),en is bounded by
L = ||Vuu|lr~ ), we can extract a subsequence converging to y € Vu,,(’). By
continuity of G, z,, — z = G (y). Since, DG™(y) is invertible, by the inverse function
theorem if y € Int(Vu,, (")) then z € Int(co(’)). Since this is not the case, we have
that y € dVu,,(€’). Thanks to Proposition 3.6, we obtain that y € Vu,,(9Q’), thus
z=G"(y) € o (0Q). m|

This lemma leads to the proof of Theorem 1.1 in the regularized setting:

Proposition 3.9. Under the assumptions of Theorem 1.1, G™(Vuy,) is continuous with a
modulus of continuity independent of m € N.
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Regularity of the stress field

Proof. We just have to prove that G™(Vu,,) satisfies the assumption of Proposi-
tion 3.3 uniformly in m € N. Let us assume that there exist x;,x, € Bs(xp) such that
|G™ (Vi (x1)) =G (Vuy (x2))| = r > 0. By Lemma 3.8 with Q" = B 5(xq), the diameter
of G™(Vu,, (Bs(xp))) can be bounded from above by the diameter of G™(Vu,,(9Q')).
Thus, there exist x3,x4 € dBgs(xg) such that |G™ (Vu,,(x4)) — G"™(Vu,,(x3))| > r.
Hence, thanks to Proposition 3.3, G™ (Vu,,) is continuous with a modulus of continuity
independent of the parameter of regularization m € N. O

In the remaining part of the section, we proceed to establish continuity estimates for
G"(Vu,,) independent of m € N under the assumptions of Theorem 1.5. We prove that
forany 1 <i < n, G!"(Vu,,) is continuous.

To do so, we use the fact that Vu,, satisfies the following classical maximum principle,
see e.g. [19, Theorem 3.1]:

Proposition 3.10. Let u,, be a solution of (2.2) with f,, a constant. Then for any e € S™¥~!
and any open set Q' € Q, we have that

SUp Opltyy (X) = SUP Dol (X).
xeQ) x€0Q

We start with the case when G* = V! where ¢ (-) = f"(N/"(- = &;)) € Cl’l(Rz)

loc
with f/" a convex function, N/"* a pseudo-norm and &; € R2. The pseudo-norm is

introduced in Definition 1.4. We denote the non-oriented angle between two vectors z1, 2o
by Z(z1,22) € [0, ] with the convention that Z(z,0) = 0. We can apply the following
lemma to G

Lemma 3.11. Let us assume that GI" = Vo' with (- ) = f" (N[ (- =&;)) € ch! (R?).

loc
e For every r > 0 there exists C(r) > 0 independent of m € N such that if
[Ve*(2)| = r then |z — &;| = C(r).

e For every 0 < 0 < m there exists 0 < D(6) < n independent of m € N
such that if £(V¢!"(2), Ve'(2')) 2 6 then £(z - &;,7' — &) 2 D(0) for every
2,7 € RI\{&}.
Moreover, C(r) — O whenr — 0 and D(0) — 0 when 6 — 0.
Proof. For every r > 0 we introduce
C(r) :=inf{|z — &I, z € R? such that [Vei*(z)| > r for some m € N}
and for every 0 < 6 < 7w we introduce

2,7 € R*\{&} such that }

D(6) :=inf {A(z - &,7 = &), £(V™ (), V™ (') > 0 for some m € N
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In the definition of the constant D (6) we can replace R>\{&;} by Bg (&€)\By (&) with
R > p > 0 since the direction of V¢!" is constant on the half-lines starting at &;.

Since for every m € N, Vi*(z) = 0 only when z = &;, C(r) — 0 when r — 0. The
fact that for each m € N, the range of the gradient of /" is not in a half-line provides
that D(6) — 0 when 8 — 0.

It remains to prove that C(r) > 0 and D(0) > 0. If C(r) = 0 then there exist (2, )nen
and (mp)new such that z, — & when n — +co and V¢! (z,)| > r for every n € N.
We set M := limsup,,_,,,, m,. If M € N then up to an extraction, we can assume that
my, = M for n large enough. Thus, |Vgo£"’ (zn)| = r and z,, — &; when n — +co which is
a contradiction with the fact that V(pi” (&) = 0. If M = +oo then we combine the fact that
V! converges to V; uniformly with the fact that V;(£;) = 0 to obtain a contradiction.
Hence, C(r) > 0.

If D(6) = 0 then there exist (z,)nen, (2,)nen and (my)nen such that 2(z, — &, z,, —
&) = 0 when n — +oo and £(V!" (2,), V" (2),)) = 6. If M :=limsup,,_,,, m, <
+co we use the continuity of Vgof” to obtain a contradiction. If M = +co we use the fact
that the sequences (2, )new and (z;,)nen are in Br(€;)\B,(&;) to extract two converging
subsequences that tend to z # &; and z” # &;. By uniform convergence of V! to V; we
obtain that £(z — &,z — &;) =0 and £(Ve;(z), Ve;(z')) > 0. That contradicts the fact
that Vo, (z) and V;(z") are colinear when z and z’ are colinear. Hence, D(0) > 0. O

The converse is also true:

. 1,1
Lemma 3.12. Let us assume that GT* = V" with o' (+) = f" (N (- =&;)) € (R?).

loc

e For every r > 0 there exists C'(r) > 0 independent of m € N such that if
|z = &| = r then |V (2)| = C'(r).

e For every 0 < 6 < 7 there exists 0 < D’(0) < n independent of m € N
such that if £(z —&;,7 — &) 2 0 then L(V¢!'(2), V! (2')) = D'(0) for every
2.2 € RI\{&}.

Moreover, C'(r) = Owhenr — 0 and D’(6) — 0 when 8 — 0.

Proof. We argue as in the proof of the previous lemma. For every r > 0 and every
0 < 6 < mweset

C'(r) := inf{|Vg™"(z)|, with m € N, z € R? such that |z — &| > r}

and

: s
D’ () := inf{Z(VSOT(z),V(p;"(Z/))’WIthm €N, z,z/ e RO\{&i} }

such that Z(z — &,,2' - &) =2 0
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Regularity of the stress field

Since the direction of V¢!" is constant on the half-lines starting at &;, the quantity
D’ (0) is the same if we replace R?\{¢;} by Bg (&)\By(&i) by R > p > 0. The continuity
of Vo gives that C'(r) — 0 when r — 0 and D’(6) — 0 when 6 — 0.

If we assume that C’(r) = 0, then by uniform coercivity of |[V¢!"| we can find z € R?
and M € NU {+oo} such that VgolM(z) =0and |z —&;| > r with the convention ¢ = ¢;.
Since Vgof"’(z) =0 = z = & this is absurd. Hence, we have that C’(r) > 0.

If we assume that D’(#) = 0 then once again we can find z, 7" € Br(&;)\B,(&;) and
M € N U {+co} such that £(VeM (z), VoM (2')) = 0and £(z — &,2' — &) > 6. Using
the strict convexity of the level sets of goLM we obtain a contradiction. Thus, we have
D’(9) > 0. O

With these two results, we can prove that:

Proposition 3.13. We set o' := G (Vuy,) with GT' = VT* where the convex function
e () = NN = &) satisfies (Ap). If xo € Q is such that ol (x0) = 0 then o is
continuous at xog and the modulus of continuity is independent of m € N.

Proof. Thanks to Proposition 3.1 and Proposition 3.3, it remains to prove that for every
€ > 0 there exists C (€,x0) > 0 such that for every § > 0 if there exists x € Bs(xg) such
that | (x)| > € then there exist x1, x> € B (xo) such that |o (x1) = (x2)| > C(€,x0).

By the first point of Lemma 3.11, |Vu,,(x) — &| = C(e) > 0 with C(e) that does
not depend on m € N. We set e := %. By the maximum principle from

Proposition 3.10, there exists x; € dBs(xp) such that
(Vi (x1) = &ir€) 2 (Vup(x) = &ive) = [Vum(x) — & > C(e).

