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Quantum direct products and the Künneth class

Rubén Martos

Abstract

We introduce a Künneth class in the quantum equivariant setting inspired by the pioneer work by
J. Chabert, H. Oyono-Oyono and S. Echterhoff, which allows to relate the quantum Baum–Connes
property with the Künneth formula by generalising some key results of Chabert–Oyono-Oyono–Echterhoff
to discrete quantum groups. Finally, we make the observation that the C∗-algebra defining a compact
quantum group with dual satisfying the strong quantum Baum–Connes property belongs to the Künneth
class. This allows to obtain some K-theory computations for quantum direct products based on earlier
work by Voigt and Vergnioux–Voigt.

Produits directs quantiques et la classe de Künneth
Résumé

Nous introduisons une classe de Künneth dans le cadre quantique équivariant inspirés par les
travaux pionniers de J. Chabert, H. Oyono-Oyono et S. Echterhoff ; qui permet de relier la propriété de
Baum–Connes quantique à la formule de Künneth en généralisant certains résultats clés de Chabert–
Oyono-Oyono–Echterhoff aux groupes quantiques discrets. Enfin, nous observons que la C∗-algèbre
définissant un groupe quantique compact dont le dual satisfait la propriété de Baum–Connes quantique
forte appartient à la classe de Künneth. Ceci permet d’obtenir des calculs de K-théorie pour des produits
directs quantiques basés sur des travaux antérieurs de Voigt et Vergnioux–Voigt.

1. Introduction

Universal Coefficient Theorems in algebraic topology establish a connection between
ordinary homology (resp. cohomology) with homology (resp. cohomology) with co-
efficients. In noncommutative geometry, C∗-algebras are viewed as noncommutative
analogues of topological spaces and as such it is reasonable to extend ideas from algebraic
topology to a noncommutative framework. In this sense, K-theory of C∗-algebras is
viewed as a homology theory for C∗-algebras, which provides important invariants for
C∗-algebras (e.g. AF-algebras are completely classified through K-theory [9]). Dually,
K-homology for C∗-algebras is a cohomology theory for C∗-algebras, which agrees with
the Ext-functor in the commutative unital case. K-theory and K-homology can be related
to each other by means of the index theory of elliptic pseudo-differential operators (e.g.
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the Atiyah–Singer’s theorem). Kasparov KK-theory is in turn a bivariant K-theory, which
gathers together both K-theory and K-homology of C∗-algebras. KK-theory plays a central
role in the classification program of C∗-algebras, but it is also relevant to approach diverse
problems outside noncommutative geometry, e.g. the Novikov conjecture.

The Universal Coefficient Theorem (UCT for short) of J. Rosenberg and C. Scho-
chet [26] approximates the bivariant K-theory of Kasparov in terms of ordinary K-theory.
More precisely, given two (separable) C∗-algebras 𝐴 and 𝐵, there exists a short exact
sequence:

Ext1Z (𝐾∗ (𝐴), 𝐾∗ (𝐵))↣ 𝐾𝐾 (𝐴, 𝐵) ↠ Hom(𝐾∗ (𝐴), 𝐾∗ (𝐵)),

provided that 𝐴 belongs to certain bootstrap class. A remarkable consequence of this is
that K-equivalences between C∗-algebras satisfying the UCT lift to KK-equivalences. A
classical companion to the UCT is the Künneth theorem (cf. [26]), which asserts that
given two (separable) C∗-algebras 𝐴 and 𝐵, there exists a short exact sequence:

𝐾∗ (𝐴) ⊗ 𝐾∗ (𝐵)↣ 𝐾∗ (𝐴 ⊗ 𝐵) ↠ TorZ1 (𝐾∗ (𝐴), 𝐾∗ (𝐵)),

provided that 𝐴 belongs to certain bootstrap class. Roughly speaking, Künneth theorem
allows to compute the K-theory of a tensor product of two C∗-algebras in terms of the
K-theory of the corresponding factors (e.g. when 𝐾 (𝐴) or 𝐾 (𝐵) is torsion-free). When the
first arrow in the above diagram is an isomorphism, we refer to𝐾∗ (𝐴)⊗𝐾∗ (𝐵) � 𝐾∗ (𝐴⊗𝐵)
as the Künneth formula. Classically, the Künneth formula identifies the (co-)homology of
a product of topological spaces with the tensor product of (co-)homologies.

In [5], J. Chabert, S. Echterhoff and H. Oyono-Oyono establish a connection between
the Baum–Connes conjecture for a locally compact group 𝐺 with coefficients in a
C∗-algebra 𝐴 and the Künneth formula for the K-theory of tensor products by the
corresponding crossed product 𝐴 ⋊𝑟 𝐺. One remarkable application of the techniques
developed by J. Chabert, S. Echterhoff and H. Oyono-Oyono is a permanence property of
the Baum–Connes conjecture for a direct product of locally compact groups with trivial
coefficients.

In this article, we establish such a connection in analogy to [5] in the realm of discrete
quantum groups and prove a similar permanence property for the quantum counterpart
of the Baum–Connes conjecture. It is important to say that such a study was partially
initiated by the author in [19], but only under torsion-freeness assumption. This was due
mainly to two technical difficulties: the classification of torsion actions for quantum direct
products and the formulation of a quantum assembly map for arbitrary discrete quantum
groups. Let us give more details about these issues.

The Baum–Connes conjecture has been formulated in 1982 by P. Baum and A. Connes.
We still do not know any counter example to the original conjecture but it is known that
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the one with coefficients is false. For this reason we refer to the Baum–Connes conjecture
with coefficients as the Baum–Connes property (BC property for short). The conjecture
aims to understand the link between two operator K-groups of different nature, which
would establish a strong connection between geometry and topology in a more abstract
and general index-theory context. More precisely, if 𝐺 is a (second countable) locally
compact group and 𝐴 is a (separable) 𝐺-𝐶∗-algebra, then the BC property for 𝐺 with
coefficients in 𝐴 claims that the assembly map 𝜇𝐺

𝐴
: 𝐾 top

∗ (𝐺; 𝐴) → 𝐾∗ (𝐴 ⋊𝑟 𝐺) is an
isomorphism, where 𝐾 top

∗ (𝐺; 𝐴) is the equivariant K-homology with compact support of
𝐺 with coefficients in 𝐴 and 𝐾∗ (𝐴 ⋊𝑟 𝐺) is the K-theory of the reduced crossed product
𝐴 ⋊𝑟 𝐺. This property has been proved for a large class of groups (e.g. a-T-menable
groups [14] or hyperbolic groups [16]).

On the one hand, a major problem when studying the quantum counterpart of the
BC property for a discrete quantum group Ĝ is the torsion structure of Ĝ. Indeed, if
𝐺 is a discrete group, its torsion phenomenon is completely described in terms of the
finite subgroups of 𝐺 and encoded in the localizing subcategory of 𝒦𝒦

𝐺 of compactly
induced 𝐺-𝐶∗-algebras, denoted by ℒ𝐺 , according to the Meyer–Nest reformulation [22].
We say that 𝐺 satisfies the strong BC property if ℒ𝐺 = 𝒦𝒦

𝐺 , which corresponds, in
usual terms, to the existence of a 𝛾-element that equals 1C (cf. [22]). This approach yields
as well a characterization of the BC property for a discrete group 𝐺 only in terms of finite
subgroups, K-theory and crossed products. The notion of torsion for a genuine discrete
quantum group, Ĝ, has been introduced firstly by R. Meyer and R. Nest [21, 23] in terms
of ergodic actions of G. It has been re-interpreted later by Y. Arano and K. De Commer
in terms of fusion rings and module 𝐶∗-categories [1].

Given a compact quantum group G, an important question in this context is to
classify all torsion actions of G (at least up to equivariant Morita equivalence). Such
a classification is known for the most common examples of compact quantum groups,
e.g. for the q-deformation of 𝑆𝑈 (2), the free unitary quantum group 𝑈+ (𝑛), the free
orthogonal quantum group 𝑂+ (𝑛) or the quantum permutation group 𝑆+

𝑁
with 𝑛, 𝑁 ∈ N

(cf. [1, 30, 31]). In fact, �𝑆𝑈𝑞 (2), �𝑈+ (𝑛) and �𝑂+ (𝑛) are all torsion-free and the only, up to
equivariant Morita equivalence, non-trivial torsion action of 𝑆+

𝑁
is its structural action as

quantum automorphism group of C𝑁 . However, little is known about the classification of
torsion actions for general constructions of quantum groups. In this direction, the only, to
the best knowledge to the author, such a general result was given in [11] by the author in
collaboration with A. Freslon. It is shown in [11] that torsion actions of a free product
of compact quantum groups are in one-to-one correspondence, up to equivariant Morita
equivalence, with torsion actions of each of the factors.
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It is important to mention that by virtue of the work [1] by Y. Arano and K. De Commer,
we know that if both Ĝ and Ĥ are torsion-free, then �G × H is torsion-free too. The converse
is also true because both Ĝ and Ĥ can be viewed as divisible discrete quantum subgroups
of �G × H and torsion-freeness is preserved under divisible discrete quantum subgroups as
shown in [20]. However, it is an open problem to classify all torsion actions of G × H.
For example, if G =: 𝐺 and H =: 𝐻 are classical discrete groups, then it is well-known
that the subgroups of their direct product 𝐺 × 𝐻 are not always of the form 𝐺′ × 𝐻′ with
𝐺′ ≤ 𝐺 and 𝐻′ ≤ 𝐻 subgroups. It suffices to take 𝐺 = 𝐻 and consider 𝐺 as a subgroup
of 𝐺 × 𝐺 embedded diagonally. The general classification of the subgroups of a direct
product of groups is given by the celebrated Goursat’s lemma (cf. [12]). In particular, not
all finite subgroups of 𝐺 × 𝐻 are classified as direct product of finite subgroups of each
factor. This already indicates that the classification of torsion actions of a quantum direct
product G × H in terms of torsion actions of G and torsion actions of H would be a non
trivial task.

One could restrict attention to projective torsion. A (non-trivial) projective torsion
action of a compact quantum group G is given by a simple finite dimensional C∗-algebra
equipped with an ergodic action of G (not equivariantly Morita equivalent to C). It
is shown in [8] by the author in collaboration with K. De Commer and R. Nest that
these actions by G are in bĳective correspondence with (measurable) 2-cocycles on G,
i.e. with twisted representations of G. This is in complete analogy with the situation
of classical compact groups. Accordingly, the classification of projective torsion of a
quantum direct product G × H turns into the classification of (measurable) 2-cocycles
on G × H. In the classical setting of discrete groups, such a classification goes back to
work by K. Tahara [27]. The author has initiated an investigation in this direction in order
to classify projective torsion of a quantum direct product, which will be the subject of a
subsequent paper.

On the other hand, in order to apply the Meyer–Nest strategy in the quantum setting,
one needs a complementary pair of localizing subcategories, (ℒ

Ĝ
,𝒩
G
), where ℒ

Ĝ
must

encode the torsion phenomenon of Ĝ. A candidate was proposed in [23] and [31] for
specific examples (see also [18, Section 4.1.2] for a description for general discrete
quantum groups), but it has been an open question whether the corresponding pair
is complementary in 𝒦𝒦

Ĝ, which prevented from having a definition of a quantum
assembly map whenever Ĝ is not torsion-free. Recently, Y. Arano and A. Skalski [2]
have observed that the candidates for ℒ

Ĝ
and 𝒩

G
form indeed a complementary pair

of subcategories in 𝒦𝒦
Ĝ, which allows to define a quantum assembly map for every

discrete quantum group Ĝ (torsion-free or not). Moreover, following a different approach
by studying the projective representation theory of a compact quantum group, the same
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conclusion is reached for permutation torsion-free discrete quantum groups by the author
in collaboration with K. De Commer and R. Nest [8]. More details about this formulation
can be found in Section 2.4.

In the present paper we are able to improve several results in this matter appearing
already in [19]. For instance, the functor Z : 𝒦𝒦

Ĝ ×𝒦𝒦
Ĥ → 𝒦𝒦

�G×H given by the
exterior tensor product of Kasparov triples allows to describe appropriately, and without
any torsion-freeness assumption, the quantum BC property for �G × H in terms of the
quantum BC property for Ĝ and Ĥ. Namely, if Ĝ and Ĥ satisfy the strong quantum BC
property, then we show that �G × H satisfies the BC property with coefficients in 𝐴 ⊗ 𝐵, for
all Ĝ-C∗-algebra 𝐴 and all Ĥ-C∗-algebra 𝐵 (cf. Theorem 3.10). Accordingly, an analogous
assertion about the usual quantum BC property needs further hypothesis related to the
Künneth formula in order to compute the K-theory of a tensor product. Therefore, we
are lead to consider a (quantum) equivariant analogue of the Künneth class N , say N

Ĝ
,

containing those Ĝ-C∗-algebras which make possible such a K-theory computation. This
is done in analogy to the work by J. Chabert, S. Echterhoff and H. Oyono-Oyono in [5]. If
Ĝ is a classical locally compact group 𝐺, then N

Ĝ
= N𝐺 as defined in [5]. Furthermore,

our approach, as based in the Meyer–Nest categorical framework, yields a characterisation
of the objects in the equivariant Künneth class in terms of the non-equivariant one, up to
replacing 𝐴 by a ℒ𝐺-simplicial approximation of 𝐴. This study is contained in Section 3.

In Section 4 we generalise some key results appearing in [5] about the connection
between the BC property with the Künneth formula. Namely, let 𝐴 be a Ĝ-C∗-algebra
and 𝐵 a C∗-algebra. Then we show that 𝐴 ∈ N

Ĝ
⇔ 𝐴 ⋊𝑟 Ĝ ∈ N provided that Ĝ satisfies

the BC property with coefficients in 𝐴 ⊗ 𝐵 (cf. Proposition 4.1). One remarkable result
in [5] is the following permanence property of the BC property for a direct product of
locally compact groups. Let 𝐺 and 𝐻 be two locally compact groups satisfying the BC
property with trivial coefficients. If 𝐶∗ (𝐺) or 𝐶∗ (𝐻) belongs to N , then 𝐺 × 𝐻 satisfies
the BC property with trivial coefficients (cf. [5, Theorem 5.3]). The analogue statement
for quantum groups is stated and proven in Theorem 4.5. In the quantum setting further
hypotheses are needed concerning the behaviour of C with respect to the equivariant
Künneth formula. Namely, we have to assume that C ∈ N

Ĝ
. This supplementary condition

is automatically fulfilled in the classical setting because C is a type I C∗-algebra and N𝐺

contains all type I 𝐺-C∗-algebras by virtue of [5, Theorem 0.1]. In the quantum setting, a
similar related result is Theorem 5.1. However, to the best knowledge of the author, it is
not known for instance whether C ∈ N

Ĝ
for every discrete quantum group Ĝ. One reason

for this is that in our approach the objects in N
Ĝ

are characterised in terms of objects in
N up to a ℒ

Ĝ
-simplicial approximation, which entails to study the localisation functor

𝐿 in relation with crossed products and the equivariant Künneth class (cf. Remark 5.2
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for an extended discussion). One possibility to do so might be to adapt the Going-Down
technique from [5] based on Theorem 5.1.

