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Pseudo-Riemannian metrics on bicovariant bimodules

JyoTisumMaN BHowMick
SucATO MUKHOPADHYAY

Abstract

We study pseudo-Riemannian invariant metrics on bicovariant bimodules over Hopf algebras. We
clarify some properties of such metrics and prove that pseudo-Riemannian invariant metrics on a
bicovariant bimodule and its cocycle deformations are in one to one correspondence.

1. Introduction

The notion of metrics on covariant bimodules on Hopf algebras have been studied by a
number of authors including Heckenberger and Schmiidgen ([6, 7, 8]) as well as Beggs,
Majid and their collaborators ([11] and references therein). The goal of this article is to
characterize bicovariant pseudo-Riemannian metrics on a cocycle-twisted bicovariant
bimodule. As in [8], the symmetry of the metric comes from Woronowicz’s braiding
map o on the bicovariant bimodule. However, since our notion of non-degeneracy of the
metric is slightly weaker than that in [8], we consider a slightly larger class of metrics than
those in [8]. The positive-definiteness of the metric does not play any role in what we do.

We refer to the later sections for the definitions of pseudo-Riemannian metrics and
cocycle deformations. Our strategy is to exploit the covariance of the various maps between
bicovariant bimodules to view them as maps between the finite-dimensional vector spaces
of left-invariant elements of the respective bimodules. This was already observed and
used crucially by Heckenberger and Schmiidgen in the paper [8]. We prove that bi-
invariant pseudo-Riemannian metrics are automatically bicovariant maps and compare
our definition of pseudo-Riemannian metric with some of the other definitions available
in the literature. Finally, we prove that the pseudo-Riemannian bi-invariant metrics on
a bicovariant bimodule and its cocycle deformation are in one to one correspondence.
These results will be used in the companion article [2].

In Section 2, we discuss some generalities on bicovariant bimodules. In Section 3, we
define and study pseudo-Riemannian left metrics on a bicovariant differential calculus.
Finally, in Section 4, we prove our main result on bi-invariant metrics on cocycle-
deformations.

Let us set up some notations and conventions that we are going to follow. All vector
spaces will be assumed to be over the complex field. For vector spaces V| and V»,

Keywords: bicovariant bimodules, pseudo-Riemannian metric, cocycle deformations.
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o V) @c Vo — V, ®¢ V) will denote the canonical flip map, i.e, " (v| ®c v;) =

vy ®c vy. For the rest of the article, (A, A) will denote a Hopf algebra. We will use the
Sweedler notation for the coproduct A. Thus, we will write

A(a) = ac) ®c a()- (1.1)

For a right A-module V, the notation V* will stand for the set Hom # (V, A).
Following [16], the comodule coaction on a left A-comodule V will be denoted by the
symbol Ay . Thus, Ay is a C-linear map Ay : V — A ®&c V such that

(A®cid)Ay = (id®cAy)Ay, (e ®cid)Ay (v) =v
for all v in V (here € is the counit of ‘A). We will use the notation
Ay (V) =V(-1) Bc V(0)- (1.2)

Similarly, the comodule coaction on a right A-comodule will be denoted by v A and we
will write

vA(v) = V(0) ®c V(1)- (1.3)

Finally, for a Hopf algebra A, M 4, ;z{M;(, gMﬁ will denote the categories of
various types of mixed Hopf-bimodules as in [13, Subsection 1.9].

2. Covariant bimodules on quantum groups

In this section we recall and prove some basic facts on covariant bimodules. These objects
were studied by many Hopf-algebraists (as Hopf-bimodules) including Abe ([1]) and
Sweedler ([15]). During the 1980’s, they were re-introduced by Woronowicz ([16]) for
studying differential calculi over Hopf algebras. Schauenburg ([14]) proved a categorical
equivalence between bicovariant bimodules and Yetter—Drinfeld modules over a Hopf
algebra, the latter being introduced by Yetter in [17].

We start by recalling the notions on covariant bimodules from Section 2 of [16].
Suppose M is a bimodule over A such that (M,Ays) is a left A-comodule. Then
(M, Aypy) is called a left-covariant bimodule if this tuplet is an object of the category
;M 4, 1.e, for all @ in A and m in M, the following equation holds.

Ay (am) = A(a)Ap (m), Ay (ma) = Ay (m)A(a).

Similarly, if p;A is a right comodule coaction on M, then (M, p;A) is called a right
covariant bimodule if it is an object of the category 4 M?, i.e, for any a in A and m
inM,

mA(am) = A(a)yy A(m), pA(ma) = pA(m)A(a).
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Finally, let M be a bimodule over A and Apy : M — A Q®c M and yyA: M — M @c A
be C-linear maps. Then we say that (M, Aps, prA) is a bicovariant bimodule if this triplet
is an object of gM;‘. Thus,

(i) (M, Aypy) is left-covariant bimodule,
(ii) (M, pA) is a right-covariant bimodule,
(iii) (id ®cpA)Ay = (Ay ®c id) A,

The vector space of left (respectively, right) invariant elements of a left (respectively,
right) covariant bimodules will play a crucial role in the sequel and we introduce notations
for them here.