In particular |Vu,,(x;) — &| > C(€) and by Lemma 3.12 we obtain that |0 (x1)| >
C’'(C(e)). If we set e := % then once again by Proposition 3.10 there exists
X2 € 0B s(xo) such that '

(Vi (x2) =& e1) < (Vupm(xo) —&i,e1) =(0,e1) =0. 3.5
The last equality comes from the fact that o (xg) = 0 = Vu,,(x) = &. If Vi, (x2) = &
then |0 (x) — o (x2)| = | (x1)] = C’(C(€)) > 0. Otherwise, by (3.5) we get that
L(Vup(x1) = &i, Vum(x2) — &;) 2 5. In that case, by the second point of Lemma 3.12
we obtain that

Lo (xn). o' () = D'(3).

Since |0 (x1)| >C’ (C(e)) there exists C(E) > 0 such that | (x1) — o/ (x2)| > C(e)
By taking C (e) = mm{C (€),C’(C(€))} we can apply Proposition 3.3. The conclusion
follows. O

In the case where o (xg) # 0, we have the following lemma:
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Lemma 3.14. We set o := G (Vuy,) with G" = Vo' where the convex function
@ () = [N (- = &) satisfies (A2). If o' (xo) # O then for every r > 0, 6 > 0 there
exists 0 < 6(r,0) < w independent of m € N such that for every x € Bs(xg),

either |0 (x)| < r or the angle between o (x) and o (xo) is smaller than 6.

Proof. Given(0 < § < Mg"m), let us assume that there exists x € Bs(xg) such that
| (x)| > r and £(o'(x), 0" (x0)) = 6. By Lemma 3.11 we have that
|V, (x) — &| > C(r) and £(Vuy, (x) — &, Vuy,(xo) — &) = D(0). (3.6)
If (Vu,(x) - &, %) < —% then by Proposition 3.10 there exist x; €
dBs(x0) such that (Vu,,(x1) — &, M) < —C;r) and x, € dBs(xg) such that

Vi (x0)— &
Vum(xo) — & Vi (x0) — & > 0
Numxo) —&1]

Vi (x2) = &, > > <Vum(XO) - &i,
< Vit (x0) = &il

The last inequality comes from the assumption o/ (x() # 0. In that case, the angle between
Vi, (x1) — & and Vu,(xp) — &; is bounded from below by a constant 0 < 6 < 7

depending only on C(r) and a Lipschitz constant of u,, on Bi(xy.09 (X9) independent
2

of m € N. By the second point of Lemma 3.12 the angle between o (x1) and o (x7)

is bounded from below by D’(6") > 0. Since |Vu,, (x;) — &;| > % by the first point

C(r)
2

of Lemma 3.12 we obtain that |0 (x;)| is larger than C’( ). Hence, there exists a
constant F(r) > 0 such that |0/ (x;) — o/ (x2)| = F(r).

If (Vu,,(x) = &, %) > —C(zr) then by (3.6) there exists e a unit vector
orthogonal to Vu,, (x9) —&; and F’(r,6) > 0 such that (Vu,,(x) —&;,e) > F’(r,0). Once

again by Proposition 3.10 there exist x, x, € dBs(xo) such that

Vum(x1) =&, e) 2 (Vup(x) - &, e)
> F'(r,0) > 0= (Vup(xo) — & e) = (Vum(x2) =&, e).

If Vu,, (x2) = &; then by Lemma 3.12, |0 (x1) — 0 (x2)| > C’(F’(r, 6)). Otherwise, the
angle between Vu,,(x)) — & and Vu,,(x;) — &; is bounded from below by a constant
0 < ¢’ < 7 depending only on r > 0, & > 0 and the Lipschitz constant of u,, on
B aisi(xg.09) (xp) independent of m € N. We conclude as in the first case.

2

Hence, we have proved that for every 0 < ¢ < w if there exists x € Bs(xg)

such that |o¥ (x)| > r and the angle between o (x) and o (x¢) is larger than 6, then there
exist x1,x2 € Bs(xg) and F(r,0) > 0 such that |/ (x;) — o/ (x2)| > F(r, ). We can
conclude as in the proof of Proposition 3.3:

meawmwvaS/ Vo |dH".
9B s (x0)
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Regularity of the stress field

Using the Cauchy—Schwarz inequality and integrating over & between ¢’ > 0 and

w we obtain

F(r, 6)? ! dist(xg, 0Q)
2n n 26’ < lle “Wl 2(B gist( (x9.09) (x0))"

The conclusion follows from the fact that o/ € W10C () with a norm independent of

m € N by Proposition 3.1. O

The following lemma asserts that the component of ¢! is continuous in the direction
of o (xp).

Lemma 3.15. We set o = G (Vuy,) with GI" = Vo' where the convex function
@) = [N (- = €)) satisfies (Ar). If o' (xg) # O then for every € > O there exists
6 > 0 independent of m € N such that

o' (xo)
|t (x0)]

| (x0)| — € < (0" (x), ) < o' (xo)| + €

for every x € Bs(xp).

Proof. Thanks to Lemma 3.14, for every r > 0 and 6 > 0 there exists §(r, ) > 0 such
that for every x € Bs(xg), |0 (x)| < r or £(c%(x), 0% (x9)) < 6. By the contrapositive
statement of Lemma 3.12, there exist C (r) > 0and D(#) > 0 such that | Vi, (x) — &| <
C(r) or Z(Vuy, (x) — &, Vuy, (xo) &) < D(9) for every x € Bg()C()) Moreover, we can
choose them in such a way that C(r) — 0 when r — 0 and D(6) — 0 when 6 — 0.

For € > 0, we introduce 17 > 0 independent of m € N such that the oscillations of G}
on the square of center &; and sides of length 277 are smaller than 5. Since C (r) goes to
0 when r goes to 0 and D(6) goes to 0 when 6 goes to 0, we can choose 6 > 0 small
enough such that for every x € Bs(xg) we have

Vi, (x) = & < gor £(Vuy,(x) — &, Vuy,(xg) — &) is as small as we want.  (3.7)
We introduce p the projection of Vu,, (x) on R, (Vu,,(xg) — &;) +&;. Hence, for every

d > 0, we can choose ¢y such that for every x € B, (x¢) the distance between Vi, (x)
and p, is smaller than d. By uniform continuity of G}" in m € N, there exists w a modulus
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of continuity independent of m € N such that |G (px) — G (Vu,(x))| < w(d).

Let us argue by contradiction. We assume that for every 0 < § < §¢ there exists
x € Bgs(xg) such that |0l (x0)| + € < (o' (x), e) or (i (x),e) < |0 (x0)] — € with

_ ol(x)
€= Tol(xo)l

Case 1. We begin with the case where (o (x),e) > |0 (xo)| + €. Since |G (px) —
o'(x)| £ w(d) and (0% (x), e) > |0 (x0)| + € we obtain that

(G} (px), e) 2 |0 (x0)] = (0" (x0), €)

when d is small enough such that w(d) < e without any dependence on m € N.

By definition of ¢!, we have that GI*(py) = (f/") (N (px —&))VN/"(px — &;) and
oi(xg) = (™M) (NI (Vum (x0) = €)) VN (Vup (xo) — €;). Thus, these two vectors are
positively colinear to e. This means that (") (N/"(px = &:)) = (f") (N/" (Vi (x0) =
&;)). Thus, by strict convexity of f/" we have that

(Vi (x) = Vg (x0), Vi (x0) — &) = (px — Vum(x0), Vi (x0) — &) 2 0.

Hence, by Proposition 3.10 there exists x,x; € dBs(xp) such that

(Vupm(xy) =&, e"y < (Vum(xg) —&i,e") < (Vupm(x) =&, e"y < (Vum(xp) — &€’

with e’ := %. We introduce p; and p, the projection of Vu,,(x1) and Vu,,(x7)

on Ry (Vi (xo) — &) + &. Since (p1, e’y < (Vu,,(xo),e’) the convexity of ST gives
that (G*(p1),e) < (o (xp), €). For the same reasons, (G'(p2),e) 2 (G!"(px),e) 2
(o (x), e) — w(d) where the last inequality comes from the fact that |G (px) = ol(x)] <
w(d).