Finally, we make the observation that [2, Theorem 5.2] and [2, Corollary 5.5] can
be also obtained for the Künneth class instead of the bootstrap class (cf. Theorem 5.1).
In particular, one obtains that 𝐶 (G) ∈ N as soon as Ĝ satisfies the strong quantum
BC property. In the classical setting, one can argue as follows. If 𝐺 satisfies the BC
property with coefficients (a fortiori when 𝐺 satisfies the strong BC property), then
we can apply [5, Proposition 4.9] (cf. Proposition 4.1 for the quantum counterpart). In
particular, since we always have C ∈ N𝐺 as explained above, then [5, Proposition 4.9]
implies that 𝐶∗ (𝐺) = C ⋊𝑟 𝐺 ∈ N . This observation allows to put the Künneth formula
to work by computing K-theory groups of the C∗-algebras defining quantum direct
products in relevant examples based, for instance, on works by Voigt and Vergnioux–Voigt
(cf. [29, 30, 31]). See Section 5.

2. Preliminaries

2.1. Notations and conventions

Let us fix the notations and the conventions that we use throughout the whole article.
Whenever 𝒞 denotes a category, we shall assume that 𝒞 is essentially small, so

morphisms Hom𝒞 ( · , · ) form sets. Given a category 𝒞, we denote by 𝒞
op its opposite

category. We say that 𝒞 is countable additive if it is additive and it admits countable direct
sums. If 𝐹 is an additive functor on an additive category, it is, by definition, compatible
with finite direct sums. The categories considered in the present paper are assumed to be
countable additive. Whenever we require an additive functor to be compatible with infinite
(countable) direct sums, it will be explicitly indicated. We denote by 𝒜𝑏 the abelian
category of abelian groups and by 𝒜𝑏Z/2 the abelian category of Z/2-graded abelian
groups. We denote by C*-Alg (resp. Ĝ- C*-Alg, whereG is a compact quantum group) the
category of separable C∗-algebras (resp. Ĝ-C∗-algebras) with ∗-homomorphisms (resp.
Ĝ-equivariant ∗-homomorphisms) as morphisms. We write 𝒟 ⊂ 𝒞 whenever 𝒟 is a
(full) subcategory of 𝒞. We use the symbol 0 to denote either the trivial (abelian) group,
the trivial C∗-algebra, the trivial category or the zero object of an additive category. The
context will distinguish the specific situation.

If 𝐸 is a C-vector space and S is a subset of vectors of 𝐸 , then we write spanS for the
corresponding C-vector subspace generated by S. If (𝐸, ∥ · ∥) is a normed C-vector space
and S ⊂ 𝐸 we write [spanS] := spanS.
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Let 𝐻 be a Hilbert space. We denote by B(𝐻) (resp. K(𝐻)) the space of all linear
bounded (resp. compact) operators on 𝐻. If 𝐴 is a C∗-algebra and 𝐻 a Hilbert 𝐴-module,
we denote by L𝐴(𝐻) (resp. K𝐴(𝐻)) the space of all (resp. compact) adjointable operators
on 𝐻. Hilbert 𝐴-modules are considered to be right 𝐴-modules, so that the corresponding
inner products are considered to be conjugate-linear on the left and linear on the right.

All our C∗-algebras (except for obvious exceptions such as multiplier C∗-algebras and
von Neumann algebras) are supposed to be separable and all our Hilbert modules are
supposed to be countably generated. If 𝐴 is a C∗-algebra and S is a subset of elements in
𝐴, we write 𝐶∗⟨S⟩ := 𝐶∗⟨S ∪ S∗⟩ for the corresponding C∗-subalgebra of 𝐴 generated
by S, that is, the intersection of all C∗-subalgebras of 𝐴 containing S. The symbol ⊗
stands for the minimal tensor product of C∗-algebras and the exterior tensor product of
Hilbert modules depending on the context. The symbol max⊗ stands for the maximal
tensor product of C∗-algebras. In any of the previous cases, the elementary tensors in the
corresponding tensor product are denoted simply by ⊗ and the context will distinguish the
specific situation. If 𝐴 and 𝐵 are two C∗-algebras, Σ : 𝐴⊗𝐵 → 𝐵⊗ 𝐴 denotes the flip map.
The symbol Σ is used as well for the suspension functor in the framework of triangulated
categories. The context will distinguish the specific situation. We use systematically
the leg numbering notation, so if 𝐻 is a Hilbert space then 𝑋12 = 𝑋 ⊗ 1 ∈ B(𝐻⊗3) for
𝑋 ∈ B(𝐻⊗2), etc.

If 𝑆, 𝐴 are C∗-algebras, we denote by 𝑀 (𝐴) = L𝐴(𝐴) the multiplier algebra of 𝐴 and
we put 𝑀 (𝐴 ⊗ 𝑆) := {𝑥 ∈ 𝑀 (𝐴 ⊗ 𝑆) | 𝑥(id𝐴 ⊗ 𝑆) ⊂ 𝐴 ⊗ 𝑆 and (id𝐴 ⊗ 𝑆)𝑥 ⊂ 𝐴 ⊗ 𝑆},
which contains 𝐴⊗𝑀 (𝑆). If 𝐻 is a Hilbert 𝐴-module, we put 𝑀 (𝐻) := L𝐴(𝐴, 𝐻), which
contains canonically𝐻 � K𝐴(𝐴, 𝐻). We put𝑀 (𝐻⊗𝑆) := {𝑋 ∈ 𝑀 (𝐻⊗𝑆) | 𝑋 (id𝐴⊗𝑆) ⊂
𝐻 ⊗ 𝑆 and (id𝐻 ⊗𝑆)𝑋 ⊂ 𝐻 ⊗ 𝑆}, which contains 𝐻 ⊗ 𝑀 (𝑆).

If G = (𝐶 (G),Δ) is a compact quantum group, the set of all unitary equivalence
classes of irreducible unitary finite dimensional representations of G is denoted by Irr(G).
The trivial representation of G is denoted by 𝜖 . If 𝑥 ∈ Irr(G) is such a class, we write
𝑢𝑥 ∈ B(𝐻𝑥) ⊗ 𝐶 (G) for a representative of 𝑥 and 𝐻𝑥 for the finite dimensional Hilbert
space on which 𝑢𝑥 acts (we write dim(𝑥) := 𝑛𝑥 for the dimension of 𝐻𝑥). The matrix
coefficients of 𝑢𝑥 with respect to an orthonormal basis {𝜉𝑥1 , . . . , 𝜉

𝑥
𝑛𝑥
} of 𝐻𝑥 are defined by

𝑢𝑥
𝑖 𝑗

:= (𝜔𝑖 𝑗 ⊗ id) (𝑢𝑥) for all 𝑖, 𝑗 = 1, . . . , 𝑛𝑥 . The linear span of matrix coefficients of all
finite dimensional representations of G is denoted by Pol(G), which is a Hopf ∗-algebra
with co-multipliction Δ and co-unit and antipode denoted by 𝜀G and 𝑆G, respectively.
Given 𝑥, 𝑦 ∈ Irr(G), the tensor product of 𝑥 and 𝑦 is denoted by 𝑥 ⊗ 𝑦.

The Haar state of G is denoted by ℎG. The GNS construction corresponding to ℎG is
denoted by (𝐿2 (G), 𝜆, 𝜉G). We also write Λ(𝑥) = 𝜆(𝑥)𝜉G for 𝑥 ∈ 𝐶 (G). We adopt the
standard convention for the inner product on 𝐿2 (G), which means that ⟨Λ(𝑥),Λ(𝑦)⟩ :=
ℎG (𝑥∗𝑦) for all 𝑥, 𝑦 ∈ 𝐶 (G). We suppress the notation 𝜆 in computations so that we
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simply write 𝑥Λ(𝑦) = Λ(𝑥𝑦) for all 𝑥, 𝑦 ∈ 𝐶 (G). We will make the standing assumption
that ℎG is faithful, so we only work with the reduced form of a compact quantum group,
hence 𝐶𝑟 (G) = 𝐶 (G) unless the contrary is specified. The maximal form of G is given by
the C∗-envelopping algebra of Pol(G), denoted by 𝐶𝑚 (G).

The Haar state extends uniquely to a normal faithful state on 𝐿∞ (G), and we denote
by 𝐽G the associated modular conjugation on 𝐿2 (G). Let 𝐼0 be the anti-linear involutive
map Λ(Pol(G)) → 𝐿2 (G) defined by Λ(𝑥) ↦→ Λ(𝑆(𝑥)∗) for 𝑥 ∈ Pol(G). Then 𝐼0 is
closeable, and we denote 𝐼 = 𝐽G |𝐼 | for the polar decomposition of its closure. The
map 𝑅(𝑥) = 𝐽G𝑥

∗𝐽G, for all 𝑥 ∈ 𝐶 (G), is a well-defined anti-multiplicative and anti-
co-multiplicative map on 𝐶 (G) preserving Pol(G), called unitary antipode. We put
𝑈G = 𝐽G𝐽G = 𝐽G𝐽G ∈ B(𝐿2 (G)) for the symmetry of the standard Kac system associated
to G. The we put 𝜌(𝑎) := 𝑈G𝜆(𝑎)𝑈G, for all 𝑎 ∈ 𝐶 (G).

Given a compact quantum groupG, we put 𝑐0 (Ĝ) := [{(id⊗𝜂) (𝑉G) | 𝜂∈B(𝐿2 (G))∗}] ⊂
B(𝐿2 (G)), where 𝑉G denotes the right regular representation of G on 𝐿2 (G). Recall
that 𝑐0 (Ĝ) is a C∗-algebra which defines a locally compact quantum group with co-
multiplication Δ̂(𝑥) := Σ𝑉∗

G
(1 ⊗ 𝑥)𝑉GΣ, for all 𝑥 ∈ 𝑐0 (Ĝ). There exists a natural

isomorphism 𝑐0 (Ĝ) �
⊕𝑐0

𝑥∈Irr(G) B(𝐻𝑥). We denote the identity map by 𝜆 : 𝑐0 (Ĝ) →
B(𝐿2 (G)).

If H is another compact quantum group, we say that Ĥ is a discrete quantum subgroup
of Ĝ if one (hence all) of the following conditions hold:

(i) Pol(H) is a Hopf ∗-subalgebra of Pol(G);

(ii) 𝐶𝑟 (H)
𝜄⊂ 𝐶𝑟 (G) such that 𝜄 intertwines the co-multiplications;

(iii) 𝐶𝑚 (H)
𝜄⊂ 𝐶𝑚 (G) such that 𝜄 intertwines the co-multiplications;

(iv) ℛep(H) is a full subcategory of ℛep(G) containing the trivial representation
and stable by direct sums, tensor product and adjoint operations.

See [6] for more details. In this case we write Ĥ < Ĝ. Note that in this case we have
𝜖 := 𝜖G = 𝜖H. The trivial quantum subgroup of Ĝ is denoted by E.

2.2. Actions of quantum groups

In this section we recall some terminology about actions of quantum groups. We refer
to [7] for more details.
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Definition 2.1. Let G = (𝐶 (G),Δ) be a compact quantum group. A right G-C∗-algebra
is a C∗-algebra 𝐴 together with an injective non-degenerate ∗-homomorphism 𝛼 : 𝐴→
𝐴 ⊗ 𝐶 (G) such that:

(i) (𝛼 ⊗ id𝐶 (G) ) ◦ 𝛼 = (id𝐴 ⊗ Δ) ◦ 𝛼, and

(ii) [𝛼(𝐴) (1 ⊗ 𝐶 (G))] = 𝐴 ⊗ 𝐶 (G).

Such homomorphism is called a right action of G on 𝐴 or a right co-action of 𝐶 (G) on 𝐴.

Similarly, we can define a left action of G on 𝐴 (or a left co-action of 𝐶 (G) on 𝐴)
as a non-degenerate ∗-homomorphism 𝛼 : 𝐴 → 𝐶 (G) ⊗ 𝐴 satisfying the analogous
properties of the preceding definition. In the present article, an action of a compact
quantum group G is supposed to be a right one unless the contrary is explicitly indicated.
Hence, we refer to such actions simply as actions of G. Observe however that if (𝐴, 𝛼) is
a right G-C∗-algebra, then (𝐴op, 𝛼) is a left G-C∗-algebra where 𝐴op denotes the opposite
C∗-algebra of 𝐴 and 𝛼 : 𝐴op → 𝐶 (G) ⊗ 𝐴op is defined by 𝛼 := (𝑅 ⊗ id) ◦ Σ ◦ 𝛼, where
𝑅 denotes the unitary antipode of G.

We also recall the notion of action for discrete quantum groups for the sake of
completeness.

Definition 2.2. Let G = (𝐶 (G),Δ) be a compact quantum group. A right Ĝ-C∗-algebra
is a C∗-algebra 𝐴 together with an injective non-degenerate ∗-homomorphism 𝛼 : 𝐴→
𝑀 (𝐴 ⊗ 𝑐0 (Ĝ)) such that:

(i) (𝛼 ⊗ id
𝑐0 (Ĝ) ) ◦ 𝛼 = (id𝐴 ⊗ Δ̂) ◦ 𝛼, and

(ii) [𝛼(𝐴) (1 ⊗ 𝑐0 (Ĝ))] = 𝐴 ⊗ 𝑐0 (Ĝ).

Such homomorphism is called a right action of Ĝ on 𝐴 or a right co-action of 𝑐0 (Ĝ) on 𝐴.

Again, one has the analogous notion of a left action of Ĝ. In the following, an action of
a discrete quantum group Ĝ is supposed to be a right one unless the contrary is explicitly
indicated.

We also recall the notion of equivariant Hilbert module with respect to a compact
quantum group for the sake of completeness.