Definition 2.1. Let (M, Ajs) be a left-covariant bimodule over A. The subspace of
left-invariant elements of M is defined to be the vector space

oM :={meM:Ay(m)=18&cm}.

Similarly, if (M, psA) is a right-covariant bimodule over A, the subspace of right-invariant
elements of M is the vector space

My:={meM: pyA(m)=m®c 1}.

Remark 2.2. We will say that a bicovariant bimodule (M, Ay, prA) is finite if M is a
finite dimensional vector space. Throughout this article, we will only work with bicovariant
bimodules which are finite.

Let us note the immediate consequences of the above definitions.
Lemma 2.3 ([16, Theorem 2.4]). Suppose M is a bicovariant A-A-bimodule. Then
mMA(M) € oM ®c A, Ay (My) € A &c M.
More precisely, if {m;}; is a basis of oM, then there exist elements {a; }; ; in A such that

mA(m;) =ij ®c aji. 2.1)
J

Proof. This is a simple consequence of the fact that 5y A commutes with Ayy. m}

The category ﬁM # has a natural monoidal structure. Indeed, if (M, Aps) and (N, Ayn)
are left-covariant bimodules over A, then we have a left coaction Ays g, v of Aon M @4 N
defined by the following formula:

ApouN (M @A n) = myn-1) ®c mq) @z n()-
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Here, we have made use of the Sweedler notation introduced in (1.2). This makes M ® 4 N
into a left covariant A-A-bimodule. Similarly, there is a right coaction prg,nA on
M ®4 N if (M, yyA) and (N, yA) are right covariant bimodules.

The fundamental theorem of Hopf modules (Theorem 1.9.4 of [13]) states that if V is
a left-covariant bimodule over A, then V is a free as a left (as well as a right) A-module.
This was reproved by Woronowicz in [16]. In fact, one has the following result:

Proposition 2.4 ([16, Theorem 2.1 and Theorem 2.3]). Let (M, Ap) be a bicovariant
bimodule over A. Then the multiplication maps M ®c A — M, A Qc oM — M,
My ®c A — M and A ®&c My — M are isomorphisms.

Corollary 2.5. Let (M, Apy) and (N, An) be left-covariant bimodules over A and {m; };
and {n;} j be vector space bases of M and oN respectively. Then each element of M ® a N
can be written as Zij a;jm; ®z nj and Zij m; ®a njb;;, where a;; and b;; are uniquely
determined.

A similar result holds for right-covariant bimodules (M, pyA) and (N, y A) over A.
Finally, if (M, Apy) is a left-covariant bimodule over A with basis {m;}; of oM, and
(N, NA) is a right-covariant bimodule over A with basis {n;}; of No, then any element
of M ®# N can be written uniquely as }.;; a;jjm; ®a nj as well as 3;;m; ®a njb;;.

Proof. The proof of this result is an adaptation of [16, Lemma 3.2] and we omitit. O

The next proposition will require the definition of right Yetter—Drinfeld modules for
which we refer to [17] and [14, Definition 4.1].

Proposition 2.6 ([14, Theorem 5.7]). The functor M +— oM induces a monoidal
equivalence of categories 2/\4;‘ and the category of right Yetter—Drinfeld modules.
Therefore, if (M, Ap) and (N, Apr) be left-covariant bimodules over ‘A, then

o(M®a N) =spanc{m ®zn:meoM,n e (N} (2.2)

Similarly, if (M, pyA) and (N, Ny A) are right-covariant bimodules over A, then we have
that

(M ®a N)o =spanc{m @ n:me My,n € No}.
Thus, o(M ® 4 N) = oM ®c oN and (M ® 74 N)o = My ®c No.

Remark 2.7. In the light of Proposition 2.6, we are allowed to use the notations oM ®c oN
and o(M ®# N) interchangeably.

We recall now the definition of covariant maps between bimodules.
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Pseudo-Riemannian metrics on bicovariant bimodules

Definition 2.8. Let (M, Ay, »A) and (N, Ay, yA) be bicovariant A-bimodules and T
be a C-linear map from M to N.
T is called left-covariant if T is a morphism in the category AM,i.e, forallm e M,

(id®cT)(Ap (m)) = Ay (T (m)).
T is called right-covariant if T is a morphism in the category M. Thus, for all m € M,
(T ®c id)y A(m) = NA(T (m)).
Finally, a map which is both left and right covariant will be called a bicovariant map. In
other words, a bicovariant map is a morphism in the category * M.

We end this section by recalling the following fundamental result of Woronowicz.

Proposition 2.9 ([16, Proposition 3.1]). Given a bicovariant bimodule & there exists a
unique bimodule homomorphism

c:EQRAE >E®AE suchthato(wW®aN) =N ®x W (2.3)

for any left-invariant element w and right-invariant element n in &. o is invertible and is
a bicovariant A-bimodule map from & @ 4 & to itself. Moreover, o satisfies the following
braid equation on & ® 4 E ®4 & :

(d®40) (0 ®41d)(1d®40) = (0 ®4 1d)(id®40) (0 ® 4 id).