We also have that |Vu,,(x;) — pi| and |Vu,,(x2) — p»| are smaller than d. Thus,
(o' (x1), ) < (GP'(p1), ) + w(d) and (0" (x2), €) > (G} (p2), ) — w(d). Hence,

(o' (x1), €) < (0" (x0), €) + w(d) (3.8)

and (0 (x3), e) > (0 (x), e) — 2w(d). When d is sufficiently small with respect to € we
have that |0/ (x2) — o (x1)| > 5.
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Regularity of the stress field
Case 2. Letusassume that there exists x € B (xo) such that |0 (xg)|—€ > (o (x),% ).
Hence, if we apply Proposition 3.10 to (Vu,, (- ) —&;, Vi, (xo) —&;) we can show that there
exists x; € 0B (xg) such that (Vu,, (x1) =&, Vi, (xo) — &) > (Vuy,(xo) —&i, Vi (xo) —
&). As in the previous case we can show that (o (x}), e) > |0 (x)| — w(d) that is an
analogous result to (3.8) (up to interchanging < in >).
It remains to find a point x, € dBs(xg) such that (Vu,,(x3) — &;, Vi, (xo) — &) is
sufficiently small. We distinguish two subcases. We start by assuming that Vu,, (x) €
B,,(¢;). By Proposition 3.10 there exists xo € dBs(xo) such that

<Vum(x2) _fiyvum(x()) - §l> < <Vum(x) _‘fbvum(xﬂ) - §l>

By (3.7) we have that Vu,,(x2) € B;(&;). Since the oscillations of G are smaller than
5 on that set we get that (0 (x2), €) < (0 (x), e) + 5. In that case we obtain

(' (x2),€) < (o (x), €) +§ < (o (x0), €) - § < (o (x1). ) — § + w(d).

Thus, by taking d small enough |o (x;) — o (x2)| > .

If Vu,(x) ¢ B,(&) then (px — &, Vu(xo) — &) > 0 with p, the projection
of Vu,,(x) on Ry(Vu,,(xg) — &) + &;. Hence, there exists xo € dBs(xg) such that
(Vum(x2), e’y < (Vuy,(x), e’y which implies that (p, — p2, Vu,(x0) — &) > 0. Hence,
by convexity of f/" we have that (G["(p2),e) < (G*(px), e). Thus,

(o' (x2), €) < (o (x), e) + 2w(d) < (T (xp), ) — € + 2w(d).
Once again, by taking d small enough |0 (x1) — o (x2)| > £

In any case, for every 0 < § < &y, if there exists x € Bs(xg) such that |0 (xp)| +
€ < {0o'(x),e) or (o (x),e) < |0 (xg)| — € we can find x1,x, € dBs(xg) satisfying
lo? (x1) — 0" (x2)| = %. The conclusion follows Proposition 3.3. o

The combination of the last three results gives the following proposition:

Proposition 3.16. Under the assumptions of Theorem 1.5, in the case where GI' = V!
with ¢'(-) = f"(N/"(- = &), we have that G"(Vuy,) is continuous on Q with a
modulus of continuity that does not depend on m € N.

Now, let us focus on the case where G; satisfies the assumption (A3).

Proposition 3.17. Let us assume that G7" = V! with @' () = f"({-,&;)) and & # 0.
Then if GT'(Vu,,) € WIL’E(Q) we have that o' := G (Vuy,) is continuous on Q with a
modulus of continuity that does not depend on m € N.

Proof. For every € > 0 we have

IG"(z1) = G*(22)| 2 € & [(f") ((z1,€)) = (") ((z2. 60| = |§i| (3.9
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for every z;,z, € R%.
Thus, for 6 > 0, if we assume that there exists x € Bs(xo) such that

|G (Vum (x)) = G} (Vitm(x0))| > €

then

’ ’ €
I ((Vum (x), &)) = (") ((Vum(xo), E))] 2 7k (3.10)
12
Up to a change of sign of & we can assume that (Vu,,(xg), &) < (Vu,(x),&).
By the maximum principle from Proposition 3.10 applied to y — (Vu,,(y), &;), there
exist x;,x, € dBg(xp) such that (Vu,,(x1),&) < (Vu,(x0), &) and (Vu,y,(x), &) <
(Vim(x2), &)
We use the fact that (f/")” is increasing with (3.10) to obtain that
my\/ my/ €
| ((Vum (x1),6)) = () ((Vum(x2), £))| 2 &l
Thus, by (3.9), we get that |G (Vi (x1)) — GT'(Vum(x2))| > €. Once again, we can
conclude thanks to Proposition 3.3. O

Hence, we have proved the following result:

Proposition 3.18. Under the assumptions of Theorem 1.5, the functions (G™(Vi,))men
are continuous with the same modulus of continuity on each compact subset of Q.

Proof. For every m € N we have proved in Proposition 3.16 or in Proposition 3.17 that
for every 1 <i < n the function G}*(Vu,,) is continuous with a modulus of continuity
independent of m € N. Hence, that is the case for their sum, namely G™ (Vu,,). |

4. Uniform estimates for Theorem 1.7

In this section, we study the case when G = G| + G, where G;(z) := f/({z,&))¢;
with f] € CIL’C ! (R)and f» € C'(R) N CI]O’C] (R\{0}) two convex functions. Moreover, the

right-hand side of (1.4) is a constant A4 € R.
We begin by the following observation on &; and &;:

Proposition 4.1. Under the assumptions of Theorem 1.7 we can assume that &1 = e and
&> = ey are the two standard vectors of the canonical basis.

Proof. Let us assume that A is an invertible linear matrix. We introduce the convex
function ¢(z) = f1({z,&1)) + f>({z,&2)). Let us consider u a solution of (2.2), then u is
a minimizer of

min /gp(Vw(x))+/lw(x)dx. “.1n
wewl? (@) Jo
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Regularity of the stress field

For every w € W!-2(Q), we have:

/ e(Vw(x)) + Aw(x)dx = |det A| / o(Vw(Ay)) + Aw(Ay)dy.

Q A1(Q)
If we set v(y) := w(Ay) then:
[ oo s anar = jdetal [ o((aT)19v0)) + v ()dy.

Q A1(Q)

Hence, since u is a minimizer of (4.1), we obtain that u(A-) is a minimizer of
[ elan v + vy
ATH(Q)

on W2 (A~1(Q)). It remains to choose A such that (A~1)¢] = e; and (A~1)é&, = e).

u(A-)
Since proving that Vo (Vu) € C°(Q) is equivalent to proving that Vo(Vu(A-)) €
C%(A~1(Q)), we can assume that & = e; and & = e5. O

Remark 4.2. This previous proposition is important because, in this section, we will
consider partial derivatives in orthogonal directions e¢; and e instead of differentiating
our functions in any direction. By doing so, we can use the properties of f; while
differentiating with respect to e; where i = 1, 2.

We want to establish continuity estimates for G™(Vu,,) independent of m € N
with u,, solution of (2.2). We start by proving the following lemma inspired by [15,
Proposition 2.3]:

Lemma 4.3. Let fi and f> be two smooth convex functions. Let u be a smooth solution
of (2.2) with G(z) := f]({z,e1))e1 + f; ({2, €2))ea. Then the function f(d\u) belongs
to WIIO’CZ(Q). Moreover, for every Q" € Q' € Q and every Loy > ||Vul| L~ (o) we have
£/ (G1u)llwr2 @)
< C(Lg, 1w (=Loy o) > Il (= Loy L) s 1) N L (Lgy Loy )» dist(OL, 0Q)).