Definition 2.3. Let G be a compact quantum group and (𝐴, 𝛿) a G-C∗-algebra. A right
G-equivariant Hilbert 𝐴-module is a right 𝐴-module 𝐸 together with an injective linear
map 𝛿𝐸 : 𝐸 → 𝐸 ⊗ 𝐶 (G) such that:

(i) 𝛿𝐸 (𝜉 · 𝑎) = 𝛿𝐸 (𝜉) ◦ 𝛿(𝑎) for all 𝜉 ∈ 𝐸 and 𝑎 ∈ 𝐴;
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(ii) 𝛿
(
⟨𝜉, 𝜂⟩

)
= ⟨𝛿𝐸 (𝜉), 𝛿𝐸 (𝜂)⟩ for all 𝜉, 𝜂 ∈ 𝐸 ;

(iii) (𝛿𝐸 ⊗ id) ◦ 𝛿𝐸 = (id ⊗ Δ) ◦ 𝛿𝐸 ;

(iv) [𝛿𝐸 (𝐸) (𝐴 ⊗ 𝐶 (G))] = 𝐸 ⊗ 𝐶 (G).

Such map is called a right action of G on 𝐸 or a right co-action of 𝐶 (G) on 𝐸 .

Remark 2.4. The notion of representation of a compact quantum group can be viewed
alternatively as follows. If 𝑢 ∈ B(𝐻)⊗𝐶 (G) is a (finite dimensional) unitary representation
of G on a (finite dimensional) Hilbert space 𝐻, then the map 𝛿𝐻 : 𝐻 → 𝐻 ⊗ 𝐶 (H),
𝜉 ↦→ 𝛿𝐻 (𝜉) := 𝑢(𝜉⊗id), turns𝐻 into aG-equivariant Hilbert space. Conversely, if (𝐻, 𝛿𝐻 )
is a (finite dimensional) G-equivariant Hilbert space, then the unitary 𝑢 ∈ B(𝐻) ⊗ 𝐶 (G)
defined by 𝑢(𝜉 ⊗ 1) = 𝛿𝐻 (𝜉), for all 𝜉 ∈ 𝐻 is a (finite dimensional) unitary representation
of G on 𝐻.

Definition 2.5. Let G be a compact quantum group and (𝐴, 𝛿) a G-C∗-algebra. Let
(𝐸, 𝛿𝐸) be a G-equivariant Hilbert 𝐴-module. We say that 𝐸 is irreducible if the
space of equivariant adjointable operators of 𝐸 , LG (𝐸) := {𝑇 ∈ L𝐴(𝐸) | 𝛿𝐸 (𝑇 (𝜉)) =
(𝑇 ⊗ 1)𝛿𝐸 (𝜉), for all 𝜉 ∈ 𝐸}, is one-dimensional.

Remark 2.6. If (𝐸, 𝛿𝐸) is a G-equivariant Hilbert 𝐴-module as above, then K𝐴(𝐸)
is a G-C∗-algebra with action 𝛿K𝐴 (𝐸 ) defined by 𝛿K𝐴 (𝐸 ) (𝜃 𝜉 ,𝜂) = 𝛿𝐸 (𝜉)𝛿𝐸 (𝜂)∗ ∈
K𝐴(𝐸) ⊗ 𝐶 (G), for all 𝜉, 𝜂 ∈ 𝐸 where 𝜃 𝜉 ,𝜂 denotes the corresponding rank one operator
in 𝐸 . By abuse of notation, we still denote by 𝛿K𝐴 (𝐸 ) the extension of this homomorphism
to L𝐴(𝐸) = 𝑀 (K𝐴(𝐸)) → 𝑀 (K𝐴(𝐸) ⊗ 𝐶 (G)). The latter is however not in general
an action of G on L𝐴(𝐸). Recall further that giving an action 𝛿𝐸 is equivalent to
giving a unitary operator 𝑉𝐸 ∈ L𝐴⊗𝐶 (G)

(
𝐸 ⊗𝛿 (𝐴 ⊗ 𝐶 (G)), 𝐸 ⊗ 𝐶 (G)

)
such that

𝛿𝐸 (𝜉) = 𝑉𝐸 ◦ 𝑇𝜉 for all 𝜉 ∈ 𝐸 where 𝑇𝜉 ∈ L𝐴⊗𝐶 (G) (𝐴 ⊗ 𝐶 (G), 𝐸 ⊗𝛿 (𝐴 ⊗ 𝐶 (G))) is
such that 𝑇𝜉 (𝑥) = 𝜉 ⊗𝛿 𝑥, for all 𝑥 ∈ 𝐴 ⊗ 𝐶 (G). One calls 𝑉𝐸 the admissible operator for
(𝐸, 𝛿𝐸). Moreover, we have 𝛿K𝐴 (𝐸 ) = Ad𝑉𝐸

. We refer to [3] for more details. Note that
LG (𝐸) = L𝐴(𝐸)Ad𝑉𝐸 . So, if (𝐸, 𝛿𝐸) is irreducible, then L𝐴(𝐸) = K𝐴(𝐸) together with
Ad𝑉𝐸

defines an ergodic action of G.

Definition 2.7. Let G be a compact quantum group. Let (𝐴, 𝛼) and (𝐵, 𝛽) be two
G-C∗-algebras. We say that 𝐴 and 𝐵 are G-equivariantly Morita equivalent if there exists
a G-equivariant Hilbert 𝐴-module (𝐸, 𝛿𝐸) such that 𝐵 � K𝐴(𝐸) as G-C∗-algebras. In
this case we write 𝐴 ∼G 𝐵.

If (𝐴, 𝛼) is a G-C∗-algebra, we put 𝐴𝛼 := {𝑎 ∈ 𝐴 | 𝛼(𝑎) = 𝑎 ⊗ 1𝐶 (G) }, which is a
sub-C∗-algebra of 𝐴. If 𝐴 is unital, we say that 𝛼 is ergodic if 𝐴𝛼 = C · 1𝐴.
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Definition 2.8. Let G be a compact quantum group. A torsion action of G is a G-C∗-
algebra (𝑇, 𝜏) where 𝑇 is finite dimensional and 𝜏 is ergodic. We say that Ĝ is torsion-free
if any torsion action of G is G-equivariantly Morita equivalent to the trivial G-C∗-algebra
C. The set of all equivalence classes under equivariant Morita equivalence of non-trivial
torsion actions of G is denoted by Tor(Ĝ).

Notation 2.9. Notice that there is no risk of confusion between the notation Tor(Ĝ) for
torsion actions of G and the usual Tor-functor.

Finally, let us recall the two-sided crossed product construction. It appears already
in [25, Section 2.6] in the context of quantum groupoids. It is used to formulate a quantum
Baum–Connes assembly map in [2] and [8], which we will use later. Let G be a compact
quantum group. If (𝐵, 𝛽) is a right G-C∗-algebra and (𝐴, 𝛼) is a left G-C∗-algebra, then
the two-sided crossed product of 𝐵 and 𝐴 by G, denoted by 𝐵 ⋊𝑟 ,𝛽 G ⋉𝑟 ,𝛼 𝐴, is the
C∗-algebra defined by:

𝐵 ⋊
𝑟 ,𝛽
G ⋉

𝑟 ,𝛼
𝐴 := 𝐶∗⟨((id ⊗ 𝜆)𝛽(𝐵) ⊗ 1) (1 ⊗ 𝜆(𝑐0 (Ĝ)) ⊗ 1) (1 ⊗ (𝜌 ⊗ id) (𝛼(𝐴)))⟩

⊂ L𝐵⊗𝐴(𝐵 ⊗ 𝐿2 (G) ⊗ 𝐴).

To lighten the notations we will omit the representations 𝜆, 𝜆 and 𝜌 in the definition
of 𝐵 ⋊𝑟 ,𝛽 G ⋉𝑟 ,𝛼 𝐴, and note that then 𝜌(𝑥) = 𝑈G𝑥𝑈G for 𝑥 ∈ 𝐶 (G). We also write
𝛼𝑈 (𝑥) = (𝑈G ⊗ id)𝛼(𝑥) (𝑈G ⊗ id) for 𝑥 ∈ 𝐴. It is easy to show that 𝐵 ⋊𝑟 ,𝛽 G ⋉𝑟 ,𝛼
𝐴 = span{(𝛽(𝐵) ⊗ 1) (1 ⊗ 𝑐0 (Ĝ) ⊗ 1) (1 ⊗ 𝛼𝑈 (𝐴))}. We use these two descriptions of
𝐵 ⋊𝑟 ,𝛽 G ⋉𝑟 ,𝛼 𝐴 interchangeably.

2.3. Quantum direct products

Let us recall briefly the construction of quantum direct product in the sense of S. Wang [32].
Let G and H be two compact quantum groups. The quantum direct product of G and

H is a compact quantum group denoted by F := G × H with 𝐶 (F) = 𝐶 (G) ⊗ 𝐶 (H). The
co-multiplication on F is given by ΔF = (id ⊗ Σ ⊗ id) (ΔG ⊗ ΔH). The representation
theory of F can be described explicitly as follows. For every irreducible representation
𝑧 ∈ Irr(F), take a representative 𝑢𝑧 ∈ B(𝐻𝑧) ⊗ 𝐶 (F). Then there exist unique irreducible
representations 𝑥 ∈ Irr(G) and 𝑦 ∈ Irr(H) such that if 𝑢𝑥 ∈ B(𝐻𝑥) ⊗ 𝐶 (G) and
𝑢𝑦 ∈ B(𝐻𝑦) ⊗ 𝐶 (H) are respective representatives of 𝑥 and 𝑦, then we have 𝑢𝑧 �
𝑢𝑥13𝑢

𝑦

24 ∈ B(𝐻𝑥 ⊗𝐻𝑦) ⊗𝐶 (F), where 𝑢𝑥13 and 𝑢𝑦24 are the corresponding legs of 𝑢𝑥 and 𝑢𝑦 ,
respectively inside B(𝐻𝑥) ⊗ B(𝐻𝑦) ⊗ 𝐶 (G) ⊗ 𝐶 (H). In this case we write 𝑢 (𝑥,𝑦) := 𝑢𝑧 .
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This description of Irr(F) yields that 𝑐0 (F̂) � 𝑐0 (Ĝ) ⊗ 𝑐0 (Ĥ). Therefore, given a
Ĝ-C∗-algebra (𝐴, 𝛼) and a Ĥ-C∗-algebra (𝐵, 𝛽), the tensor product 𝐴 ⊗ 𝐵 is a C∗-algebra
equipped with the following action of F̂:

𝐴 ⊗ 𝐵
𝛼⊗𝛽
−→ 𝑀 (𝑐0 (Ĝ) ⊗ 𝐴) ⊗ 𝑀 (𝑐0 (Ĥ) ⊗ 𝐵) ⊂ 𝑀 (𝑐0 (Ĝ) ⊗ 𝐴 ⊗ 𝑐0 (Ĥ) ⊗ 𝐵)

Σ23
� 𝑀 (𝑐0 (Ĝ) ⊗ 𝑐0 (Ĥ) ⊗ 𝐴 ⊗ 𝐵) � 𝑀 (𝑐0 (F̂) ⊗ 𝐴 ⊗ 𝐵).

By abuse of notation, we denote this composition simply by 𝛼 ⊗ 𝛽. In a similar way,
given aG-C∗-algebra (𝑇, 𝜏) and aH-C∗-algebra (𝑆, 𝜎) we can still define the F-C∗-algebra
(𝑇 ⊗ 𝑆, 𝜏 ⊗ 𝜎). In particular, it is clear that if (𝑇, 𝜏) is a torsion action of G and (𝑆, 𝜎) is
a torsion action of H, then (𝑅, 𝜌) is a torsion action of F.

Finally, observe that the quantum direct product construction can be done more
generally for locally compact quantum groups too. In this respect, the following is an easy
observation (see [19, Corollary 2.3.3] for a proof in the case of discrete quantum groups).

Proposition 2.10. Let G, H be two locally compact quantum groups and let F := G × H
be the corresponding quantum direct product of G and H. If (𝐴, 𝛼) is a G-C∗-algebra
and (𝐵, 𝛽) is a H-C∗-algebra, then there exists a canonical ∗-isomorphism 𝐶 ⋊𝛿,𝑟 F �

𝐴 ⋊𝛼,𝑟 G ⊗ 𝐵 ⋊𝛽,𝑟 H, where 𝐶 := 𝐴 ⊗ 𝐵 is the F-C∗-algebra with action 𝛿 := 𝛼 ⊗ 𝛽.
In particular, if H = E is the trivial locally compact quantum group and 𝐵 is any

C∗-algebra equipped with trivial action, then there exists a canonical ∗-isomorphism
(𝐴 ⊗ 𝐵) ⋊𝛿,𝑟 G � 𝐴⋊𝛼,𝑟 G⊗ 𝐵, where 𝐴 ⊗ 𝐵 is the G-C∗-algebra with action 𝛿 := 𝛼 ⊗ id.

Proof. The isomorphism of the statement is simply induced by the canonical map

L𝐴(𝐿2 (G) ⊗ 𝐴) ⊗ L𝐵 (𝐿2 (H) ⊗ 𝐵)

−→ L𝐴⊗𝐵
(
𝐿2 (G) ⊗ 𝐿2 (H) ⊗ 𝐴 ⊗ 𝐵

)
= L𝐴⊗𝐵 (𝐿2 (F) ⊗ 𝐶). □

In relation with the two-sided crossed product construction recalled in Section 2.1, the
following result (which is a generalisation of Proposition 2.10) is straightforward after a
routine computation by applying the definitions and the fact that 𝑐0 (F̂) � 𝑐0 (Ĝ) ⊗ 𝑐0 (Ĥ).

Proposition 2.11. Let G and H be two compact quantum groups and let F := G × H
be the corresponding quantum direct product of G and H. Let (𝐴, 𝛼) and (𝐵, 𝛽) be a
right G-C∗-algebra and a right H-C∗-algebra, respectively. Let (𝑇, 𝜏) and (𝑆, 𝜎) be a
left G-C∗-algebra and a left H-C∗-algebra. Then (𝐴 ⊗ 𝐵) ⋊𝑟 ,𝛼⊗𝛽 F ⋉𝑟 ,𝜏⊗𝜎 (𝑇 ⊗ 𝑆) �
(𝐴 ⋊𝑟 ,𝛼 G ⋉𝑟 ,𝜏 𝑇) ⊗ (𝐵 ⋊𝑟 ,𝛽 H ⋉𝑟 ,𝜎 𝑆).

In particular, if H = E is the trivial compact quantum group and 𝐵 is any C∗-algebra
equipped with trivial action, then (𝐴 ⊗ 𝐵) ⋊𝑟 ,𝛼⊗id G ⋉𝑟 ,𝜏 𝑇 � (𝐴 ⋊𝑟 ,𝛼 G ⋉𝑟 ,𝜏 𝑇) ⊗ 𝐵.
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Notation 2.12. In the original paper [32] by S. Wang the construction G × H is called
Cartesian product ofG byH. Moreover, this construction is consistent with the construction
of direct product of classical discrete groups, for instance. Hence, the terminology direct
product of G by H should not cause any confusion. However, we use the terminology
quantum direct product to emphasise the use of arbitrary compact quantum groups in this
construction.