3. Pseudo-Riemannian metrics on bicovariant bimodules

In this section, we study pseudo-Riemannian metrics on bicovariant differential calculus
on Hopf algebras. After defining pseudo-Riemannian metrics, we recall the definitions
of left and right invariance of a pseudo-Riemannian metrics from [8]. We prove that a
pseudo-Riemannian metric is left (respectively, right) invariant if and only if it is left
(respectively, right) covariant. The coefficients of a left-invariant pseudo-Riemannian
metric with respect to a left-invariant basis of & are scalars. We use this fact to clarify some
properties of pseudo-Riemannian invariant metrics. We end the section by comparing
our definition with those by Heckenberger and Schmiidgen ([8]) as well as by Beggs and
Majid.

Definition 3.1 ([8]). Suppose & is a bicovariant A-bimodule Eand o : E@ 4E — EQR4E
be the map as in Proposition 2.9. A pseudo-Riemannian metric for the pair (&, o) is a
right A-linear map g : & ® 4 & — A such that the following conditions hold:

(i) goo =g.

(ii) If g(p ®# v) =0forall vin &, then p = 0.
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For other notions of metrics on covariant differential calculus, we refer to [11] and
references therein.

Definition 3.2 ([8]). A pseudo-Riemannian metric g on a bicovariant A-bimodule & is
said to be left-invariant if for all p, v in &,

(id®ceg)(Ageqe) (0 ®av) =g(p ®av).
Similarly, a pseudo-Riemannian metric g on a bicovariant A-bimodule & is said to be
right-invariant if for all p,v in &,

(eg ®@cid)((seq8) AP ®a V) = g(p ®a V).
Finally, a pseudo-Riemannian metric g on a bicovariant A-A bimodule & is said to be
bi-invariant if it is both left-invariant as well as right-invariant.

We observe that a pseudo-Riemannian metric is invariant if and only if it is covariant.

Proposition 3.3. Let g be a pseudo-Riemannian metric on the bicovariant bimodule &.
Then g is left-invariant if and only if g : & @ 4 & — A is a left-covariant map. Similarly,
g is right-invariant if and only if g : & ® # & — A is a right-covariant map.

Proof. Let g be a left-invariant metric on &, and p, v be elements of &. Then the following
computation shows that g is a left-covariant map.

Ag(p ®av) = A((Id ®ceg)(Aseae) (P ®a v)))
= A(id®ceg) (p(-1)v(-1) ®c P(0) Ba V(0))
=A(p(-1)v(-1))€8(p(0) ®A (0))
= () (-1 c (p-1))@ (vi-1) 2 €8(P0) ®a v(0))
= (P10) () (V=) 1) ®c ((1[d®ceg) ((p(-1)) 2) (V(-1)) (2) Bc p(0) ® V(1))
= p(-1V(-1) & ((id®ceg)(Asoqe) (P(0) ®a V(1))
(where we have used co associativity of comodule coactions)
= p-1)V(-1) &c &(P(0) ®A V(0))
= (Id®cg)(Agaqe) (P ®a V).
On the other hand, suppose g : & ® 4 & — A is a left-covariant map. Then we have
(id ®ceg)Agaqe) (P ®a v) = (id ®ce) (id ®@cg)Aseq8) (P ®a V)
= (id®ce)Ag(p ®a V) = g(p ®a V).

The proof of the right-covariant case is similar. O

The following key result will be used throughout the article.
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Pseudo-Riemannian metrics on bicovariant bimodules

Lemma 3.4 ([8]). If g is a pseudo-Riemannian metric which is left-invariant on a
left-covariant A-bimodule &, then g(w @ # wa) € C.1 for all wy, wy in ¢&. Similarly, if
g is a right-invariant pseudo-Riemannian metric on a right-covariant A-bimodule, then
g(m ®an2) € C.1 forall 1, mz in E.

Let us clarify some of the properties of a left-invariant and right-invariant pseudo-
Riemannian metrics. To that end, we make the next definition which makes sense as we
always work with finite bicovariant bimodules (see Remark 2.2). The notations used in
the next definition will be used throughout the article.

Definition 3.5. Let & and g be as above. For a fixed basis {wy, . . ., w, } of ¢&, we define
gij = 8(w; ®a w;). Moreover, we define V, : & — & = Homg(&, A) to be the map
defined by the formula

Ve(e)(f) =g(e®a f).

Proposition 3.6. Let g be a left-invariant pseudo-Riemannian metric for & as in
Definition 3.1. Then the following statements hold:

(i) The map Vg is a one-one right A-linear map from & to &*.

(ii) Ife € E is such that g(e ®# f) =0 forall f € ¢&, then e = 0. In particular, the
map Vy|,& is one-one and hence an isomorphism from o& to (o&)*.

(iii) The matrix ((gi;))ij is invertible.

(iv) Let g'7 denote the (i, j)-th entry of the inverse of the matrix ((gi;))i;. Then g"/
is an element of C.1 for all i, j.

) Ifg(e®a ) =0forall ein &, then f =0.

Proof. The right A-linearity of V, follows from the fact that g is a well-defined map
from & ® # & to A. The condition (ii) of Definition 3.1 forces V, to be one-one. This
proves (i).