Proof. By local Lipschitz regularity of u, we already know that f{ (9 u) € LIZOC(Q). Since
u is a solution of (2.2) we have that:

./Q<V<,0(Vu),V9) =—/Qze

for every 6 € C;°(Q). If we differentiate the Euler-Lagrange equation in the first direction,
the fact that A € R gives that

/ (V2p(Vu)Vdu, Vo) =0 4.2)
Q
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for every 6 € C;°(L2). If we replace 6 by §2f1’(81u) with & € C°(€') and Q" € Q we
obtain

Y, [ s awoé s @wonu=-2Y, [ 1 @woueaesow.
=127 =127

Since the terms in the left-hand side are nonnegative, we have that

[r@mwonuer <=2 3, [ g @uoumeosow.

i=1,2

With an integration by parts on the right-hand side we get

/Q @ L (@)’ <2 ) /Q F(00)91(£0:€) f{ (ru) + f} (Giu) ;€00 f] (D).
i=1,2

With the Young and Holder inequalities and the fact that ||Vu|| .~ (@) < Lo we obtain

that

/ﬂ O LF G < CLar 1oty o I - ar oy [l -

Hence, if we take & € C;°(') such that £ = 1 on Q" with Q" € Q’, then we get that
01 [ f{ (01u)] belongs to L*(Q") and

01 LA Or)ll 12y < C(Lars I lLo (- Loy Loy)» I L2 (Lo Loy ) » dist(Q', Q7).

With the same strategy, we can also prove that 9, [ 1 (6214)] € L*(Q") with the same
estimate.
It remains to prove that 9, [ /i (6|u)] € L? (Q). We proceed as in the proof of [8,

loc A
o (x+ e;l) —o(x) where

Theorem 2.1]. For 0 < h < }1 and x € Q”, we introduce 7(x) =
o(x) = G(Vu(x)). We set 7{(x) := i (61u(x+hez})l)7f‘ (Gra(x))

kst 2@ is bounded uniformly in A.

, we want to prove that

Since f] is Lipschitz continuous and increasing there exists K > 1 such that

O u(x + hey) — 0u(x)
h .

T (x)2 < Kt(x) X

Using the fact that f, is convex we have that:

Vu(x + hes) — Vu(x) >
N )

With £ € C°(Q"") where Q" € Q" and 0 < h < dist(9Q"’, Q") we have

\Y he,) —V
leni 22 g, < K /Q ’//§z<7(x), e u(x)>.

T (x)2 < K<T(x),
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Regularity of the stress field

Since div 7 = 0, an integration by parts gives that

1711172 g, < 2K
L2(Q") o

u(x + hey) — u(x)
h

£(x) (Ve (), 7(x))|.

Thus,

lET ||iz(gm) < C(Lars K, 1€ llwie o) 167N 22 ) -
We already know that ||72]| ;2 (g is bounded uniformly in % thanks to the fact that
o [f2’((92u)] e L*(Q"). Hence, lé711l 12 () is bounded uniformly in 4. Thus, if we
take £ = 1 on a subset of Q"”, we obtain that 8, | f/ (d1u)] belongs to LZ () with an
explicit estimate. O

If we apply this lemma with f]" and fJ" we obtain an estimate on the Sobolev norm of
(f")' (O1uy,) independent of m € N. Hence, we can apply Proposition 3.17 to prove that
(f")" (O1u,) is continuous with a modulus of continuity that does not depend on m € N.
It remains to do the same for (f;")’(d2u,,). For every r > 0, we have the following result
coming from [15, Proposition 2.4]:

Proposition 4.4. Let f1 and f> be two smooth convex functions. Let u be a smooth solution
of 2.2) with G(z) := f{({z,e1))e1 + f,({z,e2))ex and f = A € R. For everyr > 0 and
every xg € Q' € Q, we have

/ |y (8au)Onou|? < C(r, ar, I L= (Brg, )
U,

with Uy = {x € Q, |hu(x)| 2 r}, Lo = ||VullL~(@) and e, = sup, .1, f; (D).

Proof. Since A is a constant, the right-hand side of (2.2) vanishes when we differentiate
the equation. By [15, Proposition 2.4], we have that

[ 15t @t + 15 @l < COar U ey )

and the conclusion follows. O

Since this proposition allows avoiding the values of f;" around the origin, we can
apply it with f{" and fJ". In that case, the constant C(r, a, ||(f1m)”||Loo(BLQ, y) can be
taken independent of m € N.

Let us use this estimate in order to prove the continuity of (f3")"(02uy,) uniformly
in m € N. Thanks to Proposition 2.4 there exist r > 0, w : Ry — R, a continuous
function that satisfies w(t) =0 & ¢ = 0 and M, € N such that for every m > M, every
X,y € (—%, g) we have that

(5" () = () (M x = y) = w(lx = y)). (4.3)

We prove the following alternative:
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Lemma 4.5. For every t > 0 there exist 0 < d; < t and 69 > 0 such that for every
m > My, Oy, (x) > d; for every x € B, (xo) or Oruum(x) < t for every x € B, (xp).

Proof. By (4.3), for every t > 0 there exist 0 < d < ¢ and C independent of m > M,
such that 0 < C < (f3")"(2) — (f;")"(d). We introduce F : R — R a smooth increasing
function such that F(s) = 0 for every s < (f,")’(d) and F(s) = C forevery s > (f,")’(¢).
We assume that for every 0 < § < w there exist x; and x, in Bs(x) such that
hum(x1) < d <t < duy(xz). Once again, thanks to the maximum principle from
Proposition 3.10, there exist x| and x) on dBs(xo) such that dup(x]) < d <t <

Ooup(x5). Hence,

C = FUUY (Battm(5))) = F(UL™Y (St (<))
< / VIE(Y (Baum))]|dH!
dBs(xp)

< I9Flme) [ (Y Batt) Vi H!
0B s (x0)NUqg
with Ug = {x € Q, |62un| > d}. Thus, as in the proof of Proposition 3.3, if we integrate
between &g and ‘m(gﬂ we obtain that:

C? dist(xg, 0Q)
In <
27| VFI.. 250

/ (CFY Dot Vit P
(R) B gist(xg,00) (X0)NUa

Hence, using Proposition 4.4 there exists 69 > 0 such that dru,,(x) > d for every
X € Bg,(x0) or hu(x) <t for every x € B, (xo). O

‘We have the same result with # < O:

Lemma 4.6. For everyt < 0 there existt < d; < 0 and 6o > 0 such that dru,, (x) < d;
for every x € Bs,(x0) or Oty (x) > t for every x € B, (xo).

Proof. The proof is the same as the proof of Proposition 4.5 replacing dru by —dhu. O
Hence, we have proved:

Proposition 4.7. Foreveryt > O there exist d; > 0 and 6y > 0 such that for everym > M,
we have that —t < Oy (x) < t for every x € Bs,(x0) or Ot (x) € (—00,d”,) U (d;, )
for every x € Bs,(xo).

With this result, we are ready to prove the continuity of ( ;") (d2um).
Proposition 4.8. Under the assumptions of Theorem 1.7, (f3")" (02um) is continuous

with a modulus of continuity independent of m € N.
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Regularity of the stress field

Proof. For every € > 0, we want to find 6 > 0 such that

(/") (Battm (B s(x0))) € Be((fy") (02(um(x0)))).
We introduce C(€) > 0 such that if —C(e) <t < C(€) then

(Y (1) = (Y O] < (4.4)

for every m > M,. Then, thanks to Proposition 4.7, we have two options.

If Oty (x) € (=00, d’_c(e)) U (dc(e), o0) for every x € Bgs,(xo), then we can assume
that f; and f; are in Clt’cl and apply Theorem 1.5.

Otherwise, —C(€) < daup(x) < C(€) for every x € B, (xp). In that case we conclude
thanks to (4.4). O

If we combine the results of this section, we have proved:

Proposition 4.9. Under the assumptions of Theorem 1.7, the functions (G™ (Vi) men
are continuous with the same modulus of continuity on each compact subset of Q.

5. Uniform estimate for Theorem 1.10

This section is devoted to the proof of Theorem 1.10. We assume that there exists a
compact set D such that G € C'(RN\Dg) and DG = RV \ Uy ey Ok With

1
Oy = {Z eRV, E|v|2 < (DG*(2)v,v) < k|v|* forevery v € RN}

where DG® = DG+DGT. For every r > 0, we introduce the closed r—neighborhood of a
set U:

N, (U) := {y e R, dist(y,U) < r}.
We assume that there exists 7y > 0 such that for every 0 < ¢ < ¢ the connected components
of N;(Dg) are simply connected.