2.4. The equivariant Kasparov category and the quantum Baum–Connes
assembly map

We refer to [3, 4] for more details about (equivariant) 𝐾𝐾-theory and to [15, 22] for more
details about triangulated categories and the Meyer–Nest approach to the BC property,
which is fundamental for a quantum counterpart of the conjecture.

Let Ĝ be a discrete quantum group and consider the corresponding equivariant
Kasparov category, 𝒦𝒦

Ĝ, with canonical suspension functor denoted by Σ. 𝒦𝒦
Ĝ is a

triangulated category whose distinguished triangles are given by mapping cone triangles
(see [22] for more details). The word homomorphism (resp. isomorphism) will mean
homomorphism (resp. isomorphism) in the corresponding Kasparov category; it will be a
true homomorphism (resp. isomorphism) between Ĝ-C∗-algebras or any Kasparov triple
between Ĝ-C∗-algebras (resp. any equivariant 𝐾𝐾-equivalence between Ĝ-C∗-algebras).
Analogously, we can consider the equivariant Kasparov category 𝒦𝒦

G.
Exterior tensor product of Kasparov triples is important for the purpose of the present

paper. Namely, given C∗-algebras 𝐴, 𝐴′, 𝐵, 𝐵′ and 𝐷, the map:

𝜏̃𝐷 : 𝐾𝐾 (𝐴, 𝐴′ ⊗ 𝐷) × 𝐾𝐾 (𝐷 ⊗ 𝐵, 𝐵′) −→ 𝐾𝐾 (𝐴 ⊗ 𝐵, 𝐴′ ⊗ 𝐵′)
(X,Y) ↦−→ 𝜏̃𝐷 (X,Y) := 𝜏𝐵 (X) ⊗

𝐴′⊗𝐷⊗𝐵
𝐴′𝜏(Y) =: X ⊗Ext

𝐷 Y

is bilinear, contravariantly functorial in 𝐴 and 𝐵 and covariantly functorial in 𝐴′ and 𝐵′.
Here ⊗𝐴′⊗𝐷⊗𝐵 denotes the usual Kasparov product over 𝐴′⊗𝐷⊗𝐵; and 𝜏𝐵 and 𝐴′𝜏 denote
the right and left exterior tensor products by 𝐵 and 𝐴′, respectively (cf. [4, Chapter VIII,
Section 18] for details). Notice however that 𝜏𝐴 � 𝐴𝜏, for all C∗-algebra 𝐴 because the
tensor product of C∗-algebras is a commutative operation. In particular, taking 𝐷 := C, 𝜏̃C
defines a tensor product of Kasparov triples. Namely, by virtue of [4, Proposition 18.9.1],
the operation 𝜏̃C ( · ) = ( · ) ⊗Ext

C
( · ) is associative. For the sake of completeness, let us

check the latter claim by translating the formulas from [4, Proposition 18.9.1] to the case
𝜏̃C. Let 𝐴, 𝐴′, 𝐵, 𝐵′, 𝐶 and 𝐶′ be C∗-algebras and X ∈ 𝐾𝐾 (𝐴, 𝐴′), Y ∈ 𝐾𝐾 (𝐵, 𝐵′),
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Z ∈ 𝐾𝐾 (𝐶,𝐶′). Then:

(X ⊗Ext
C Y) ⊗Ext

C Z = 𝜏𝐶

(
X ⊗Ext

C Y
)

⊗
𝐴′⊗𝐵′⊗𝐶

𝐴′⊗𝐵′𝜏(Z)

=

(
𝜏𝐶 (X) ⊗Ext

𝐶 𝐶𝜏(Y)
)

⊗
𝐴′⊗𝐵′⊗𝐶

𝐴′⊗𝐵′𝜏(Z)

=

(
𝜏𝐵

(
𝜏𝐶 (X)

)
⊗

𝐴′⊗𝐵⊗𝐶
𝐴′𝜏

(
𝐶𝜏(Y)

) )
⊗

𝐴′⊗𝐵′⊗𝐶
𝐴′⊗𝐵′𝜏(Z)

=

(
𝜏𝐵⊗𝐶 (X) ⊗

𝐴′⊗𝐵⊗𝐶
𝐶⊗𝐴′𝜏(Y)

)
⊗

𝐴′⊗𝐵′⊗𝐶
𝐴′⊗𝐵′𝜏(Z)

= 𝜏𝐵⊗𝐶 (X) ⊗
𝐴′⊗𝐵⊗𝐶

(
𝐶⊗𝐴′𝜏(Y) ⊗

𝐴′⊗𝐵′⊗𝐶
𝐴′⊗𝐵′𝜏(Z)

)
= 𝜏𝐵⊗𝐶 (X) ⊗

𝐴′⊗𝐵⊗𝐶

(
𝜏𝐶

(
𝜏𝐴′ (Y)

)
⊗

𝐴′⊗𝐵′⊗𝐶
𝐵′𝜏

(
𝐴′𝜏(Z)

) )
= 𝜏𝐵⊗𝐶 (X) ⊗

𝐴′⊗𝐵⊗𝐶

(
𝜏𝐴′ (Y) ⊗Ext

𝐴′ 𝐴′𝜏(Z)
)

= 𝜏𝐵⊗𝐶 (X) ⊗
𝐴′⊗𝐵⊗𝐶

𝐴′𝜏

(
Y ⊗Ext

C Z
)
= X ⊗Ext

C (Y ⊗Ext
C Z).

Moreover, given a C∗-algebra 𝐴, the functor 𝐴 ⊗ ( · ) : C*-Alg → 𝒦𝒦, 𝐵 ↦→ 𝐴 ⊗ 𝐵,
is a split-exact, stable and homotopy invariant. By the universal property of the Kasparov
category (cf. [13]), it extends to a functor 𝐴 ⊗ ( · ) : 𝒦𝒦 → 𝒦𝒦. Similarly, we have a
functor ( · ) ⊗ 𝐴 : 𝒦𝒦 → 𝒦𝒦. Since these extensions are natural, we obtain a bifunctor
𝜏̃C ( · ) = ( · ) ⊗Ext

C
( · ) : 𝒦𝒦 ×𝒦𝒦 → 𝒦𝒦. In other words, the bifunctor 𝜏̃C confer

a monoidal structure on 𝒦𝒦. Finally, since the Kasparov product plays the role of
composition of morphisms within the category 𝒦𝒦, functoriality of 𝜏̃ yields that:(

𝑦 ⊗Ext
C 𝑥

)
⊗

𝐴⊗𝐵

(
𝑧 ⊗Ext
C 𝑤

)
=
(
𝑦 ⊗

𝐴
𝑧
)
⊗Ext
C

(
𝑥 ⊗

𝐵
𝑤
)
, (2.1)

for all 𝑦 ∈ 𝐾𝐾 (𝐷, 𝐴), 𝑥 ∈ 𝐾𝐾 (𝐷′, 𝐵), 𝑧 ∈ 𝐾𝐾 (𝐴, 𝐴′), 𝑤 ∈ 𝐾𝐾 (𝐵, 𝐵′) and all C∗-
algebras 𝐴, 𝐴′, 𝐵, 𝐵′, 𝐷, 𝐷′.

Remark 2.13. If 𝐺 is a locally compact group, then the equivariant Kasparov category
𝒦𝒦

𝐺 is also characterised by a universal property in terms of split-exactness, stability
and homotopy invariance (cf. [28]). The exterior tensor product can be also defined in the
equivariant setting, say 𝜏̃𝐺

C
; the action of 𝐺 on a tensor product of C∗-algebras being the

diagonal action. Again, 𝒦𝒦
𝐺 is equipped in this way with a monoidal structure and the

analogue to Equation (2.1) holds. Furthermore, if G is a regular locally compact quantum
group, then 𝒦𝒦

G is also characterised by a universal property as in the classical setting
(cf. [24]). If 𝐷 (G) denotes the Drinfeld double of G, then 𝒦𝒦

𝐷 (G) is equipped with a
monoidal structure by means of the braided tensor product (cf. [24]). Again, the analogue
to Equation (2.1) holds.
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Assume for the moment that Ĝ is torsion-free. In that case, consider the usual
complementary pair of localizing subcategories in 𝒦𝒦

Ĝ, (ℒ
Ĝ
,𝒩
G
). Denote by (𝐿, 𝑁)

the canonical triangulated functors associated to this complementary pair. More precisely
we have that ℒ

Ĝ
is defined as the localizing subcategory of 𝒦𝒦

Ĝ generated by the
objects of the form IndĜE (𝐶) = 𝐶 ⊗ 𝑐0 (Ĝ) with 𝐶 any C∗-algebra in the Kasparov
category 𝒦𝒦 and 𝒩

G
is defined as the localizing subcategory of objects which are

isomorphic to 0 in 𝒦𝒦: ℒ
Ĝ

:= ⟨{IndĜE (𝐶) = 𝐶 ⊗ 𝑐0 (Ĝ) | 𝐶 ∈ Obj(𝒦𝒦)}⟩ and
𝒩
G
= {𝐴 ∈ Obj(𝒦𝒦

Ĝ) | ResĜE (𝐴) � 0}.
If Ĝ is not torsion-free, then a technical property lacked in the literature in order to

define a suitable complementary pair. The natural candidate used in the related works (see
for instance [23] and [31]) is given by the following localizing subcategories of 𝒦𝒦

Ĝ:

ℒ
Ĝ

:=
〈{
𝐶 ⊗ 𝑇 ⋊

𝑟
G
��𝐶 ∈ Obj(𝒦𝒦), 𝑇 ∈ Tor(Ĝ)

}〉
,

𝒩
G

:= ℒ
⊣
Ĝ
=
{
𝐴 ∈ Obj(𝒦𝒦

Ĝ)
��𝐾𝐾Ĝ (𝐿, 𝐴) � 0, ∀ 𝐿 ∈ Obj(ℒ

Ĝ
)
}
.

Remark 2.14. We put ℒ̂
Ĝ

:= ⟨{𝐶 ⊗ 𝑇 | 𝐶 ∈ Obj(𝒦𝒦), 𝑇 ∈ Tor(Ĝ)}⟩, so that we have
ℒ̂
Ĝ
⋊ G = ℒ

Ĝ
by definition. Similarly we put 𝒩

G
:= 𝒩

G
⋊ Ĝ. The pair (ℒ̂

Ĝ
,𝒩
G
) is still

complementary. We denote by ( 𝐿̂, 𝑁) the corresponding triangulated functors defining
the (ℒ̂

Ĝ
,𝒩
G
)-triangles in 𝒦𝒦

G.

Recently, Y. Arano and A. Skalski [2] have showed that these two subcategories form
indeed a complementary pair of localizing subcategories in 𝒦𝒦

Ĝ. Also, the author in
collaboration with K. De Commer and R. Nest has obtained the same conclusion in [8]
for permutation torsion-free discrete quantum groups as an application of the study of
the projective representation theory for compact quantum groups. In either case, the
complementarity of the pair (ℒ

Ĝ
,𝒩
G
) is based in a generalisation of the Green–Julg

isomorphism. More precisely, given such a torsion action of G, say (𝑇, 𝛿), we define the
following triangulated functors:

𝑗G,𝑇 : 𝒦𝒦
G −→ 𝒦𝒦, (𝐵, 𝛽) ↦−→ 𝑗G,𝑇 (𝐵, 𝛽) := 𝐵 ⋊

𝑟 ,𝛽
G ⋉

𝑟 , 𝛿

𝑇op,

𝜏𝑇 : 𝒦𝒦 −→ 𝒦𝒦
G, 𝐶 ↦−→ 𝜏𝑇 (𝐶) := (𝐶 ⊗ 𝑇, id ⊗ 𝛿).

The proof of the following result can be found in [2] (see also [8] for a different
approach).
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Theorem 2.15. Let G be a compact quantum group. Let (𝑇, 𝛿) be a torsion action of
G. Then 𝜏𝑇 : 𝒦𝒦 → 𝒦𝒦

G is a left adjoint of 𝑗G,𝑇 : 𝒦𝒦
G → 𝒦𝒦 as triangulated

functors. More precisely,

Ψ𝑇 : 𝐾𝐾G (𝐶 ⊗ 𝑇, 𝐵) ∼−→ 𝐾𝐾

(
𝐶, 𝐵 ⋊

𝑟 ,𝛽
G ⋉

𝑟 , 𝛿

𝑇op
)
,

for all 𝐶 ∈ Obj(𝒦𝒦) and (𝐵, 𝛽) ∈ Obj(𝒦𝒦
G).

Then the general Meyer–Nest’s machinery yields in particular that 𝒩
G

=

kerObj
(
( 𝑗G,𝑇 )𝑇∈Tor(Ĝ)

)
. This allows to define a quantum assembly map for arbitrary

discrete quantum groups (not necessarily torsion-free) and thus a quantum version of the
(strong) BC property. More precisely, consider the following homological functor:

𝐹∗ : 𝒦𝒦
Ĝ −→ 𝒜𝑏Z/2, (𝐴, 𝛼) ↦−→ 𝐹∗ (𝐴) := 𝐾∗

(
𝐴 ⋊

𝛼,𝑟
Ĝ
)
.