For proving (ii), note that V|, is the restriction of a one-one map to a subspace.
Hence, it is a one-one C-linear map. Since g is left-invariant, by Lemma 3.4, for any e in
06, Vg(e)(0E) is contained in C. Therefore, V, maps o& into (o&)*. Since, ¢& and (oE)*
have the same finite dimension as vector spaces, V¢|,& : 0& — (0&)" is an isomorphism.
This proves (ii).

Now we prove (iii). Let {w;}; be a basis of (& and {w]}; be a dual basis, i.e,
w!(wj) = 6;;. Since Vg|,g is a vector space isomorphism from ¢& to (¢&)* by part (ii),
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there exist complex numbers a;; such that

(Vo) N (w]) = ) arjw;.

J
This yields

Sik = w; (W) = g (Z a;jw;j ®xa wk) = Zaijgjk~

J

J
Therefore, ((a;;));; is the left-inverse and hence the inverse of the matrix ((g;;));;. This
proves (iii).

For proving (iv), we use the fact that g;; is an element of C.1 for all 7, j. Since

Zg(wi ®a wr)g" = 6.1 = Zgikg(wk ®a wj) = i},
X 3

we have

D g(wi ®awi)e(eh) =67 = > e(g™)g(wi ®a w)).
k k
So, the matrix ((e(g"/)));; is also an inverse to the matrix ((g(w; ®4 w,)));; and hence
g =€(g") and g/ isin C.1.
Finally, we prove (v) using (iv). Suppose f be an element in & such that g(e ®# f) =0
for all e in ¢&. Let f = }; wray for some elements ay in A. Then for any fixed index iy,
we obtain

0=g¢ Zgi‘)jwj ®A Zwkak = Z Zgingjkak = Z Sipk @k = Qi
7 % T g %

Hence, we have that f = 0. This finishes the proof. O

We apply the results in Proposition 3.6 to exhibit a basis of the free right A-module
V4 (&). This will be used in making Definition 4.11 which is needed to prove our main
Theorem 4.15.

Lemma 3.7. Suppose {w;}; is a basis of o& and {w?}; be the dual basis as in the proof
of Proposition 3.6. If g is a pseudo-Riemannian left-invariant metric on &, then Vg (E) is
a free right A-module with basis {w}};.

Proof. We will use the notations (g;;);; and g%/ from of Proposition 3.6. Since Vyisa
right A-linear map, V, (&) is a right A-module. Since

Ve(wi) = Zgijw;' (3.1)
J
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and the inverse matrix (g%/); ; has scalar entries (Proposition 3.6), we get
wy =Y & Ve(wr)
i

and so wy_ belongs to V, (&) for all k. By the right A-linearity of the map V,, we conclude
that the set {w}; is right A-total in Vg (E).
Finally, if a; are elements in ‘A such that ), wZa x = 0, then by (3.1), we have

0= Z gkng(wi)dk = Vg (Z wj (Z gkiak)) .
ik i k
As V, is one-one and {w; }; is a basis of the free module &, we get
Z gkiak =0V
k

Multiplying by g;; and summing over i yields a; = 0. This proves that {w]}; is a basis of
V¢ (&) and finishes the proof. O
Remark 3.8. Let us note that for all e € &, the following equation holds:

e= Z w;w;(e). (3.2)

The following proposition was kindly pointed out to us by the referee for which we
will need the notion of a left dual of an object in a monoidal category. We refer to
Definition 2.10.1 of [5] or Definition XIV.2.1 of [9] for the definition.

Proposition 3.9. Suppose g is a pseudo-Riemannian A-bilinear pseudo-Riemannian

metric on a finite bicovariant A-bimodule. Let & denote the left dual of the object & in

the category A M. Then & is isomorphic to & as objects in the category A M? via the
gory g/M4 P ] gory M4

morphism V.

Proof. It is well-known that & and &* are isomorphic objects in the category ﬁ Mﬁ.
This follows by using the bicovariant A-bilinear maps

ev:5®ﬂ6—>ﬂ; coev:ﬂ—>8®ﬂ5;

dQqer— d(e), 1+—>Z:a),-®5z(a);-k
i

We define evg : E®4 & — A and coevg : A — & ®4 & by the following formulas:

eve(e ®a f) =g(e®a f), coevg(l) = Z w; ®a Vy ' (w)).
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Then since g is both left and right A-linear, ev, and coev, are A-A-bilinear maps. The
bicovariance of g implies the bicovariance of ev, while the bicovariance of coev, =
(id®aVy 1) o coev follows from the bicovariance of V, and coev.

Since the left dual of an object is unique upto isomorphism, we need to check the
following identities for all e in &:

(evg ®71d)(id®# coevy)(e) = e, (id®gevy)(coevg ®4id)(e) = e.

But these follow by a simple computation using the fact that ¢& is right A-total in & and
the identity (3.2).

From the above discussion, we have that & and &* are two left duals of the object
& in the category ﬁMﬁ. Then by the proof of Proposition 2.10.5 of [5], we know
that (ev, ® 7 idg+) (idg ®# coev) is an isomorphism from & to &*. But it can be easily
checked that (evg ® # idg+) (idg ® 4 coev) = V,. This completes the proof. O

Now we state a result on bi-invariant (i.e both left and right-invariant) pseudo-
Riemannian metric.