As in the previous sections, we want to obtain uniform estimates for smooth approxi-
mations of the original problem. Therefore, we work with the smooth function G from
Proposition 2.5 and the smooth solution u,, of (2.2). Let o be the smallest distance
between two connected components of Dg. We introduce pg < min{%‘), to}. In this
section, we prove that:

Proposition 5.1. Forevery(0 <t < % and for every subset Q' € Q, the functions
dist(Vity, N; (D)) and dist(Viey, N;(Dg)) Vi,

are continuous with a uniform modulus of continuity in m > % Moreover, for every

xo € Q, there exists r > 0 independent of m € N such that Vu,, (B, (xy)) encounters at
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most one connected component DOG of Dg. Furthermore, if Vi, (B (xg)) N D% is not
empty then Vu,, (B, (x9)) C N3p, (D(();).

We define

\N,(Dg).

O! = (ﬂ {%Id < (DG™)* < kld}
mz%

2

:.
Since every estimate of this section is independent of m > % we can drop the subscript
m € N in order to simplify the notations. Moreover, since we want to prove continuity
results for every xo € Q’, we can replace Q' by Buisi(x,,00) (¥0). By replacing u( -) by
u(dist(xg, 0Q) - +xg), we can assume that Q' = B (0). We introduce the constant L > 0
that is a Lipschitz constant of u,, on B;(0) uniform in m € N. In the remaining of the
section 0 <t < % is fixed. Hence, we do not state the dependence on 7 in the constants
of the following results.

Hence the sets 5,’{ are independent of m when m >

5.1. Preliminary results

In this section, we introduce two results that are adaptations of [28, Proposition 3.1,
Lemma 3.2] in the case where f # 0.
We introduce the following operator:

L& i v — div(DG(Vu)Vv).
Remark 5.2. We have that L. (0cu) = 0, f for every e € SV~1.
We prove the following result:

Proposition 5.3. Let K > 0 and g > N. We assume that v is in Wlf(Bl (0))NL*®(B1(0)),
v > 0 and solves L (v) > g in the weak sense with {v > 0} C O, for some k € N and
g € L1(B1(0)). Then for all 0 < u < 1, there exists v := v(u, N, k) such that if

[{v>0n B (0)}]

<l-u
1B1(0)]
and
4
llgllLa (B, 0)) < Emax{ sup v,K}
B (0)
then

sup v < (1 —v)max{ sup v,K}.
B%(O) B (0)
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Regularity of the stress field

Proof. Let us introduce m := supg ) v, thenm —v > 0 and L§(m —v) < —g. If we
replace DG (Vu) by the identity matrix on the set where v = 0, then by [19, Theorem 8.18],
there exists Cy := Co(N, k) > |B;(0)]| such that

2N / m-—v < Cg(inf{m —v(x),x e Bi(0)} + k||g||Lq(Bl(0))).
B ! (0) *
We estimate the left-hand side from below by integrating over the set [v = 0]. Thus,

2N;1m|B%(O)| < Co(m — sup v+k||g||Lq(Bl(0>>).
B
1o

Hence,

sup v <
B%(O)

2N,UIB%(O)I
1 - ————|m+kllgllLa(B,(0))-

2N u|B 1 (0)]
C—Oz , We

Since ||gllza(B,(0)) < 5 max{supg, o) v, K}, if we take v = (1 + %)_1(
have:

sup v < (1 —v)max{ sup v,K}. O
B%(O) B (0)

In the rest of the paper we are going to apply this proposition to functions of Vu that
are concave in one direction. To do so, we prove the following result:

Lemma 5.4. Let fe Cl(m) and v a smooth solution in B1(0) of
div(G(Vv)) = f. (5.1)
Let nn be a smooth function in a neighborhood of Vv(B1(0)). We assume that
Vv(B1(0)) N {n >0} c O.

Then there exists A := A(k,N) > 0 such that if in Vv(B1(0)) N {n > 0} the eigenvalues
Y1 < y2 < - < yn of D’ satisfy y» > 0and 0 > y; > —Ay, then

Ly (:(V) = (V7. V(99) = 728 F2) Ly o009
in the weak sense.

Here, n, := max{n, 0}.
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Proof. Since v is a solution of (5.1) we have that

Lg(n(Vv)) = div(DG(Vv)V[n(Vv)])

= > DiG(Vv)v snua (V)vii + (Y f, V().
i,j,s,0

As in [28, Lemma 3.2], for xo € {n(Vv) > 0} we can choose coordinates such that
ns1(Vv(xg)) = ys64. Hence,

LEM(I))(x0) = Y s 3 DiG (Vw)vjevsi +(VF, Vi(Tv)).
K i,j
Since Vv(B1(0)) N {n > 0} C 5,’( we obtain that

N
1 —
LE0(V)) (x0) 2 yik| Vil + ) yu s [Vval’ + (V7 V().
n=2

This last inequality combined with the fact that y; > —2y, on {5(Vv) > 0} provides that
N —_—~
2 LE (V) (x0) = k7 3 Vv (x0) 2 = kAW (xo) > + v3 (Y F, T (V).
n=2

If LY, (n(Vv)) (x0) < (V.f, Vi(Vv)) = Ay2k3 f2 then

N
K7D 19va(x0) P = KAV (o) P <~k f.
n=2

Since XN, [Vva(x0)1* > 3 X )= v?j(xo) we have that
)

A~k
2

- 1) Z v (x0) + K22 <3 (xo). (5.2)
(i, )#(1,1)
We introduce D*G = DG+DGT. Since Tr(DG* (Vv)D%v) = Tr(DG(Vv)D?v) = f, we
obtain that
DiGi(Vvvir == > DiGivi;+f.
(i, /)#(1,1)

Thus, since xg € {7(Vv) > 0} and {57 > 0} C 5,’( we have
v2,(x0) < C(N, k) Z v}, (x0) + K2 f2.
(,))#(1,1)

k—2

We get a contradiction with (5.2) when A < NCN BT
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5.2. When Vu is close to the convex hull of Dg

Let C be the convex hull of D¢. In this section, we study the behavior of Vu(Bs(0))
when Vu(Bs(0)) is close to Cg. By [14, Proposition 4.3], we have the following result:

Proposition 5.5. We assume that € > 0 and that

div(G(Vv)) = f

in B1(0) with fe L9(B;1(0)) and q > N. We consider p such that B¢ (p)NN,;(Dg) = 0.
Let k € N such that B¢ (p) C Oy. Then there exist 5o > 0 and po > 0 depending on the
modulus of continuity of DG in Beyt (p), k and € such that if |v — I, || .= (B, (0)) < 60 for

some affine function I, with Vi, = p and ”ﬂlL‘l(Bl(O)) < douo, then
(B} (0)) € Be(p).
We can use this result to show that:

Lemma 5.6. For every € > 0 there exist @ := a(po, DG, ||fllLa(q), L, N, €), k =
k(DG,L,N,€) < € and puy := u1(DG, L, N, €) with L the Lipschitz constant of u on
B1(0) such that if

[{Vu € B«(p)} 0 B, (0)] |
= 1=
|B,-(0)]
fJor some p & Nyyve (D) and r < a then

Vu(By(0) € Be(p).

Remark 5.7. When a dependence in DG appears in a constant it means that the constant
depends only on the sets of ellipticity O,’{ and the modulus of continuity of DG™ outside
N,(Dg) with m > % the parameter of regularization. Since all those quantities are

independent of m > %, we can just denote this dependence by DG.

Proof. Forr > 0, we introduce v(x) := %u(rx) in B1(0). Then
div(G(Vv(x))) =rf(rx)

in B1(0). Since ¢ > N by taking r small enough, we can assume that ||r f ()|l L4 (8, (0))
is as small as we want. Hence, there exists a := a(pg, DG, || fllra(q), L, N) > 0 such
that ||7 f(r-)|lLa (B, (0)) < Sopo for every r < a.

We show as in [14, Lemma 4.1] that there exists an affine function /,, such that
v =IpllL=(B, (0)) < 6o. By Morrey’s inequality, there exists a constant Cy depending
only on N such that for every x € B, (0) and every w € W2V (B;(0)) we have

w
IVW(y)IZNdy) .