The quantum assembly map for Ĝ is given by the natural transformation 𝜂Ĝ : L𝐹∗ → 𝐹∗,
where L𝐹∗ denotes the localisation of 𝐹∗ with respect to the complementary pair
(ℒ
Ĝ
,𝒩
G
). More precisely, given any Ĝ-C∗-algebra (𝐴, 𝛼), we consider a (ℒ

Ĝ
,𝒩
G
)-

triangle associated to 𝐴, say Σ𝑁 (𝐴) → 𝐿 (𝐴) 𝑢→ 𝐴 → 𝑁 (𝐴). Then 𝜂Ĝ
𝐴
= 𝐹∗ (𝑢). Let us

point out a more precise picture for 𝜂Ĝ
𝐴
. On the one hand, given the (ℒ

Ĝ
,𝒩
G
)-triangle

Σ𝑁 (𝐴) → 𝐿 (𝐴) 𝑢→ 𝐴 → 𝑁 (𝐴), the map 𝐿 (𝐴) ⋊𝑟 Ĝ
𝑢→ 𝐴 ⋊𝑟 Ĝ must be viewed as a

Kaparov triple 𝑢 ⋊𝑟 Ĝ ∈ 𝐾𝐾 (𝐿 (𝐴) ⋊𝑟 Ĝ, 𝐴 ⋊𝑟 Ĝ), i.e. a homomorphism in 𝒦𝒦. On
the other hand, the functor 𝐹∗ ( · ) = 𝐾𝐾∗ (C, ( · ) ⋊𝑟 Ĝ) can be viewed as the covariant
homomorphism functor 𝐾𝐾 (C, · ) in 𝒦𝒦, which consists in composing, i.e. making a
Kasparov product. In other words, when we apply this to crossed product C∗-algebras we
have:

𝜂Ĝ𝐴 = 𝐹∗ (𝑢) = 𝐾𝐾∗
(
C, 𝑢 ⋊

𝑟
Ĝ
)

= ( · ) ⊗
𝐿 (𝐴)⋊𝑟 Ĝ

𝑢 ⋊
𝑟
Ĝ : 𝐾𝐾

(
C, 𝐿(𝐴) ⋊

𝑟
Ĝ
)
−→ 𝐾𝐾

(
C, 𝐴 ⋊

𝑟
Ĝ
)
. (2.2)

Definition 2.16. Let Ĝ be a discrete quantum group. We say that Ĝ satisfies the quantum
Baum–Connes property (with coefficients) if the natural transformation 𝜂Ĝ : L𝐹∗ → 𝐹∗ is
a natural equivalence. We say that Ĝ satisfies the strong quantum Baum–Connes property
if 𝒦𝒦

Ĝ = ℒ
Ĝ

. We abbreviate the predicate Baum–Connes property by BC property.

Notation 2.17. The following nomenclature is useful. Given 𝐴 ∈ Obj(𝒦𝒦
Ĝ) consider a

(ℒ
Ĝ
,𝒩
G
)-triangle associated to 𝐴, say Σ𝑁 (𝐴) → 𝐿 (𝐴) 𝑢→ 𝐴 → 𝑁 (𝐴). We know that

such triangles are distinguished and unique up to isomorphism (cf. [22] for a proof).
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The homomorphism 𝑢 : 𝐿 (𝐴) → 𝐴 is called Dirac homomorphism for 𝐴. Sometimes
we write 𝐷 := 𝑢. In particular, we consider the Dirac homomorphism for C (as trivial
Ĝ-C∗-algebra), 𝐷C : 𝐿 (C) → C. We refer to 𝐷C simply as Dirac homomorphism.

3. The Künneth classes

We start by recalling some terminology introduced in [5] in the context of the (abstract)
Künneth theorem.

Definition 3.1. A Künneth category is a subcategory S of C*-Alg such that:

(i) S contains all separable commutative C∗-algebras.

(ii) S is closed under stabilization, i.e. if 𝐵 ∈ Obj(S), then K ⊗ 𝐵 ∈ Obj(S).

(iii) S is closed under suspension, i.e. if 𝐵 ∈ Obj(S), then Σ(𝐵) ∈ Obj(S) are objects
in S.

(iv) If 0 → 𝐽 → 𝐵 → 𝐵/𝐽 → 0 is a semi-split short exact sequence in S such that
two of the C∗-algebras are in S, the so is the third.

Definition 3.2. Let S be a Künneth category. A Künneth functor on S is an additive
convariant functor 𝜅∗ : S → 𝒜bZ/2 such that:

(i) 𝜅∗ is invariant under stabilization and under homotopy.

(ii) If 0 → 𝐽 → 𝐵 → 𝐵/𝐽 → 0 is a semi-split short exact sequence in S, then the
sequence 𝜅∗ (𝐽) → 𝜅∗ (𝐵) → 𝜅∗ (𝐵/𝐽) is exact.

(iii) 𝜅∗ is stable, i.e. 𝜅∗ (Σ(𝐵)) � 𝜅∗+1 (𝐵) naturally, for all 𝐵 ∈ Obj(S).

(iv) There exists a natural zero-graded homomorphism 𝛼 : 𝜅∗ (C) ⊗ 𝐾∗ (𝐵) → 𝜅∗ (𝐵),
for all 𝐵 ∈ Obj(S) such that 𝛼 is an isomorphism whenever 𝐾∗ (𝐵) is free abelian.

Theorem 3.3. Let S be a Künneth category. If 𝜅∗ is a Künneth functor on S, then
there exists a natural 1-graded homomorphism 𝛽 : 𝜅∗ (𝐵) → Tor(𝜅∗ (C), 𝐾∗ (𝐵)), for all
𝐵 ∈ Obj(S) such that the sequence:

0 −→ 𝜅∗ (C) ⊗ 𝐾∗ (𝐵)
𝛼−→ 𝜅∗ (𝐵)

𝛽
−→ Tor(𝜅∗ (C), 𝐾∗ (𝐵)) −→ 0

is exact. This sequence is called Künneth sequence for 𝜅∗.
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Example 3.4.

(1) Let 𝐴 and 𝐵 be two C∗-algebras. The external Kasparov product:

𝐾𝐾 (C, 𝐴) × 𝐾𝐾 (C, 𝐵) 𝜏̃C−→ 𝐾𝐾 (C, 𝐴 ⊗ 𝐵)

yields a group homomorphism 𝛼 : 𝐾∗ (𝐴) ⊗ 𝐾∗ (𝐵) → 𝐾∗ (𝐴 ⊗ 𝐵), which is
natural on 𝐴 and 𝐵. We denote by N the class of all C∗-algebras 𝐴 in C*-Alg
such that 𝛼 is an isomorphism for all separable C∗-algebra 𝐵 with 𝐾∗ (𝐵) free
abelian. By abuse of notation, we still denote by N the full subcategory of
C*-Alg generated by the class N . It is well-known that N is a Künneth category
in the sense of Definition 3.1 (cf. [5]). Moreover, if 𝐴 ∈ N , it is clear that the
map 𝐵 ↦→ 𝐾∗ (𝐴 ⊗ 𝐵) defines a functor on the whole category C*-Alg satisfying
properties (i)–(iv) from Definition 3.2 (cf. [5]). In other words, this map defines
a Künneth functor. Consequently, Theorem 3.3 yields that the Künneth sequence:

0 −→ 𝐾∗ (𝐴) ⊗ 𝐾∗ (𝐵)
𝛼−→ 𝐾∗ (𝐴 ⊗ 𝐵)

𝛽
−→ Tor(𝐾∗ (𝐴), 𝐾∗ (𝐵)) −→ 0

is exact for all 𝐴 ∈ N and all 𝐵 ∈ Obj(C*-Alg). It is important to mention that
the class N contains the bootstrap class and it satisfies the following remarkable
stability properties (cf. [5, Lemma 4.4]):

Lemma 3.5. N contains the bootstrap class and the following properties hold.

(a) N is stable under 𝐾𝐾-equivalence hence it is stable under Morita equiva-
lence.

(b) If 0 → 𝐼 → 𝐴→ 𝐴/𝐼 → is a semi-split short exact sequence of C∗-algebras
such that two of them are in N , then so is the third.

(c) If 𝐴, 𝐵 ∈ N , then 𝐴 ⊗ 𝐵 ∈ N .
(d) If 𝐴 = lim−−→ 𝐴𝑖 such that all structure maps are injective and 𝐴𝑖 ∈ N for all 𝑖,

then 𝐴 ∈ N .

(2) Let 𝐺 be a locally compact group. Let 𝐴 be a 𝐺-C∗-algebra and 𝐵 a C∗-algebra.
Observe that one has an obvious map 𝐾𝐾 (C, 𝐵) → 𝐾𝐾𝐺 (C, 𝐵), which consists
in equipping with the trivial action of 𝐺. Then, for all 𝐺-compact subspace
𝑋 ⊂ 𝐸𝐺, the external Kasparov product:

𝐾𝐾𝐺 (𝐶0 (𝑋), 𝐴)×𝐾𝐾 (C, 𝐵) −→𝐾𝐾𝐺 (𝐶0 (𝑋), 𝐴)×𝐾𝐾𝐺 (C, 𝐵) 𝜏̃C−→𝐾𝐾 (𝐶0 (𝑋), 𝐴⊗𝐵)

yields a group homomorphism 𝛼𝑋 : 𝐾𝐾𝐺 (𝐶0 (𝑋), 𝐴) ⊗ 𝐾∗ (𝐵) → 𝐾𝐾𝐺 (𝐶0 (𝑋),
𝐴 ⊗ 𝐵), for all 𝐺-compact subspace 𝑋 ⊂ 𝐸𝐺, which is natural on 𝐴 and 𝐵.
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One checks that the maps {𝛼𝑋} 𝑋⊂𝐸𝐺

𝐺-compact
are compatible with the inclusion of 𝐺-

compact spaces. Hence, one obtains a group homomorphism 𝛼𝐺 : 𝐾 top
∗ (𝐺; 𝐴) ⊗

𝐾∗ (𝐵) → 𝐾
top
∗ (𝐺; 𝐴 ⊗ 𝐵), which is natural on 𝐴 and 𝐵. We denote by N𝐺 the

class of all 𝐺-C∗-algebras 𝐴 in 𝐺-C*-Alg such that 𝛼𝐺 is an isomorphism for
all separable C∗-algebra 𝐵 with 𝐾∗ (𝐵) free abelian. By abuse of notation, we
still denote by N𝐺 the full subcategory of 𝐺-C*-Alg generated by the class N𝐺 .
It is well-known that N𝐺 is a Künneth category in the sense of Definition 3.1
(cf. [5]). Moreover, if 𝐴 ∈ N𝐺 , it is clear that the map 𝐵 ↦→ 𝐾

top
∗ (𝐺; 𝐴 ⊗ 𝐵)

defines a functor on the whole category C*-Alg satisfying properties (i)–(iv)
from Definition 3.2 (cf. [5]). In other words, this map defines a Künneth functor.
Consequently, Theorem 3.3 yields that the Künneth sequence:

0 −→ 𝐾
top
∗ (𝐺; 𝐴) ⊗ 𝐾∗ (𝐵)

𝛼𝐺−→ 𝐾
top
∗ (𝐺; 𝐴 ⊗ 𝐵)

𝛽𝐺−→ Tor(𝐾 top
∗ (𝐺; 𝐴), 𝐾∗ (𝐵)) −→ 0

is exact for all 𝐴 ∈ N𝐺 and all 𝐵 ∈ Obj(C*-Alg).

3.1. Preparatory observations

In order to provide examples of Künneth functors in the framework of quantum groups,
let us recall some constructions appearing in [19]. Let G and H be two compact quantum
groups. We put F := G × H for the corresponding quantum direct product. Consider the
complementary pair of localizing subcategories in 𝒦𝒦

F̂, 𝒦𝒦
Ĝ and 𝒦𝒦

Ĥ: (ℒ̂F,𝒩F),
(ℒ
Ĝ
,𝒩
G
) and (ℒĤ,𝒩H), respectively; as explained in Section 2.4. Accordingly, the

canonical triangulated functors associated to these complementary pairs are denoted by
(𝐿, 𝑁), (𝐿′, 𝑁 ′) and (𝐿′′, 𝑁 ′′), respectively. Consider the homological functors defining
the quantum Baum–Connes assembly maps for F̂, Ĝ and Ĥ:

𝐹 : 𝒦𝒦
F̂ −→ 𝒜𝑏Z/2, (𝐶, 𝛿) ↦−→ 𝐹 (𝐶) := 𝐾∗

(
𝐶 ⋊

𝛿,𝑟
F̂
)
,

𝐹′ : 𝒦𝒦
Ĝ −→ 𝒜𝑏Z/2, (𝐴, 𝛼) ↦−→ 𝐹′ (𝐴) := 𝐾∗

(
𝐴 ⋊

𝛼,𝑟
Ĝ
)
,

𝐹′′ : 𝒦𝒦
Ĥ −→ 𝒜𝑏Z/2, (𝐵, 𝛽) ↦−→ 𝐹′′ (𝐵) := 𝐾∗

(
𝐵 ⋊

𝛽,𝑟
Ĥ
)
.

Therefore, the quantum assembly maps for F̂, Ĝ and Ĥ are given by the natural

transformations L𝐹
𝜂F̂

→ 𝐹, L𝐹′ 𝜂Ĝ

→ 𝐹′ and L𝐹′′ 𝜂Ĥ

→ 𝐹′′, respectively. Next, consider the
functor:

Z : 𝒦𝒦
Ĝ ×𝒦𝒦

Ĥ −→ 𝒦𝒦
F̂
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defined on objects by (𝐴, 𝛼) × (𝐵, 𝛽) ↦→ Z(𝐴, 𝐵) := (𝐶 := 𝐴 ⊗ 𝐵, 𝛿 := 𝛼 ⊗ 𝛽) and on
homomorphisms byZ(X,Y) := X⊗Y := 𝜏𝐵 (X)⊗𝐴′⊗𝐵𝐴′𝜏(Y), for allX ∈ 𝐾𝐾Ĝ (𝐴, 𝐴′),
Y ∈ 𝐾𝐾Ĥ (𝐵, 𝐵′) with (𝐴, 𝛼) × (𝐵, 𝛽), (𝐴′, 𝛼′) × (𝐵′, 𝛽′) ∈ Obj(𝒦𝒦

Ĝ) ×Obj(𝒦𝒦
Ĥ).

Lemma 3.6. Let G, H be two compact quantum groups and let F := G × H be the
corresponding quantum direct product of G and H. The functor Z : 𝒦𝒦

Ĝ ×𝒦𝒦
Ĥ →

𝒦𝒦
F̂ is such that Z(ℒ

Ĝ
×ℒĤ) ⊂ ℒ̂F. If, moreover, either Ĝ or Ĥ satisfies the strong

quantum BC property, then Z(𝒩
G
×𝒩H) ⊂ 𝒩F. Besides, we have the following.

(i) If (𝐴0, 𝛼0) ∈ Obj(𝒦𝒦
Ĝ) is a given Ĝ-C∗-algebra, the functor 𝐴0Z : 𝒦𝒦

Ĥ →
𝒦𝒦

F̂, (𝐵, 𝛽) ↦→ 𝐴0Z(𝐵) := Z(𝐴0, 𝐵) is triangulated. If, moreover, we assume
that Ĥ satisfies the strong quantum BC property, then 𝐴0Z(𝒩H) ⊂ 𝒩F.

(ii) If (𝐵0, 𝛽0) ∈ Obj(𝒦𝒦
Ĥ) is a given Ĥ-C∗-algebra, the functor Z𝐵0 : 𝒦𝒦

Ĝ →
𝒦𝒦

F̂, (𝐴, 𝛼) ↦→ Z𝐵0 (𝐴) := Z(𝐴, 𝐵0) is triangulated. If, moreover, we assume
that Ĝ satisfies the strong quantum BC property, then Z𝐵0 (𝒩G) ⊂ 𝒩F.