Proposition 3.10. Let g be a pseudo-Riemannian metric on & and the symbols {w; };,
{gij}ij be as above. If

gAw) = ) wj ®c Rj; (3.3)
J
(see (2.1)), then g is bi-invariant if and only if the elements g;; are scalar and

8ij = ngleile~ (3.4)
ki

Proof. Since g is left-invariant, the elements g;; are in C.1. Moreover, the right-invariance
of g implies that g is right-covariant (Proposition 3.3), i.e.

1 ®c gij = A(gij) = (g ®a id) se8A(w; & w))
= (g ®xid) Z Wi ®a w; & RiiRyj | =1&c ngleile,
ki ]

so that
8ij = ngleile. (3.5)
ki

Conversely, if g;; = g(w; ®# w;) are scalars and (3.4) is satisfied, then g is left-invariant
and right-covariant. By Proposition 3.3, g is right-invariant. m}

We end this section by comparing our definition of pseudo-Riemannian metrics with
some of the other definitions available in the literature.
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Proposition 3.6 shows that our notion of pseudo-Riemannian metric coincides with
the right A-linear version of a “symmetric metric” introduced in Definition 2.1 of [8] if
we impose the condition of left-invariance.

Next, we compare our definition with the one used by Beggs and Majid in Proposition 4.2
of [10] (also see [11] and references therein). To that end, we need to recall the construction
of the two forms by Woronowicz ([16]).

If & is a bicovariant A-bimodule and o~ be the map as in Proposition 2.9, Woronowicz
defined the space of two forms as:

Q*(A) = (E®xE)/ Ker(o - 1).
The symbol A will denote the quotient map
A E®AE— QX A).
Thus,
Ker(A) = Ker(o - 1). (3.6)
In Proposition 4.2 of [10], the authors define a metric on a bimodule & over a (possibly)
noncommutative algebra A as an element & of & ® 4 & such that A(4) = 0. We claim that
metrics in the sense of Beggs and Majid are in one to one correspondence with elements
g € Hom g4 (E®4 &, A) (not necessarily left-invariant) such that g oo = g. Thus, modulo
the nondegeneracy condition (ii) of Definition 3.1, our notion of pseudo-Riemannian
metric matches with the definition of metric by Beggs and Majid.
Indeed, if g € Hom#(E @4 &, A) as above and {w;};, is a basis of (&, then the
equation g o o = g implies that
goo(w ®aw)) =g(w; @z w)).
However, by equation (3.15) of [16], we know that

ki
o(w; ®a w;) = Z(J’ijwk ®7a Wy
k.l

for some scalars a'l.’j.l . Therefore, we have
Z oilg(wr @z W) = g(w; ®z w,)). (3.7
]

We claim that the element h = }; ; g(w; ®a wj)w; ®a w; satisfies A(h) = 0. Indeed,
by virtue of (3.6), it is enough to prove that (o — 1)(4) = 0. But this directly follows
from (3.7) using the left A-linearity of o.

This argument is reversible and hence starting from & € & ® 4 & satisfying A(h) =0,
we get an element g € Hom # (& ® 4 &, A) such that for all 4, j,

goo(wi®qwj)=glw; ®q wj).
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Since {w; ®4 w; : 1, j} is right A-total in & ® 5 & (Corollary 2.5) and the maps g, o
are right A-linear, we get that g o o = g. This proves our claim. Let us note that since
we did not assume g to be left invariant, the quantities g(w; ® # w;) need not be scalars.
However, the proof goes through since the elements o-,';]l- are scalars.

4. Pseudo-Riemannian metrics for cocycle deformations

This section concerns the braiding map and pseudo-Riemannian metrics of bicovariant
bimodules under cocycle deformations of Hopf algebras. This section contains two main
results. We start by recalling that a bicovariant bimodule & over a Hopf algebra A can be
deformed in the presence of a 2-cocycle y on A to a bicovariant A, -bimodule &,. We
prove that the canonical braiding map of the bicovariant bimodule &, (Proposition 2.9)
is a cocycle deformation of the canonical braiding map of &. Finally, we prove that
pseudo-Riemannian bi-invariant metrics on & and &,, are in one to one correspondence.

Throughout this section, we will make heavy use of the Sweedler notations as spelled
outin (1.1), (1.2) and (1.3). The coassociativity of A will be expressed by the following
equation:

(A®cid)A(a) = (id®cA)A(a) = a) ®c ac) ®c az).