‘W(x) - W(y)dy' < Co(

1 1
|B1(0)| JB,(0) |B1(0)| JB,(0)
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We set [, (x) = (p,x) + m fBl(O) v(y)dy. In that case, we obtain

V() - ()] < Co( V() - pPNay|

1
1B1(0)| JB,(0)
We estimate the right-hand side by splitting the integral in two sets. The first one is
X = {x € B1(0),Vv(x) € B«(p)}. A direct computation gives that

[ 1w - pPYay < im0l
B (0)nX
Since the complement of X has a measure less than u|B;(0)|, we have that

/ 9v(y) - pPNdy < ulB1 (0)]2L)*N
B1(0)\X
with L the Lipschitz constant of u on B{(0). Thus,

v (x) = 1, (0)] < Co(k*N +p(2L)*N) 7w .

Hence, it remains to take « and p small enough such that Co(k*N + u(2L)*N )ﬁ < dpin
order to apply Proposition 5.5 to v. The conclusion follows for u. O

In the rest of the section, we write the vectors z € RN in the following way: z = (p, p’)
with p € R? and p’ € RN~2 and we assume that D C {p’ = 0}. Now we present the
main result of this subsection, which has the same conclusion as [28, Proposition 3.7].

Proposition 5.8. For every € > 0, there exist B := ,8(||f||W1,q(Q), Kk, 11, N,DG,¢€) >0,
so = so(k,u1,L,DG,€) > 0 and o9 := oo(k,u1,N,DG,€e) > 0 with « and u,
from Lemma 5.6 such that if Vu(B,(0)) c {|p’| < oo} with r < B, then either
Vu(Bs,r(0)) € Be(p) for some p € N ewr (D) or Vu(Bsyr(0)) € Newr (DG).

As in [28], we need the following preliminary lemma:
Lemma 5.9. Let (pg,0) ¢ New(Dg). There exist oy = oo(k, 1, N,DG,e) > 0,
B =Bl fllwra(q)s ks 11, N, DG, €) > 0 and Cy := Co(k, 1, N, DG, €) > 0 such that if

Vu(B,(0)) c {Ip’] < o0} N {|p - pol = Z}

and
|V € B, (po.0)} N B5 (0)]

B2 (0)]

— M1,
forr < B3, then

Vu(B;(0)) € {|p ~pol = 5+ co}.
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Proof. There exists k € N such that B¢(pg,0) C 5,’{ We follow the proof of [28,
Lemma 3.8]. We set v(x) = }u(rx) on B (0) and we replace f(x) by rf(rx). We define

! A2 ’ ’ K
na(p,p’) = eXp(Tlp ? - AIPI), Na,po =Nna(p — po,p’) — eXp(—AE)-

In the basis (%, %, e3,...,en),onthe set {|p’| < A=}, we have
(A%14)7' D4 = diag(=(Alp) ™", 1..... 1) + O(A?)

and {na > exp(-A%)} C {|p| < %+A‘5}. Since Vu(B,(0)) c {|p’| < oo}, for A
large enough, depending only on «, if g < A=3 then Vv(B;(0)) N {nap, > 0} € BL N
B (po,0). Since (po,0) ¢ N (Dg) we also have By (0) N B (po,0) € BL\N;(Dg).
Hence, we obtain that Vv(B1(0)) N {na,p, > 0} € Bz N Bx(po,0) € BL\N,(Dg).

Once again if A is large enough depending only on A(k, N) from Lemma 5.4 and
k then the eigenvalues y; < --- < 1y, of DznA,po satisfy y» > O and y; > —Ay, in
Vv(B1(0)) N {n4a,p, > 0}. Thanks to Lemma 5.4, the function v, := (74, p,)+(VV)
satisfies

LG(VP()) > (<r2Vf(r~), VUA,po(Vu(r'))> - r2/172k3f(r')2)]1{7]&p0(Vv)>0}~ (53)

Let denote by v; the constant v(uy, N, k) from Proposition 5.3. We select oy (k, v1, A)
small in such a way that

K K A? K K
exp(—A(Z) - exp(—AE) > (1- vl)(exp(70'0 - AZ) - exp(—AE)).
Then, if we look at the right-hand side of (5.3) there exists a positive constant

B fllwra (s ks 1, L, N, DG, €) such that when r < B, we can apply Proposition 5.3 to
Vp, With K = exp(ATza'g — A7) —exp(-A7%). Hence, we have that

2
Vv (B, (0) € {’IA,po <(1- W)(“P(A?“g ‘Ag) ‘e"p(‘Ag))}'

Thus,

VV(B%(O)) C {exp(—A|p - pol) - exp(—Ag) < exp(—Ag) - exp(—Ag)}.

Hence, Vv(B%(O)) c {lp — pol 2 § + Co} for some Cy := Co(x, u1, N, DG, €) > 0.
The conclusion follows. O

We prove Proposition 5.8:
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Proof of Proposition 5.8. We follow the proof of [28, Proposition 3.7]. We introduce «a,
x and y; from Lemma 5.6 and B8 from Lemma 5.9. Taking » < min{«, 8}, we use the
following strategy: if there exist (pg,0) € Bor (0)\N ¢+ (D) and n € N such that

|{VM € BK(pO’O)} N BZ’Z"rl
|B2‘2"r|

>1-u 54

then we can apply Lemma 5.6 in order to obtain that Vu(B,-2.-1,.) C B¢ (po,0) and the
conclusion follows.
If that is not the case, then by Lemma 5.9 we obtain that for every (pg,0) €

Bor.(0)\N ¢4/ (Dg) if

N

Vu(By-211,,(0)) C {Ip’l < oo} N{lp - pol 2 5}

then
K
Vu(Bjy-2:-1,(0)) C {|p - pol = 1 +C0}. 5.5

The idea in [28, Proposition 3.7] is to use a covering argument with neighborhoods of
lines. Unfortunately, we can not cover the set Bz (0)\N ¢4 (D) with % neighborhoods
of lines since N ¢.; (D) is not a finite union of small balls.

Instead, since the connected components of N,,(D¢) are simply connected, we
can consider a finite family of points (x;)ic; in (Baz (0)\N ¢4 (D)) N {p’ = 0} with
I :=[1,1g] c N such that B,(x1) N BL(0) = 0, |x; — x;41| < Cp for every i € I\{Ig}
with Cy from Lemma 5.9. Moreover, we assume that (B (0)\N ¢4 (Dg)) N {p’ =0} C
Uier Bx(x;). By definition of L, B, (x1) N Vu(B,(0)) = 0.

Thus, we can initiate the algorithm. By Lemma 5.9 we obtain that

Vu(By2,(0) {|p I co}.

Hence, Vu(B;,-,(0)) € {lg| < oo}N{lp—x2| = §}.1f (5.4) is satisfied with (po, 0) = x»
and n = 3 then we can conclude, otherwise Vu(B;-4,(0)) € {|p’| < oo} N{lp—x3| = §}.
The algorithm terminates after at most /i steps with two potential conclusions. The first
one is that Vu(B,-2ny-1,) C Be(xy,) for a certain ng € [1, Ig]. The second one is that
Vu(B,-2g-1,) C Bor (0)\ U;es B (x;) which is a subset of N ¢4, (Dg). O

5.3. Reduction to the convex hull of D

In this subsection, we present a result that states that either Vu,, (B, (0)) is outside Cg
the convex hull of D¢ or is close to it. By [14, Theorem 1.1] we have the following
proposition:
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Proposition 5.10. For every s > 0, there exists 65 := 65(L, DG, s) > 0 such that either
Vum(Bs,) € Bs(Vu(0)) or Vuy,(Bs,) € Nas(Cg) for every m € N.