Proof. Most part of the argument used in [19, Lemma 5.2.1] applies. But here we have
removed the torsion-freeness assumption, so we need to modify some steps of the proof
of [19, Lemma 5.2.1]. First, given an object (𝑇, 𝜏) × (𝑆, 𝜎) ∈ Obj(𝒦𝒦

G) ×Obj(𝒦𝒦
H)

with (𝑇, 𝜏) a torsion action of G and (𝑆, 𝜎) a torsion action of H, then (𝑅 := 𝑇 ⊗ 𝑆, 𝜌 :=
𝜏 ⊗ 𝜎) is a torsion action of F as observed in Section 2.3. Next, using Proposition 2.10
we write:

Z
(
𝑇 ⋊

𝜏,𝑟
G ⊗ 𝐶1, 𝑆 ⋊

𝜎,𝑟
H ⊗ 𝐶2

)
= 𝑇 ⋊

𝜏,𝑟
G ⊗ 𝐶1 ⊗ 𝑆 ⋊

𝜎,𝑟
H ⊗ 𝐶2

� 𝑇 ⋊
𝜏,𝑟
G ⊗ 𝑆 ⋊

𝜎,𝑟
H ⊗ 𝐶1 ⊗ 𝐶2 � 𝑅 ⋊

𝜌,𝑟
F ⊗ 𝐶3,

where 𝐶3 := 𝐶1 ⊗ 𝐶2 ∈ Obj(𝒦𝒦). Consequently, Z(ℒ
Ĝ
× ℒĤ) ⊂ ℒ̂F as in [19,

Lemma 5.2.1].
Now, if either Ĝ or Ĥ satisfies the strong quantum BC property, then we have by

definition that either 𝒦𝒦
Ĝ = ℒ

Ĝ
or 𝒦𝒦

Ĥ = ℒĤ. Since (ℒ
Ĝ
,𝒩
G
) and (ℒĤ,𝒩H) are

complementary pairs as explained in Section 2.4, the latter means that we have either
𝒩
G
= 0 or𝒩H = 0 hence either𝒩

G
= 0 or𝒩H = 0. In either case, given (𝐴, 𝛼) ∈ Obj(𝒩

G
)

and (𝐵, 𝛽) ∈ Obj(𝒩H) we have 𝑗F,𝑅 (𝐴 ⊗ 𝐵) = (𝐴 ⊗ 𝐵) ⋊𝑟 ,𝛼⊗𝛽 F ⋉𝑟 ,𝜌 𝑅op � 0 in
𝒦𝒦, for every torsion action (𝑅, 𝜌) of F. This means, as explained in Section 2.4,
that (𝐴 ⊗ 𝐵, 𝛼 ⊗ 𝛽) ∈ Obj(𝒩F). In other words, Z(𝒩

G
× 𝒩H) ⊂ 𝒩F, which yields

Z(𝒩
G
×𝒩H) ⊂ 𝒩F by virtue of Baaj–Skandalis duality and Proposition 2.10.
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To conclude, let us show property (i) of the statement (the proof of property (ii) is
similar). It remains to show that, given a Ĝ-C∗-algebra (𝐴0, 𝛼0) ∈ Obj(𝒦𝒦

Ĝ), then the
functor 𝐴0Z is triangulated. For this, the analogous argument as in [19, Lemma 5.2.1]
applies. □

The previous lemma allows to improve [19, Lemma 5.2.2] by removing the torsion-
freeness assumption as follows.

Lemma 3.7. Let G, H be two compact quantum groups and let F := G × H be the
corresponding quantum direct product of G and H.

(i) For all Ĝ-C∗-algebra (𝐴, 𝛼) and all Ĥ-C∗-algebra (𝐵, 𝛽) there exists a Kasparov
triple 𝜓 ∈ 𝐾𝐾 F̂

(
𝐿′ (𝐴) ⊗ 𝐿′′ (𝐵), 𝐿(𝐴 ⊗ 𝐵)

)
such that the diagram:

𝐿′ (𝐴) ⋊𝑟 Ĝ ⊗ 𝐿′′ (𝐵) ⋊𝑟 Ĥ

𝑢′ ⋊𝑟 Ĝ ⊗ 𝑢′′ ⋊𝑟 Ĥ ��

Ψ // 𝐿 (𝐴 ⊗ 𝐵) ⋊𝑟 F̂

𝑢 ⋊𝑟 F̂��
𝐴 ⋊𝑟 Ĝ ⊗ 𝐵 ⋊𝑟 Ĥ

� // (𝐴 ⊗ 𝐵) ⋊𝑟 F̂

is commutative where Ψ := 𝜓 ⋊𝑟 F̂ and 𝑢′, 𝑢′′, 𝑢 are the Dirac homomorphisms
for 𝐴, 𝐵, 𝐴 ⊗ 𝐵, respectively.

(ii) Assume that Ĥ satisfies the strong quantum BC property. For all Ĝ-C∗-algebra
(𝐴0, 𝛼0) ∈ ℒ

Ĝ
and all Ĥ-C∗-algebra (𝐵, 𝛽) there exists an invertible Kasparov

triple 𝐴0𝜓 ∈ 𝐾𝐾 F̂
(
𝐴0 ⊗ 𝐿′′ (𝐵), 𝐿(𝐴0 ⊗ 𝐵)

)
such that the diagram:

𝐴0 ⋊𝑟 Ĝ ⊗ 𝐿′′ (𝐵) ⋊𝑟 Ĥ

𝐴0Z(𝑢′′) ⋊𝑟 F̂
��

𝐴0Ψ
∼ // 𝐿 (𝐴0 ⊗ 𝐵) ⋊𝑟 F̂

𝑢 ⋊𝑟 F̂��
𝐴0 ⋊𝑟 Ĝ ⊗ 𝐵 ⋊𝑟 Ĥ

� // (𝐴0 ⊗ 𝐵) ⋊𝑟 F̂

is commutative where 𝐴0Ψ := 𝐴0𝜓 ⋊𝑟 F̂ and 𝑢′′, 𝑢 are the Dirac homomorphism
for 𝐵, 𝐴0 ⊗ 𝐵, respectively.

(iii) Assume that Ĝ satisfies the strong quantum BC property. For all Ĥ-C∗-algebra
(𝐵0, 𝛽0) ∈ ℒĤ and all Ĝ-C∗-algebra (𝐴, 𝛼) there exists an invertible Kasparov
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triple 𝜓𝐵0 ∈ 𝐾𝐾 F̂
(
𝐿′ (𝐴) ⊗ 𝐵0, 𝐿(𝐴 ⊗ 𝐵0)

)
such that the diagram:

𝐿 (𝐴) ⋊𝑟 Ĝ ⊗ 𝐵0 ⋊𝑟 Ĥ

Z𝐵0 (𝑢′) ⋊𝑟 F̂ ��

Ψ𝐵0
∼ // 𝐿 (𝐴 ⊗ 𝐵0) ⋊𝑟 F̂

𝑢 ⋊𝑟 F̂��
𝐴 ⋊𝑟 Ĝ ⊗ 𝐵0 ⋊𝑟 Ĥ

� // (𝐴 ⊗ 𝐵0) ⋊𝑟 F̂

is commutative where Ψ𝐵0 := 𝜓𝐵0 ⋊𝑟 F̂ and 𝑢′, 𝑢 are the Dirac homomorphism
for 𝐴, 𝐴 ⊗ 𝐵0, respectively

Proof. The proof of item (i) follows the same argument as the one in item (i) of [19,
Lemma 5.2.2]. For item (ii), since we assume that Ĥ satisfies the strong quantum BC
property, one has 𝐴0Z(𝒩H) ⊂ 𝒩F, for all (𝐴0, 𝛼0) ∈ Obj(𝒦𝒦

Ĝ) thanks to Lemma 3.6.
Then, the argument appearing in item (ii) of [19, Lemma 5.2.2] can be applied verbatim.
Finally, item (iii) is the symmetric statement as item (ii) by exchanging Ĝ with Ĥ. □

A special case of the previous lemma, which is important for our purpose, is the
situation when H := E is the trivial quantum group. In this case, one has F = G and
so (𝐿, 𝑁) = (𝐿′, 𝑁 ′). Given a Ĝ-C∗-algebra (𝐴, 𝛼), consider its (ℒ

Ĝ
,𝒩
G
)-triangle in

𝒦𝒦
Ĝ, say Σ(𝑁 (𝐴)) → 𝐿 (𝐴) → 𝐴→ 𝑁 (𝐴). Next, given a C∗-algebra 𝐵 ∈ Obj(𝒦𝒦

E)
we apply the triangulated functor Z𝐵 (cf. Lemma 3.6) to this triangle and obtain the
distinguished triangle Σ(𝑁 (𝐴) ⊗ 𝐵) → 𝐿 (𝐴) ⊗ 𝐵 → 𝐴 ⊗ 𝐵 → 𝑁 (𝐴) ⊗ 𝐵 in 𝒦𝒦

Ĝ.
On the one hand, 𝒦𝒦

E = ℒE (because the trivial quantum group satisfies the
strong quantum BC property), hence 𝐵 ∈ ℒE and so 𝐿 (𝐴) ⊗ 𝐵 ∈ ℒ

Ĝ
(cf. Lemma 3.6).

On the other hand, one also has 𝑁 (𝐴) ⊗ 𝐵 ∈ 𝒩
G

. This is true because if H := E is
the trivial quantum group, then Tor(F̂) = Tor(Ĝ) and Z(𝒩

G
×𝒦𝒦) ⊂ 𝒩

G
. Indeed, if

(𝑁, 𝛿) ∈ Obj(𝒩
G
) and 𝐵 ∈ Obj(𝒦𝒦), then 𝑗G,𝑇 (𝑁 ⊗𝐵) = (𝑁 ⊗𝐵)⋊𝑟 , 𝛿⊗idG⋉𝑟 ,𝜏𝑇

op �

(𝑁 ⋊𝑟 , 𝛿 G ⋉𝑟 ,𝜏 𝑇op) ⊗ 𝐵 � 0 in 𝒦𝒦, for every torsion action (𝑇, 𝜏) of G; where
we have used Proposition 2.11. In other words, Z(𝒩

G
× 𝒦𝒦) ⊂ 𝒩

G
, which yields

Z(𝒩
G
×𝒦𝒦) ⊂ 𝒩

G
by virtue of Baaj–Skandalis duality. Hence 𝑁 (𝐴) ⊗ 𝐵 ∈ 𝒩

G
as

claimed above.
In conclusion, we have showed that the distinguished triangle Σ(𝑁 (𝐴) ⊗ 𝐵) →

𝐿 (𝐴) ⊗ 𝐵 → 𝐴 ⊗ 𝐵 → 𝑁 (𝐴) ⊗ 𝐵 in 𝒦𝒦
Ĝ is a (ℒ

Ĝ
,𝒩
G
)-triangle in 𝒦𝒦

Ĝ for 𝐴 ⊗ 𝐵.
Finally, the uniqueness of this kind of triangles together with Proposition 2.10 yield the
following:

Proposition 3.8. Let G be a compact quantum group. For all Ĝ-C∗-algebra (𝐴, 𝛼) ∈
Obj(𝒦𝒦

Ĝ) and all C∗-algebra 𝐵 ∈ Obj(𝒦𝒦) there exists an invertible Kasparov triple
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𝜓𝐵 ∈ 𝐾𝐾Ĝ
(
𝐿 (𝐴) ⊗ 𝐵, 𝐿(𝐴 ⊗ 𝐵)

)
such that the diagram:

𝐿 (𝐴) ⋊𝑟 Ĝ ⊗ 𝐵

Z𝐵0 (𝑢′) ⋊𝑟 Ĝ ��

Ψ𝐵
∼ // 𝐿 (𝐴 ⊗ 𝐵) ⋊𝑟 Ĝ

𝑢 ⋊𝑟 Ĝ��
𝐴 ⋊𝑟 Ĝ ⊗ 𝐵 � // (𝐴 ⊗ 𝐵) ⋊𝑟 Ĝ

(3.1)

is commutative where Ψ𝐵 := 𝜓𝐵 ⋊𝑟 Ĝ and 𝑢′, 𝑢 are the Dirac homomorphism for 𝐴,
𝐴 ⊗ 𝐵, respectively.

Remark 3.9. The previous corollary is a refined version of item (iii) of Lemma 3.7. The
main observation in the case of H = E is that we do not need to further assume that Ĝ
satisfies the strong quantum BC property. As the argument above showed, this is possible
because the torsion of F̂ reduces to the torsion of Ĝ because F = G as soon as H is the
trivial quantum group.

The additional hypothesis about the strong quantum BC property in Lemma 3.7 is
necessary in order to use that the functor Z preserves the subcategories 𝒩∗ as argued
in Lemma 3.6. This property holds automatically for classical locally compact groups
(cf. [22, Section 10.4]). In the quantum setting, the main obstacle is the understanding of
the torsion phenomenon for a quantum direct product. Namely, as explained in Section 2.4,
the subcategory 𝒩F is completely described by the vanishing of the functors 𝑗F,𝑅 ( · )
with 𝑅 ∈ Tor(F̂). It would be interesting to know the description of Tor(F̂) in terms of
Tor(Ĝ) and Tor(Ĥ) (as explained in the introduction, it is the subject of a subsequent
paper) and then the behaviour of these C∗-algebras with respect to the two-sided crossed
product construction, which is out of the scope of the present paper. This is in line with
Proposition 3.8 above.

In general, the strong quantum BC property assumption allows to overlook this issue
and in practice it is not too restrictive. On the one hand, all the examples of compact
quantum groups studied in this context have duals satisfying the strong quantum BC
property (cf. Section 5). On the other hand, the permanence property established in
Theorem 4.5 (which is analogue to [5, Theorem 5.3]) requires an additional assumption
with respect to the classical setting due to our approach to the equivariant Künneth class in
the quantum setting (cf. Section 3.2). This additional assumption is automatically fulfilled
as soon as the strong quantum BC property holds (see Remark 4.6 for more details).