Also, when m is an element of a bicovariant bimodule, we will use the notation
(id®cmA)Ap (m) = (Ay ®c id)y A(m) =m(_1) ®c m() @ m(). (4.1

Definition 4.1. A cocycle y on a Hopf algebra (A, A) is a C-linearmapy : AQc A — C
such that it is convolution invertible, unital, i.e,

y(a®c 1) =€(a) =y(l &ca)
and for all a, b, c in A,
y(a) ®c bay)yla@be) ®cc) =y(ba) & c))y(a® b)c))- 4.2)

Given a Hopf algebra (A, A) and such a cocycle y as above, we have a new Hopf
algebra (A,, A,) which is equal to A as a vector space, the coproduct A,, is equal to A
while the algebra structure *, on A, is defined by the following equation:

axy b=y(aq) & buyap)bwe)y(as) & ba). (4.3)
Here, ¥ is the convolution inverse to y which is unital and satisfies the following equation:
Y(amb) ®c c)y(a) & b)) =¥(a® bayc))y(be) & c(2))- (4.4)

We refer to [4, Theorem 1.6] for more details.
Suppose M is a bicovariant A-A-bimodule. Then M can also be deformed in the
presence of a cocycle. This is the content of the next proposition.
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Proposition 4.2 ([12, Theorem 2.5]). Suppose M is a bicovariant A-bimodule and
v is a 2-cocycle on A. Then we have a bicovariant A, -bimodule M,, which is equal
to M as a vector space but the left and right A, -module structures are defined by the
following formulas:

a*ym=ry(aq) ® m-1))aw)-mwoy(as S mu)) (4.5)
mxy a =7y(m1) ®c a())mo)-aw)y(ma) Sc a)). (4.6)
for all elements m of M and for all elements a of A. Here, *,, denotes the right and left

Ay -module actions, and . denotes the right and left A-module actions.
The A, -bicovariant structures are given by

Am, = Apg s My — Ay, ®c My and s, A= A My — M, ®c Ay, (4.7)

Remark 4.3. From Proposition 4.2, it is clear that if M is a finite bicovariant bimodule
(see Remark 2.2), then M, is also a finite bicovariant bimodule.

We end this subsection by recalling the following result on the deformation of
bicovariant maps.

Proposition 4.4 ([12, Theorem 2.5]). Let (M, Apr, pA) and (N, Ay, N A) be bicovariant
A-bimodules, T : M — N be a C-linear bicovariant map and y be a cocycle as above.
Then there exists a map T, : M, — N,, defined by T,,(m) = T (m) for all m in M. Thus,
T, =T as C-linear maps. Moreover, we have the following:

(i) the deformed map T,, : My, — N, is an A, bicovariant map,

(i) if T is a bicovariant right (vespectively left) A-linear map, then T, is a bicovariant
right (respectively left) A, -linear map,

(iii) if (P, Ap, pA) is another bicovariant A-bimodule, and S : N — P is a bicovari-
ant map, then (SoT), : M,, — P, is a bicovariant map and Sy, o T, = (S o T),.

4.1. Deformation of the braiding map

Suppose & is a bicovariant A-bimodule, o be the bicovariant braiding map of Propo-
sition 2.9 and g be a bi-invariant metric. Then Proposition 4.4 implies that we have
deformed maps o, and g, . In this subsection, we study the map o-,. The map g, will be
discussed in the next subsection. We will need the following result:
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Proposition 4.5 ([12, Theorem 2.5]). Let (M, Apr, pA) and (N, Ay, N A) be bicovariant
bimodules over a Hopf algebra A and y be a cocycle as above. Then there exists a
bicovariant A - bimodule isomorphism

&My ®na, Ny — (M ®aN),.
The isomorphism & and its inverse are respectively given by
E(m®a, n) =y(m-1) & n(-1))m) ®a no)y(mu) ®c n))
ENmean) =y(m 1) ® ni1y)mo) ®a, noyy(m) ®c n())

As an illustration, we make the following computation which will be needed later in
this subsection:
Lemma 4.6. Suppose w € ¢E,n € Ey. Then the following equation holds:

EN(y(n-1) ® Do) ®a w()¥(1 8c w(1))) =1 @, .

Proof. Let us first clarify that we view y(1(-1) ®c 1)17(0) ®a w)¥(1 ®c w(1)) as an
element in (& ®# &),.. Then the equation holds because of the following computation:

E oy ®c Do) ®a w0 7(1 @c w)))

=11 ®c DE™ (n0) ®a 0(0)7(1 & w(1))

=y(M-2) & Dy (n(-1) & Dn) ®a, wo)y(1 & w1))y(1 ®c w(2))

(since w € ¢&, n € &)

= e(m-2)e(Mm-1)n©) ®a, woe(w))e(wp)) (since y and y are normalised)

=n0®a, w. O

Now, we are in a position to study the map o-,. By Proposition 4.2, &, is a bicovariant
A,-bimodule. Then Proposition 2.9 guarantees the existence of a canonical braiding
from &y ®a, &y to itself. We show that this map is nothing but the deformation oy of
the map o associated with the bicovariant A-bimodule &. By the definition of o, itis a
map from (& ®4 &), to (E ®4 &),. However, by virtue of Proposition 4.5, the map ¢

defines an isomorphism from &, ® 4, &y t0 (& ®4 &), . By an abuse of notation, we
will denote the map

Eloyé:8,00,8, > 8 04,8,
by the symbol o, again.
Theorem 4.7 ([12, Theorem 2.5]). Let & be a bicovariant A-bimodule and y be a cocycle

as above. Then the deformation o, of o is the unique bicovariant A, -bimodule braiding
map on &, given by Proposition 2.9.
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Proof. Since o is a bicovariant A-bimodule map from & ® # & to itself, part (ii) of
Proposition 4.4 implies that o, is a bicovariant A, -bimodule map from (& ® 4 &), =
&y ®a, &y toitself. By Proposition 2.9, there exists a unique A, -bimodule map o’ from
&y ®a, &y toitself such that o’ (w ®a, 1) =7 ®a, w forall w in o(E,),  in (Ey)o.