Proof. By [14, Theorem 1.1], if H is a continuous function on RN such that H = 0 on
Ny(Cg) then H(Vu,,) has a modulus of continuity depending on L and DG that does
not depend on the parameter of regularity m € N. We can take H( -) := dist( -, Ny(Cg)).
In that case if Vu,,(0) € N3;(Cg) then there exists 85 := 64(M,G,r) > 0 such
that Vu,,(Bs,) C N4s(Cg). If we assume that Vu,,(0) ¢ N3,(Cg) then there exists
0y = 03(M,G,s) > 0 such that Vu,,(Bs;) N N2 (Cg) = 0. By classical results on
uniform elliptic equation, there exists &5 = §5(L,G,s) > 0 such that Vu,,(Bs,) C
Bs(Vu(0)). m|

5.4. Proof of Proposition 5.1

To finish this section, we reintroduce the subscript m € N. We can prove that for every
0<t< %, dist(Vi,,, N; (D)) and dist(Vie,,, Ny (D)) Vi, are uniformly continuous
inm > % with a similar strategy as in [28].

Proof of Proposition 5.1. We take xo € Q" and 0 < € < rg, we consider oy from
Lemma 5.9. We apply Proposition 5.10 with s = Z¢. Hence, there exists 65 > 0 such that
either Vu,, (B, (xg)) C B% (Vuy, (xg)) or Vi, (Bs, (x0)) € Noy (Ci).

In the first case for every 0 < € < %, we can find § := 6(L, DG, €]) such that
Vi, (Bs(x0)) € Be (Vum(xo)) thanks to Proposition 5.10.

In the second case, we apply Proposition 5.8 with » = min{g, §5}. Hence, in this case,
we either have Vu,, (B, (x9)) C B¢(p) for some p ¢ Newt(Dg) or Vit (Bsyr (x0)) C
Newt(Dg). Since Vi, (Bs,r) is connected, by definition of pg the set Vu,, (Bs,) encoun-
ters at most one connected component D¢.

Hence, for every € > 0 and every ¢ > 0 there exists

0e(L,DG,N, €, t, || fllwraq) >0

such that either Vu,,(Bs.) € Be(Vum(xo)) or Vu,(Bs,) C New((Dg)) for every

2
m2= .
-1
Thus, we have that dist(Vu,,, N; (Dg)) and Vu,, xdist(Vu,,, N;(Dg)) are continuous
uniformly in m € N with m > % O

6. Main proofs

We assume that G satisfies the assumptions of Theorem 1.1, Theorem 1.5 or Theorem 1.7.
Before proving these three theorems, we show the following result:
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Proposition 6.1. If G satisfies the assumptions of Theorem 1.1, Theorem 1.5 or Theo-
rem 1.7 then G(Vu) does not depend on the choice of the solution u of (1.4) when the
Dirichlet boundary condition is fixed.

Proof. Let us assume that # and v are two solutions of the same equation (1.4) such that
u = v on Q. Then we have:

/(G(Vu) - G(Vv),Vu—-Vv) =0.
Q

Since (G(A)-G(B), A—B) > 0, we getthat (G (Vu(x))—G(Vv(x)), Vu(x)-Vv(x)) =0
for a.e. x € Q. The condition (A) gives that G(Vu(x)) = G(Vv(x)) for a.e. x € Q. In
the other cases, we use the convexity of ¢ to get the same result. O

With this proposition, we just have to show that G (Vu) is continuous for u the solution
of (1.4) obtained as the limit of (u,,)neny When m — +oo:

Proof of Theorem 1.1, Theorem 1.5 and Theorem 1.7. Thanks to Proposition 3.9, Propo-
sition 3.18 and Proposition 4.9, we have that for every compact Q' € Q, the family
(G™(Vupm,))men is equicontinuous. Hence, by the Arzela—Ascoli Theorem, G™(Vu,,)
converges to v uniformly on ', up to a subsequence. Since ||V, ||~ (o) is bounded
uniformly in m € N, we have that |G™(Vu,,) — G(Vu,,)| — 0in L'(Q’). Thanks to
Remark 2.9, we get that G™(Vu,,) converges to G(Vu) in L' (Q). Thus, v = G(Vu) is
continuous for any solution of (1.4) thanks to Proposition 6.1. O

We are ready to prove Proposition 1.8.

Proof of Proposition 1.8. On the set o~!(V) we define F(x) as G~!(o(x)). Thus, the
function F is continuous and F = Vug a.e. on o~!(V). Hence, Vug has a continuous
representative on o~ (V). O

Let us prove Proposition 1.9.

Proof of Proposition 1.9. We know that G (Vug) has a continuous representative o- where
G = Vg with ¢ a convex function that depends only on the Euclidean norm |- |.

For every t € R, we introduce the super level set E; = [ug > t]. By the co-area formula
we obtain that for a.e. r € R, D1g, = %(HN‘I L 9°E, where 0°E; is the support of
the measure D1g,. Since ¢ is radial ‘—(‘jl = |§—Z§\ a.e. on QN [Vug # 0]. Thus, by the
co-area formula we get that D1 g, = ﬁ‘HN‘l L 9¢E, fora.e.t € R.

Hence, we get

fB,(x) D1, _o(x)

=0 [o o 1P| lo()]
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for every x € 9°E; N [ # 0]. By [20, Theorem 4.11] we obtain that the connected
components of 9°E; N [o # 0] are C! curves.
Let xo € [0 # 0]. By continuity of o this set is open. Hence, there exist r > 0 and

C > 0 such that for every x € B, (xq) we have that (o (x), e) > C with e := |Zgg;| . Since,

o (x) = Vep(Vup(x)) for a.e. x € Q the continuity of V¢ gives that |Vug(x)| > C > 0 for
a.e. x € B,(xg). Since % = % a.e.on QN [Vug # 0], there exists C” such that for a.e.
x € By(x0), (Vuo(x),e) > C" > 0. By Lipschitz continuity of ug for a.e. x € Bz (xo) and

every 0 <t < 5 we have that

t
uo(x +tre) —up(x) = / (Vup(x + se),e)ds > C't > 0.
0

o , .
By continuity of ug, for every x € Bz (xo) and every 0 < ¢ < 5 we obtain that

ug(x +te) —up(x) = C’t > 0. Hence, by continuity of ug, for every p > 0 we have that
0 < |By(x0) N [ug > uo(x0)]| < Bp(xg). This means that xo € 0°[u > u(xp)].

Finally, let ¢ € R such that 3¢E, N [o # 0] is a C! curve. By continuity of u, for
every x € 0°E; N [0 # 0] we have that ug(x) = t. Moreover, for every x € [ # 0]
such that ug(x) =t we have that x € 9°E;. Hence, fora.e.t € R, [ug =t] N [o # 0] =
9°E; N [o # 0]. Hence, the connected components of [ug = t] N [ # 0] are C' curves
fora.e.r e R. O

To prove Theorem 1.10, we use the following proposition instead of Proposition 6.1:

Proposition 6.2. Let us assume that G satisfies the assumptions of Theorem 1.10. We
consider two solutions u and v of (1.4) such that u = v on Q. Then Vu(x) = Vv(x) for
a.e. x € Q such that Vu(x) ¢ Dg.

Proof. As in the proof of Proposition 6.1, for a.e. x € Q we have that
(G(Vu(x)) = G(Vv(x)), Vu(x) — Vv(x)) = 0.

If for some x € Q we have that Vu(x) ¢ D¢, then there exists k € N such that
Vu(x) € Oy := {%Id < DG < kld}. Hence, for every A € RV \{Vu(x)}, we have that
(G(A) = G(Vv(x)),A = Vv(x)) > 0. Thus, Vv(x) = Vu(x) for a.e. x € Q such that
Vu(x) ¢ Dg. O

Remark 6.3. Thanks to this proposition, dist(Vu, D) and Vu x dist(Vu, D) do not
depend on the choice of a solution of (1.4).

Finally, we prove Theorem 1.10:

Proof of Theorem 1.10. By Remark 2.9 and Remark 2.8, for every Q" € Q and every
t > 0 we have:

(dist(Vi, N; (D)) — dist(Vu, N,(Dg))) — 0in L'(Q")
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and
(Vi x dist(Viy, Ny (D)) — Vu x dist(Vu, N,(Dg))) — 0in L' (Q)

when m — +co. Thus, thanks to Proposition 5.1, the functions dist(Vu, N, +(Dg)) and
Vu x dist(Vu, N; (D)) have a continuous representative o, and X; respectively for every
t>0.