Another consequence of Lemma 3.7 is that a quantum direct product satisfies the
quantum BC property with coefficients in tensor products as soon as the quantum groups
involved satisfy the strong quantum BC property. This result is the content of [19,
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Theorem 5.2.3(i)] under torsion-freeness assumption. Here we are able to improve it by
removing this assumption. The argument, as based on Lemma 3.7, remains the same as
the one in [19, Theorem 5.2.3(i)] (see also [19, Remark 5.2.4]). So, we have:

Theorem 3.10. Let G, H be two compact quantum groups and let F := G × H be the
corresponding quantum direct product of G and H. If Ĝ and Ĥ satisfy the strong quantum
BC property, then F̂ satisfies the quantum BC property with coefficients in 𝐴 ⊗ 𝐵, for
every 𝐴 ∈ Obj(𝒦𝒦

Ĝ) and 𝐵 ∈ Obj(𝒦𝒦
Ĥ). Moreover, 𝐿 (𝐴 ⊗ 𝐵) � 𝐴 ⊗ 𝐵, for every

𝐴 ∈ Obj(𝒦𝒦
Ĝ) and 𝐵 ∈ Obj(𝒦𝒦

Ĥ).

Remark 3.11. In the course of the proof of [19, Theorem 5.2.3(i)] it is shown that
𝜂Ĝ
𝐴
⊗ 𝜂Ĥ

𝐵
= 𝜂F̂

𝐴⊗𝐵 as soon as both Ĝ and Ĥ satisfy the strong quantum BC property.

Note that the analogous assertion for the usual quantum BC property needs further
hypothesis, which are related to the Künneth formula in order to compute the K-theory of
a tensor product. This relation will be studied in Section 4.

3.2. The Künneth class N
Ĝ

The previous preliminary observations allow us to formulate an equivariant Künneth
class in the spirit of Examples 3.4 and [5] in the context of quantum groups. More
precisely, let G be a compact quantum group, (𝐴, 𝛼) a Ĝ-C∗-algebra and 𝐵 a C∗algebra.
The exterior Kasparov product 𝜏̃C together with the invertible Kasparov triple 𝜓𝐵 obtained
in Proposition 3.8 give:

𝐾𝐾
(
C, 𝐿(𝐴) ⋊

𝑟
Ĝ
)
× 𝐾𝐾 (C, 𝐵) 𝜏̃C−→ 𝐾𝐾

(
C, 𝐿(𝐴) ⋊

𝑟
Ĝ ⊗ 𝐵

)
� 𝐾𝐾

(
C, 𝐿(𝐴 ⊗ 𝐵) ⋊

𝑟
Ĝ
)
,

which yields a group homomorphism 𝛼
Ĝ

: 𝐾∗ (𝐿 (𝐴)⋊𝑟 Ĝ)⊗𝐾∗ (𝐵) → 𝐾∗ (𝐿 (𝐴⊗𝐵)⋊𝑟 Ĝ),
which is natural on 𝐴 and 𝐵.

Definition 3.12. Let G be a compact quantum group. We denote by N
Ĝ

the class of
all Ĝ-C∗-algebras (𝐴, 𝛼) in Ĝ- C*-Alg such that 𝛼

Ĝ
is an isomorphism for all separable

C∗-algebra 𝐵 with 𝐾∗ (𝐵) free abelian. By abuse of notation, we still denote by N
Ĝ

the
full subcategory of Ĝ- C*-Alg generated by the class N

Ĝ
.

Note that the homomorphism 𝛼
Ĝ

is obtained, up to the identification given by
Proposition 3.8, as it was obtained the group homomorphism 𝛼 from Examples 3.4.
Here we use 𝐿 (𝐴) ⋊𝑟 Ĝ instead of an arbitrary C∗-algebra 𝐴. In this sense, we have that
(𝐴, 𝛼) ∈ N

Ĝ
⇔ 𝐿 (𝐴)⋊𝑟 Ĝ ∈ N , by definition. Therefore, N

Ĝ
is a Künneth category in the

sense of Definition 3.1 and, given (𝐴, 𝛼) ∈ N
Ĝ

, the map 𝐵 ↦→ 𝐾∗ (𝐿 (𝐴⊗ 𝐵) ⋊𝑟 Ĝ) defines
a functor on the whole category C*-Alg satisfying properties (i)–(iv) from Definition 3.2.
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In other words, this map defines a Künneth functor. Consequently, Theorem 3.3 yields
that the Künneth sequence:

0 −→ 𝐾∗
(
𝐿 (𝐴) ⋊

𝑟
Ĝ
)
⊗ 𝐾∗ (𝐵)

𝛼
Ĝ−→ 𝐾∗

(
𝐿 (𝐴 ⊗ 𝐵) ⋊

𝑟
Ĝ
)

𝛽
Ĝ−→ Tor

(
𝐾∗

(
𝐿 (𝐴) ⋊

𝑟
Ĝ
)
, 𝐾∗ (𝐵)

)
−→ 0

is exact for all (𝐴, 𝛼) ∈ N
Ĝ

and all 𝐵 ∈ Obj(C*-Alg).

Example 3.13. If Ĝ is a classical locally compact group 𝐺, then N
Ĝ
= N𝐺 as defined in

Examples 3.4. Indeed, from the Meyer–Nest reformulation of the BC property (see [22,
Theorem 5.2]) one knows that 𝐾 top

∗ (𝐺, 𝐴) � 𝐾∗ (𝐿 (𝐴) ⋊𝑟 𝐺) naturally, for all 𝐺-C∗-
algebra (𝐴, 𝛼). Moreover, this approach to N𝐺 yields a characterisation of the objects in
the equivariant Künneth class in terms of the non-equivariant one, up to replacing 𝐴 by a
ℒ-simplicial approximation of 𝐴. Namely, (𝐴, 𝛼) ∈ N𝐺 ⇔ 𝐿 (𝐴) ⋊𝑟 𝐺 ∈ N .

4. Relating the quantum Baum–Connes property with the Künneth formula

In this section we generalise to the case of discrete quantum groups some key results
appearing in [5]. In particular, we are going to improve the stability of the quantum BC
property for quantum direct products appearing already in [19].

Proposition 4.1. Let G be a compact quantum group. The diagram:

𝐾∗ (𝐿 (𝐴) ⋊𝑟 Ĝ) ⊗ 𝐾∗ (𝐵)

𝛼
Ĝ
��

𝜂Ĝ
𝐴
⊗ id
// 𝐾∗ (𝐴 ⋊𝑟 Ĝ) ⊗ 𝐾∗ (𝐵)

𝛼
��

𝐾∗ (𝐿 (𝐴 ⊗ 𝐵) ⋊𝑟 Ĝ)
𝜂Ĝ
𝐴⊗𝐵 // 𝐾∗ ((𝐴 ⊗ 𝐵) ⋊𝑟 Ĝ)

(4.1)

commutes for all Ĝ-C∗-algebra 𝐴 and all C∗-algebra 𝐵. In particular, if Ĝ satisfies the
BC property with coefficients in 𝐴 ⊗ 𝐵, for all C∗-algebra 𝐵 equipped with the trivial
action of Ĝ; then 𝐴 ∈ N

Ĝ
⇔ 𝐴 ⋊𝑟 Ĝ ∈ N .

Proof. Recall that the quantum assembly map 𝜂Ĝ can be pictured as a certain Kasparov
product (cf. Equation (2.2)). Let 𝑦 ∈ 𝐾∗ (𝐿 (𝐴) ⋊𝑟 Ĝ) = 𝐾𝐾 (C, 𝐿(𝐴) ⋊𝑟 Ĝ) and 𝑥 ∈
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𝐾∗ (𝐵) = 𝐾𝐾 (C, 𝐵). On the one hand, we have:

𝑦 ⊗ 𝑥
𝛼
Ĝ↦−→ 𝑦 ⊗Ext

C 𝑥
𝜂Ĝ
𝐴⊗𝐵↦−→

(
𝑦 ⊗Ext
C 𝑥

)
⊗

𝐿 (𝐴⊗𝐵)⋊𝑟 Ĝ
𝑢 ⋊

𝑟
Ĝ

�
(
𝑦 ⊗Ext
C 𝑥

)
⊗

𝐿 (𝐴)⋊𝑟 Ĝ⊗𝐵

(
𝑢′ ⋊

𝑟
Ĝ ⊗ id

)
=

(
𝑦 ⊗

𝐿 (𝐴)⋊𝑟 Ĝ
𝑢′ ⋊

𝑟
Ĝ
)
⊗Ext
C

(
𝑥 ⊗

𝐵
id
)
,

where the last equality follows from Equation (2.1). On the other hand, we have:

𝑦 ⊗ 𝑥
𝜂Ĝ
𝐴
⊗id

↦−→
(
𝑦 ⊗

𝐿 (𝐴)⋊𝑟 Ĝ
𝑢′ ⋊

𝑟
Ĝ

)
⊗ 𝑥 𝛼↦−→

(
𝑦 ⊗

𝐿 (𝐴)⋊𝑟 Ĝ
𝑢′ ⋊

𝑟
Ĝ

)
⊗Ext
C 𝑥.

These computations show that, indeed, Diagram (4.1) commutes. To conclude, notice
that if Ĝ satisfies the BC property with coefficients in 𝐴⊗ 𝐵, for all C∗-algebra 𝐵 equipped
with the trivial action of Ĝ; then both 𝜂𝐴 and 𝜂𝐴⊗𝐵 are isomorphisms, for all C∗-algebra
𝐵. Therefore, commutativity of Diagram (4.1) yields that 𝛼

Ĝ
is an isomorphism if and

only if 𝛼 is an isomorphism. □

Proposition 4.2. Let G be a compact quantum group. Assume that 𝐴 is a Ĝ-C∗-algebra
such that Ĝ satisfies the quantum BC property with coefficients in 𝐴.

(i) If 𝐴 ∈ N
Ĝ

and 𝐴 ⋊𝑟 Ĝ ∈ N , then Ĝ satisfies the quantum BC property for 𝐴 ⊗ 𝐵,
for all C∗-algebra 𝐵.

(ii) If 𝐴 ∈ N
Ĝ

, then Ĝ satisfies the quantum BC property for 𝐴⊗ 𝐵, for all C∗-algebra
𝐵 ∈ N .

Proof. First, recall that given a Ĝ-C∗-algebra 𝐴, we have 𝐴 ∈ N
Ĝ
⇔ 𝐿 (𝐴) ⋊𝑟 Ĝ ∈ N by

definition. Next, consider the following diagram:

0

��

0

��
𝐾∗ (𝐿 (𝐴) ⋊𝑟 Ĝ) ⊗ 𝐾∗ (𝐵)

𝛼
Ĝ ��

𝜂Ĝ
𝐴
⊗ id

// 𝐾∗ (𝐴 ⋊𝑟 Ĝ) ⊗ 𝐾∗ (𝐵)
𝛼��

𝐾∗ (𝐿 (𝐴 ⊗ 𝐵) ⋊𝑟 Ĝ)
𝛽
Ĝ ��

𝜂Ĝ
𝐴⊗𝐵 // 𝐾∗ ((𝐴 ⊗ 𝐵) ⋊𝑟 Ĝ)

𝛽��
Tor(𝐾∗ (𝐿 (𝐴) ⋊𝑟 Ĝ), 𝐾∗ (𝐵))

Tor(𝜂Ĝ
𝐴
⊗ id)

//

��

Tor(𝐾∗ (𝐴 ⋊𝑟 Ĝ), 𝐾∗ (𝐵))

��
0 0
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The argument follows then the same lines as the one in [5, Proposition 4.10]. □

Corollary 4.3. Let G be a compact quantum group. Assume that Ĝ satisfies the quantum
BC property with coefficients in C.

(i) If 𝐶 (G) ∈ N and C ∈ N
Ĝ

, then Ĝ satisfies the quantum BC property for all
C∗-algebra 𝐵 equipped with the trivial action of Ĝ.

(ii) If C ∈ N
Ĝ

, then Ĝ satisfies the quantum BC property for all C∗-algebra 𝐵 ∈ N .

Proof. Recall that 𝐶 (G) = C ⋊𝑟 Ĝ. So, (i) and (ii) of statement follow from (i) and (ii) of
Proposition 4.2, respectively. □

Remark 4.4. In the classical setting when Ĝ is a locally compact group 𝐺, the assumption
C ∈ N𝐺 is automatically satisfied. Indeed, C is a type I C∗-algebra and N𝐺 contains all
type I 𝐺-C∗-algebras by virtue of [5, Theorem 0.1]. In the quantum setting, a similar
related result to [5, Theorem 0.1] is Theorem 5.1 in the next section (cf. Remark 5.2 for
an explanation to this analogy). However, to the best knowledge of the author, it is not
known for instance whether C ∈ N

Ĝ
for every discrete quantum group Ĝ. One reason for

this is that in our approach the objects in N
Ĝ

are characterised in terms of objects in N
up to a ℒ

Ĝ
-simplicial approximation, which entails to study the localisation functor 𝐿 in

relation with crossed products and the equivariant Künneth class. One possibility to do
so might be to adapt the Going-Down technique from [5] based on Theorem 5.1. But this
is out of the scope of the present article.

The following theorem is an improved version of [19, Corollary 5.2.5].

Theorem 4.5. Let G, H be two compact quantum groups and let F := G × H be the
corresponding quantum direct product of G and H.

(i) Let 𝐴 be a Ĝ-C∗-algebra and 𝐵 a Ĥ-C∗-algebra. Assume that Ĝ satisfies the
strong quantum BC property and that 𝐵 ∈ ℒĤ. If 𝐴 ⋊𝑟 Ĝ ∈ N and 𝐴 ∈ N

Ĝ
, then

F̂ satisfies the quantum BC property with coefficients in 𝐴 ⊗ 𝐵.

In particular, if Ĝ satisfies the strong quantum BC property, 𝐶 (G) ∈ N and
C ∈ ℒĤ; then F̂ satisfies the quantum BC property with coefficients in C.

(ii) Assume that Ĝ and Ĥ satisfy the strong quantum BC property. If𝐶 (G), 𝐶 (H) ∈ N
and C ∈ NF̂, then F̂ satisfies the quantum BC property for all C∗-algebra 𝐵
equipped with the trivial action of F̂.
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Proof.