Since ¢(Ey) = 0& and (&, )0 = &, it is enough to prove that oy (w ® 4, 17) =N OA, W
for all w in (&, 1 in &Ep.

We will need the concrete isomorphism between &, ® 4, &y and (& ® 4 &), defined
in Proposition 4.5. Since w is in (& and 7 is in &y, this isomorphism maps the element
w®a, 110 v(1 Q¢ 77(,1))0)(0) A 77(0)7(0)(1) ®c 1). Then, by the definition of Oy, WE
compute the following:

oy(w®a, n) =o(y(1 & n1)wwo ®anwoy(wa &c 1))
= o (e(n-1)w() ®a noye(w())) = €m-1))n0) ®a wo e(w())
=y(n(-1) & Do) ®a wo)7(1 ®c w()) =1 ®a, w,

where, in the last step we have used Lemma 4.6. O

Remark 4.8. Proposition 4.2, Proposition 4.4, Proposition 4.5 and Theorem 4.7 together
imply that the categories QM; and ;ZM;; are isomorphic as braided monoidal
categories. This was the content of Theorem 2.5 of [12]. The referee has pointed out that
this is a special case of a much more generalized result of Bichon ([3, Theorem 6.1])
which says that if two Hopf algebras are monoidally equivalent, then the corresponding
categories of right-right Yetter Drinfeld modules are also monoidally equivalent.

However, in Theorem 4.7, we have proved in addition that the braiding on 2: M;[; is
precisely the Woronowicz braiding of Proposition 2.9.

Corollary 4.9. If the unique bicovariant A-bimodule braiding map o for a bicovariant
A-bimodule & satisfies the equation o> = 1, then the bicovariant Ay -bimodule braiding
map o for the bicovariant A, -bimodule &, also satisfies 0'3 =1

In particular, if A is the commutative Hopf algebra of regular functions on a compact
semisimple Lie group G and & is its canonical space of one-forms, then the braiding map
oy for &, satisfies 0')2, =1

Proof. By Theorem 4.7, oy is the unique braiding map for the bicovariant A, -bimodule
&, . Since, by our hypothesis, o? = 1, the deformed map o also satisfies 0'3 =1 by
part (ii) of Proposition 4.4.

Next, if A is a commutative Hopf algebra as in the statement of the corollary and & is
its canonical space of one-forms, then we know that the braiding map o is just the flip
map, i.e. for all e1, es in &,

o(e1®ae)=er®zey,
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and hence it satisfies o2 = 1. Therefore, for every cocycle deformation &, of &, the
corresponding braiding map satisfies 0'3 =1. O

4.2. Pseudo-Riemannian bi-invariant metrics on &,

Suppose & is a bicovariant A-bimodule and &, be its cocycle deformation as above.
The goal of this subsection is to prove that a pseudo-Riemannian bi-invariant metric
on & naturally deforms to a pseudo-Riemannian bi-invariant metric on &,,. Since g is a
bicovariant (i.e, both left and right covariant) map from the bicovariant bimodule & ® # &
to itself, then by Proposition 4.4, we have a right A, -linear bicovariant map g, from
&y ®a, &y toitself. We need to check the conditions (i) and (ii) of Definition 3.1 for the
map g, .

The proof of the equality g, = g, o o is straightforward. However, checking
condition (ii), i.e, verifying that the map V,, is an isomorphism onto its image needs
some work. The root of the problem is that we do not yet know whether &* = V,,(&). Our
strategy to verify condition (ii) is the following: we show that the right A-module V, (&)
is a bicovariant right A-module (see Definition 4.10) in a natural way. Let us remark
that since the map g (hence V) is not left A-linear, V, (&) need not be a left A-module.
Since bicovariant right A-modules and bicovariant maps between them can be deformed
(Proposition 4.13), the map V,, deforms to a right A, -linear isomorphism from &, to
(Vg(&))y. Then in Theorem 4.15, we show that (Vg), coincides with the map V;,, and
the latter is an isomorphism onto its image. This is the only subsection where we use the
theory of bicovariant right modules (as opposed to bicovariant bimodules).

Definition 4.10. Let M be a right A-module, and Apy : M - A Qc M and yyA: M —
M ®c A be C-linear maps. We say that (M, Ay, pA) is a bicovariant right A-module if
the triplet is an object of the category ﬂM?}, ie,

(i) (M, Ap) is aleft A-comodule,
(i) (M, pA) is aright A-comodule,
(iii) (id®cpmA)Ay = (Ay &cid)mA,

(iv) Forany a in A and m in M,

Ay (ma) = Ay (m)A(a),  mA(ma) = yA(m)A(a).

For the rest of the subsection, & will denote a bicovariant A-bimodule. Moreover,
{w;}; will denote a basis of (& and {w]}; the dual basis, i.e, w!(w;) = 6;;.
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Let us recall that (2.1) implies the existence of elements R;; in A such that

sA(w;) = Z w; &c Rji. (4.8)
iy

We want to show that V, (&) is a bicovariant right A-module. To this end, we recall that
(Lemma 3.7) V, (&) is a free right A-module with basis {w] };. This allows us to make
the following definition.