We introduce the following open subset of Q, Qq := (J,-¢[0r > 0]. Let us consider
xo € Q. Then there exist # > 0 and € > 0 such that o;(xg) > €. By continuity of o,
there exists a neighborhood U of x( such that o > % on U. The continuity of X; on

U and the fact that oy > § on U give that Vu has a continuous representative on U.
Hence, dist(Vu, D) has a continuous representative on U. Thus, Vu and dist(Vu, Dg)
have continuous representatives F and oy respectively on €. Let us extend oy by 0 on
Q\Qy. We claim that this function o is continuous and coincides a.e. with dist(Vu, Dg).
To prove the continuity, we assume that there exists x € Q\Qq and (x;,)en In Qo a
sequence converging to x such that (o (x,)),en does not converge to 0. This means
that we can extract a subsequence from (o (x,,))nen, still denoted (o (x,,))nen such that
0 (x,) =1 > 0 when n is large enough. Thus, oL (xn) = é for every n large enough. By
continuity of o, we obtain that x € Q¢ which is a contradiction. Hence, o is continuous.
Moreover, for a.e. x € Qq, o (x) := dist(Vu(x), D) and for a.e x € Q such that o-(x) = 0
we have that x € Dg. Thus, o is a representative of dist(Vu, Dg) and Fy X o is a
continuous representative of Vu X dist(Vu, Dg).

To conclude, we assume that G is constant on each connected components of Dg. By
Remark 2.8, there exists a subsequence of (Vi) men still denoted (Vi )men such that
Vu,, — Vu a.e. on Qy when m — +oo.

Let us assume that (x,),en 1S a sequence in Qg converging to xo € Q\Qy when
n — +oo. By Proposition 5.1, there exists r > O such that forevery m € N, Vu,, (B, (xg)) C
N 3py (D) with D a connected component of Dg. By convergence a.e. on Qg of Vi,
we have that D is independent of m for m large enough. Let us call D% this connected
component, by continuity of dist(Vu, D) we obtain that dist(Vu(x;,), D%) — 0 when
n — +o0. Since G is continuous on RY and constant on D%, we have that G (Vu(x,)) —
G (Vu(xp)) when n — +co. O

Appendix A. Regularity of the gauge function
This section is dedicated to the convex gauge, or Minkowski functional. Most of the results

presented here are classical, and the reader can find parts of the proofs in [24, Section 13]
for instance. Let C be a bounded convex set of RY such that its interior contains 0. We
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define the gauge associated to C as the following function:
. z
ve(z) = mf{t > ( such that " € C}.

We have the following result about the regularity of yc:

Proposition A.1. Let k € Nand 0 < a < 1. If C is a strictly convex bounded set of RN
of regularity C* such that its interior contains the origin, then the gauge yc associated
to C is in CE (RN \{0}).

loc

Proof. The function y¢ is convex on RV . For every z € RN we compute the convex
subdifferential dyc(z) of y¢ at the point z. By definition of the subdifferential we have

dyc(z) = {y € RY such that yc(2') = yc(z) + (v, 7’ — z) for every 7’ € RV},

By homogeneity of y¢, for every y € dyc(z) we get that yc(z') > (y, z’) for every
7/ € RN, By taking z’ = 0 we get that y¢(z) < (y, z). Hence, we have that yc(z) = (y, z)
for every y € 0yc(z). Thus, for every z € RV, we obtain that

0yc(z) = {y € RV such that yc (z) = (y,z) and yc (2') > (y,z’) forevery ' € RN}.
(A.1)
This convex set is not empty since y¢ is a convex continuous function. We claim that
when z # 0, dyc(z) is reduced to a singleton. In fact, if there exist y; and y, two
different points of dyc(z) then (y1,z) = (y2,2) = yc(z) and (y1,2’) < 1, {y2,7) < 1
for every 7’ € 0C. Hence, C is on one side of the hyperplane (£,y;) = 1, on one
side of another hyperplane (£, y,) = 1 and ﬁ € 0C is in their intersection. This
contradicts the fact that C is at least C'. Thus, for every z # 0, dyc(z) contains only
one vector. Hence, yc is differentiable at every z # 0. By homogeneity of yc we have
that Vyc(z) is positively colinear to ve (Pc(z)) where v is the unit outward normal
vector to C and Pc(z) := ﬁ By (A.1) we have that (z, Vyc(2)) = yc(z). Hence,
|Vyc(2)I{z, ve (Pc(2))) = yc(z) for every z # 0. Again by homogeneity of yc, for every
z # 0 we obtain that
ve (Pc(2))
(ve(Pc(2)), Pc(2))
This scalar product in the denominator is not 0 because C contains a small ball centered
at 0, thus for every z’ € dC the normal vector v¢(z") cannot be orthogonal to 7.
With this expression of the gradient of y¢c we can find the regularity of yc. In fact, we
know that v¢ is C¥~1-@ continuous with k > 1. Since y¢ is Lipschitz continuous, the
map P is locally Lipschitz continuous on RV \{0}. Hence, Vyc is Cl(();c ¢ continuous on

Vyce(2) = (A2)

RM\{0}. Thus, Pc is C]L’C" continuous on RV \{0}. By a bootstrap argument, we get that
vc is Cllé’cn on RN\ {0}. o
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We also prove a convexity result for the lower level sets of the convolution product
of yc:

Proposition A.2. Let C be a strictly convex bounded set of RN such that its interior
contains 0. If (pm)men is a standard mollifying sequence, then the lower level sets of
Y& = Yc * pm are stricily convex for every m € N.

Proof. Let us consider z; # z2 on the boundary of a lower level set of y/. By continuity
of vy, y@(z1) = v (z2) =: 5. Then for every 0 < ¢ < 1 we have:

ye (tz1 + (1 = 1)22) =/B o ve(t(zi=y)+ (1 =1)(z2 = y)pm(y)dy.

By convexity of yc, we have

ye(t(zi =)+ (1 =)(z2 =) S yc(z1=y)+ (1 =t)yc(z2 —y). (A.3)

If yc(z1 —y) = yc(z2 — y) by strict convexity of C we get that

Ye(t(zi=y)+ (1 =0)(z2-y)) <tyc(zi—=y)+ (1 =t)yc(z2 - y).

Hence, if we have equality in (A.3) this means that z; — y and z, — y are colinear. Since
71 # 22, fora.e.y € B (0) z;—y and z—y are not colinear. Thus, y{* (1(z1)+(1-1)(z2)) <
tyd(z) + (1 =t)y& ('Zz). This provides the strict convexity of the lower level sets of y
for every m € N. O

We prove that the approximations of a C!! strictly convex set through convolutions of
yc are also C!! with a uniform norm.

Proposition A.3. Let C be a C"! strictly convex bounded set of RN such that its interior
contains 0. We consider y* := yc * pm with (pm)men a standard mollifying sequence
and ry, — 1 when m — +oo such that Cy, := (yzf)_l ({[0,rm)}) is a smooth convex set
containing 0. Then C,, is a C"*! strictly convex set of RN and the Lipschitz constant of its
outward normal vector can be bounded uniformly in m € N.

Proof. By Proposition A.2 the set C,, is strictly convex. Since (r,;)men converges
to 1 and (y&)men converges uniformly to yc on RM when m — +oco we have that
limy;;, o0 dist(0Cyy,, AC) = 0. Thanks to this last result and the fact that 0 is in the interior
of C we can find r > 0 such that B, (0) is in C,,, for every m large enough. Since C,, is a

level set of y{* for every z € C™ we have that vc,, (z) = %. By Proposition A.1
C

and (A.2) the function Vy [ := Vyc * p,, is uniformly Lipschitz continuous on RM\B,(0).
Moreover, there exists k > 0 such that [Vy/(z)| > « for every m € N large enough
according tor > O and C.
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Hence, vc,, is Lipschitz continuous for every m € N with a Lipschitz constant
independent of m € N. O
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