(i). Consider the following diagram:

0

��

0

��
𝐾∗ (𝐿′ (𝐴) ⋊𝑟 Ĝ) ⊗ 𝐾∗ (𝐿′′ (𝐵) ⋊𝑟 Ĥ)

𝛼
Ĝ ��

𝜂Ĝ
𝐴
⊗ 𝜂Ĥ

𝐵 // 𝐾∗ (𝐴 ⋊𝑟 Ĝ) ⊗ 𝐾∗ (𝐵 ⋊𝑟 Ĥ)
𝛼
��

𝐾∗ (𝐿 (𝐴 ⊗ 𝐵) ⋊𝑟 F̂)
𝛽
Ĝ ��

𝜂F̂
𝐴⊗𝐵 // 𝐾∗ ((𝐴 ⊗ 𝐵) ⋊𝑟 F̂)

𝛽��
Tor(𝐾∗ (𝐿′ (𝐴) ⋊𝑟 Ĝ), 𝐾∗ (𝐿′′ (𝐵) ⋊𝑟 Ĥ))

Tor(𝜂Ĝ
𝐴
⊗ 𝜂Ĥ

𝐵
)
//

��

Tor(𝐾∗ (𝐴 ⋊𝑟 Ĝ), 𝐾∗ (𝐵 ⋊𝑟 Ĥ))

��
0 0

On the one hand, since Ĝ is assumed to satisfy the strong quantum BC property and
𝐵 ∈ ℒĤ, we can apply Lemma 3.7. In particular, one has that 𝐿′ (𝐴) ⊗ 𝐿′′ (𝐵) � 𝐿 (𝐴⊗ 𝐵)
and the middle arrow is indeed 𝜂F̂

𝐴⊗𝐵. On the other hand, 𝜂Ĥ
𝐵

is an isomorphism (because
𝐵 � 𝐿′′ (𝐵)) and 𝜂Ĝ

𝐴
is an isomorphism (because Ĝ satisfies the strong quantum BC

property). Consequently, the left arrow is an isomorphism hence so is the right arrow.
Finally, the assumptions 𝐴 ⋊𝑟 Ĝ ∈ N and 𝐴 ∈ N

Ĝ
say that the bottom and top lines of the

diagram are exact sequences, respectively. In conclusion, the Five lemma yields that the
middle arrow, i.e. 𝜂F̂

𝐴⊗𝐵, is an isomorphism.

(ii). Since Ĝ and Ĥ satisfy the strong quantum BC property by assumption, then
Theorem 3.10 yields that F̂ satisfies the quantum BC property with coefficients in 𝐴 ⊗ 𝐵,
for every 𝐴 ∈ Obj(𝒦𝒦

Ĝ) and 𝐵 ∈ Obj(𝒦𝒦
Ĥ). In particular, F̂ satisfies the quantum

BC property with coefficients in C. Next, observe that𝐶 (F) = 𝐶 (G) ⊗𝐶 (H) ∈ N because
N is closed under taking tensor products (cf. Lemma 3.5). Then the conclusion follows
from item (i) of Corollary 4.3. □

Remark 4.6. Theorem 4.5 above is analogue to [5, Theorem 5.3]. In the quantum setting
we need however further hypothesis. Namely, we need C ∈ N

Ĝ
as explained in Remark 4.4

and C ∈ ℒĤ. The reason for the latter is again that we need some control for the
ℒĤ-simplicial approximations in relation with tensor products. This is made precise by
Lemma 3.7 (and Remark 3.9), which we use in the proof of Theorem 4.5. In the classical
setting, this control is guaranteed by [5, Corollary 2.10] based on their Going-Down
technique.
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Note that assuming that Ĝ satisfies the strong quantum BC property guarantees the
property C ∈ N

Ĝ
. Indeed, in this case one has in particular that C ∈ ℒ

Ĝ
hence C � 𝐿′ (C).

Therefore, by definition of our equivariant Künneth class, one has C ∈ N
Ĝ
⇔ 𝐶 (G) ∈ N .

The latter is our assumption in item (i) of Theorem 4.5, which is the analogous assumption
made in item (i) of [5, Theorem 5.3].

5. Some K-theory computations

Recall that by Theorem 3.10, we have that if Ĝ and Ĥ satisfy the strong quantum BC
property, then �G × H satisfies the strong quantum BC property with coefficients in 𝐴 ⊗ 𝐵,
for all 𝐴 ∈ Obj(𝒦𝒦

Ĝ) and 𝐵 ∈ Obj(𝒦𝒦
Ĥ). In order to compute the K-theory groups

of 𝐶 (G × H) by applying the homological techniques from the Meyer–Nest work, we
would need further information concerning the torsion phenomenon of F̂. Namely, a
classification of torsion actions of a quantum direct product, which seems hard in general
as explained in the introduction. If such a classification is provided, then it is plausible to
construct explicit projective resolutions for C in 𝒦𝒦

�G×H as tensor products of projective
resolutions for C in 𝒦𝒦

Ĝ and in 𝒦𝒦
Ĥ. Note that, since 𝐶 (G × H) = 𝐶 (G) ⊗ 𝐶 (H),

we need either 𝐶 (G) or 𝐶 (H) to satisfy the Künneth formula to succeed in such a
construction.

However, instead of doing that, we can compute 𝐾∗ (𝐶 (G × H)) using simply the
Künneth formula. In order to do so, let us point out that [2, Theorem 5.2] and [2,
Corollary 5.5] can be also obtained for the Künneth class instead of the bootstrap
class. This is true because even if these two classes are not the same, they satisfy similar
stabilising properties in the sense of Lemma 3.5. Namely,N contains all finite dimensional
C∗-algebras, it is closed under tensor products, it is closed under semi-split extensions
(hence under mapping cones and homotopy limits) and it contains all type I C∗-algebras.
In other words, the arguments in [2, Theorem 5.2] and [2, Corollary 5.5] can be applied
verbatim by replacing the bootstrap class by N and we obtain the following:

Theorem 5.1. Let G be a compact quantum group.

(i) If (𝐵, 𝛽) is a G-C∗-algebra such that 𝐵 ⋊𝑟 ,𝛽 G ⋉𝑟 , 𝛿 𝑇
op ∈ N , for all torsion

action (𝑇, 𝛿) ∈ Tor(Ĝ); then 𝐿̂ (𝐵) ∈ N .

(ii) Assume that Ĝ satisfies the strong quantum BC property. If (𝐴, 𝛼) is a type 𝐼
Ĝ-C∗-algebra, then 𝐴 ⋊𝑟 ,𝛼 Ĝ ∈ N . In particular, 𝐶 (G) ∈ N .

Remark 5.2. On the one hand, as we have explained in the introduction, the family of
finite subgroups represents the torsion phenomenon for a classical discrete group. In
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the quantum setting it must be replaced by the family of torsion actions of a compact
quantum group. This makes a substantial difference when it comes to define the quantum
assembly map for a discrete quantum group. In particular, the induction functor must
be replaced by the two-sided crossed product functor as explained in Section 2.4. In
particular, we work in the category 𝒦𝒦

G and not in 𝒦𝒦
Ĝ itself. If 𝐺 is a discrete

group, then [5, Theorem 0.1] gives a sufficient condition for a 𝐺-C∗-algebra to be in
N𝐺 in terms of the torsion of 𝐺. In this sense, item (i) of Theorem 5.1 gives a sufficient
condition for the ℒ̂

Ĝ
-simplicial approximation of a G-C∗-algebra to be in N in terms of

the torsion actions of G. The fact that we work in 𝒦𝒦
G leads to consider dual (in the

sense of the Baaj–Skandalis duality) simplicial approximations, which would lead to a
dual equivariant Künneth class. However, the Künneth class N is not stable under general
crossed products hence it is not clear whether item (i) of Theorem 5.1 translates into a
statement about N

Ĝ
.

On the other hand, the conclusion of item (ii) of Theorem 5.1, i.e. that 𝐶 (G) ∈ N
as soons as Ĝ satisfies the strong quantum BC property is also true for classical locally
compact groups. One can argue as follows. Assume that 𝐺 is a locally compact group
satisfying the BC property with coefficients (a fortiori when 𝐺 satisfies the strong
BC property). As explained in Remark 4.4, we always have C ∈ N𝐺 . Therefore, [5,
Proposition 4.9] implies that 𝐶∗ (𝐺) = C ⋊𝑟 𝐺 ∈ N .

By the work of Voigt and Vergnioux–Voigt (e.g. [29, 30, 31]) we have a number
of examples of compact quantum groups with duals satisfying the strong quantum BC
property. Hence the C∗-algebras defining these compact quantum groups lie in N . Namely:

Corollary 5.3. Let G be any of the following compact quantum groups: 𝑆𝑈𝑞 (2), 𝑂+ (𝐹),
𝑈+ (𝑄), 𝑆+

𝑁
, where 𝑁 ∈ N, 𝑄 is a complex invertible matrix and 𝐹 is a complex invertible

matrix such that 𝐹𝐹 ∈ Rid. Then 𝐶 (G) ∈ N .

Moreover, a computation of the K-theory groups of the C∗-algebras 𝐶 (G) is carried
out too in the works [29, 30, 31]. Namely:

Theorem 5.4. Let 𝑁 ∈ N, let 𝑄 be a complex invertible matrix and let 𝐹 be a complex
invertible matrix such that 𝐹𝐹 ∈ Rid. Then:

• 𝐾0 (𝐶 (𝑆𝑈𝑞 (2))) = Z and 𝐾1 (𝐶 (𝑆𝑈𝑞 (2))) = Z.

• 𝐾0 (𝐶 (𝑂+ (𝐹))) = Z and 𝐾1 (𝐶 (𝑂+ (𝐹))) = Z.

• 𝐾0 (𝐶 (𝑈+ (𝑄))) = Z and 𝐾1 (𝐶 (𝑈+ (𝑄))) = Z ⊕ Z.

• 𝐾0 (𝐶 (𝑆+𝑁 )) = Z𝑁
2−2𝑁+2 and 𝐾1 (𝐶 (𝑆+𝑁 )) = Z.
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These computations together with Theorem 5.1 allow to compute the K-theory groups
for the corresponding quantum direct products by means of the Künneth formula. More
precisely, if G and H are any of the compact quantum groups 𝑆𝑈𝑞 (2), 𝑂+ (𝐹),𝑈+ (𝑄) or
𝑆+
𝑁

as above, then it follows from Theorem 5.4 that 𝐾∗ (𝐶 (H)) is free abelian. Moreover,
𝐶 (G) ∈ N by Corollary 5.3. Therefore, we have 𝐾∗ (𝐶 (F)) = 𝐾∗ (𝐶 (G) ⊗ 𝐶 (H)) =

𝐾∗ (𝐶 (G)) ⊗ 𝐾∗ (𝐶 (H)), where F = G × H. Recall that 𝐾∗ ( · ) denotes the Z/2-graded 𝐾-
theory hence 𝐾𝑙 (𝐶 (F)) =

⊕
𝑖+ 𝑗=𝑙

𝑖, 𝑗∈{0,1}
𝐾𝑖 (𝐶 (G)) ⊗ 𝐾 𝑗 (𝐶 (H)), for all 𝑙 ∈ {0, 1}. Namely,

we have the following:

Theorem 5.5. Let 𝑁 ∈ N, let 𝑄 be a complex invertible matrix and let 𝐹 be a complex
invertible matrix such that 𝐹𝐹 ∈ Rid. Then:

• For F := 𝑂+ (𝐹) ×𝑂+ (𝐹), we have 𝐾0 (𝐶 (F)) = Z2 and 𝐾1 (𝐶 (F)) = Z2.

• For F := 𝑂+ (𝐹) ×𝑈+ (𝑄), we have 𝐾0 (𝐶 (F)) = Z3 and 𝐾1 (𝐶 (F)) = Z3.

• For F := 𝑂+ (𝐹) × 𝑆+
𝑁

, we have 𝐾0 (𝐶 (F)) = Z𝑁
2−2𝑁+3 and 𝐾1 (𝐶 (F)) =

Z𝑁
2−2𝑁+3.

• For F := 𝑈+ (𝑄) ×𝑈+ (𝑄), we have 𝐾0 (𝐶 (F)) = Z5 and 𝐾1 (𝐶 (F)) = Z4.

• For F := 𝑈+ (𝑄) × 𝑆+
𝑁

, we have 𝐾0 (𝐶 (F)) = Z𝑁
2−2𝑁+4 and 𝐾1 (𝐶 (F)) =

Z2𝑁2−4𝑁+5.

• For F := 𝑆+
𝑁

× 𝑆+
𝑁

, we have 𝐾0 (𝐶 (F)) = Z(𝑁
2−2𝑁+2)2+1 and 𝐾1 (𝐶 (F)) =

Z2(𝑁2−2𝑁+2) .

Of course, a similar list of K-theory groups can be obtained with other combinations
of compact quantum groups into a quantum direct product as soon as the strong quantum
BC property is satisfied and the K-groups of the C∗-algebras defining the quantum
groups involved are free abelian. Notice that, in order to apply the Künneth formula, the
computation of the K-groups of the C∗-algebra defining G×H requires at least 𝐾∗ (𝐶 (H))
to be free abelian.

For instance, let G be a compact quantum group, 𝑁 ≥ 4 and G ≀∗ 𝑆+𝑁 the corresponding
free wreath product of G by 𝑆+

𝑁
. A result by F. Lemeux and P. Tarrago (cf. [17]) shows

that there exists a parameter 𝑞 ∈ [−1, 1] such that the compact quantum group H𝑞

is monoidal equivalent to G ≀∗ 𝑆+𝑁 , where H𝑞 is such that Ĥ𝑞 is the discrete quantum
subgroup of �G ∗ 𝑆𝑈𝑞 (2) generated, in the sense of the Tannaka–Krein duality, by the
representations 𝑥𝑢𝑥 (as a word in Irr(G ∗ 𝑆𝑈𝑞 (2))) with 𝑥 ∈ Irr(G) and 𝑢 being the
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fundamental representation of 𝑆𝑈𝑞 (2). It is shown in [11] that �G ≀∗ 𝑆+𝑁 (hence Ĥ𝑞) satisfies
the strong quantum BC property as soon as Ĝ is torsion-free and satisfies the strong
quantum BC property.

The K-theory of 𝐶 (H𝑞) is computed in [11] for concrete and relevant instances of
G. For example, when Ĝ := F𝑛 is the classical free group with 𝑛 ∈ N generators, then
𝐾0 (𝐶 (H𝑞)) = Z ⊕ Z2 and 𝐾1 (𝐶 (H𝑞)) = Z𝑛+1. In this case, we see that the K-groups are
not free abelian, so that the Künneth formula cannot be applied to compute the K-theory
of quantum direct products of the form X × H𝑞 , but it still applies for quantum direct
products of the form H𝑞 × X for X any compact quantum group satisfying the strong
quantum BC property and such that 𝐾∗ (𝐶 (X)) is free abelian.

The K-theory of 𝐶 (G ≀∗ 𝑆+𝑁 ) is computed in the recent paper [10] by P. Fima and
A. Troupel for concrete and relevant instances of G. For example, when Ĝ := F𝑛 is
the classical free group with 𝑛 ∈ N generators, then 𝐾0 (𝐶 (F̂𝑛 ≀∗ 𝑆+𝑁 )) = Z𝑁

2−2𝑁+2 and
𝐾1 (𝐶 (F̂𝑛 ≀∗ 𝑆+𝑁 )) = Z𝑁

2𝑛+1 (cf. [10, Corollary 7.2]). In this case, the K-groups are free
abelian.
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