Definition 4.11. Let {w;}; and {w} }; be as above and g a bi-invariant pseudo-Riemannian
metric on &. Then we can endow V(&) with a left-coaction Ay, (g) : Vg(E) —
A ®c V4 (&) and a right-coaction v, (g)A : Vg(E) — Vg(E) ®c A, defined by the
formulas

Ave &) (Z w:f“i) = Z(l ®c wy)A(ai), v, (&)A (Z w?ai)

= > (@) ®c S(Rij)A(a),
ij

(4.9)

where the elements R;; are as in (4.8).
Then we have the following result.

Proposition 4.12. The triplet (V4 (E), Av, (&), v, (5)A) is a bicovariant right A-module.
Moreover, the map Vg : & — V, (&) is bicovariant, i.e, we have

Ay, &) (Vg(e)) = (id@cVg)Ag(e), v, (8)A(Vg(e)) = (Vg ®cid)gA(e). (4.10)
Proof. The fact that (V4(&), Ay, (&) v, (&)A) is a bicovariant right A-module follows
immediately from the definition of the maps Ay, (&) and v, (g)A. So we are left with
proving (4.10). Let e € &. Then there exist elements a; in A such that e = }; w;a;.
Hence, by (3.1), we obtain

Av,e)(Vg(e)) = Av,(g) | Ve

§ wid;
i

= > (18 gijw)Aa) = D (([d@cVe) (1 ®c wi)A(ar)
ij i

= AVS(S) (Z gija)j-ai)
ij
= ) (id@cVg) (Ag(wi)Aar)
= > ([d @cVy)Ag(wia;) = (id ®cVy)Ag e).
i
This proves the first equation of (4.10).
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For the second equation, we begin by making an observation. Since gA(w;) =
Zj wj ®c Rj;, we have

5ij = €(Rij) = m(S ®cid)A(R;;) = D S(Rix) R .
k

Therefore, multiplying (3.5) by S(R;,,) and summing over j, we obtain

Zé’ijS(ij) = Z gjmRji. (4.11)
J J
Now by using (3.1), we compute

ve(&)A(Vg(e)) = v, (8)A (Vg

Z wiai)) = Ve (8)A (Z gijwj'ai)
i ij

= Z Ve (&)A(gijw})A(a;) = Z gijwy ®c S(R;jk)A(a;)
77 ik

= D vi e ZgUS(RJk)A(a )
= Zwk ®c Zg,kRﬂA(al) (by (4.11))

= Zgjkwk ®c RjiA(ai) = Z Ve(wj) ®c RjiA(a;)
ijk ij

= > (Ve @cid)sA(wi)Aa)  (by (48))

= > (Vg 8cid)sA(wia;) = (Vg @cid)gA(e).

This finishes the proof. O

Now we recall that bicovariant right A-modules (i.e, objects of the category ﬁM;‘)
can be deformed too.

Proposition 4.13 ([ 14, Theorem 5.7]). Let (M, Apg, pA) be a bicovariant right A-module
and y be a 2-cocycle on A. Then

(i) M deforms to a bicovariant right A, -module, denoted by M.,

(ii) if (N,An, NA) is another bicovariant right A-module and T : M — N is
a bicovariant right A-linear map, then the deformation T, : M,, — N, is a
bicovariant right A, -linear map,

(iii) T,, as in (ii), is an isomorphism if and only if T is an isomorphism.
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Proof. Parts (i) and (ii) follow from the equivalence of categories M and » M
combined with the ﬂM;‘ analogue of (non-monoidal part of) the second assertion of
Proposition 5.7 of [14]. Part (iii) follows by noting that since the map T is a bicovariant
right A-linear map, its inverse 7~ is also a bicovariant right A-linear map. Thus, the
deformation (T7'), of T~! exists and is the inverse of the map 7. a]

As an immediate corollary, we make the following observation.

Corollary 4.14. Let g be a bi-invariant pseudo-Riemannian metric on a bicovariant
A-bimodule E. Then the following map is a well-defined isomorphism.

(Vg)y : 67 - (Vg(a))y = (Vg)y(ay)

Proof. Since both & and V(&) are bicovariant right A-modules, and V, is a right
A-linear bicovariant map (Proposition 4.12), Proposition 4.13 guarantees the existence of
(Vg)y- Since g is a pseudo-Riemannian metric, by (ii) of Definition 3.1, V, : & — V, (&)
is an isomorphism. Then, by (iii) of Proposition 4.13, (V,), is also an isomorphism. O

Now we are in a position to state and prove the main result of this section which shows
that there is an abundant supply of bi-invariant pseudo-Riemannian metrics on &, . Since
g is a map from & ® 4 & to A, g, is a map from (& ®.4 &), to A,.. But we have the
isomorphism & from &, ® 4, &, to (& ®4 &), (Proposition 4.5). As in Subsection 4.1,
we will make an abuse of notation to denote the map g,,¢ ~! by the symbol gy

Theorem 4.15. If g is a bi-invariant pseudo-Riemannian metric on a finite bicovariant
A-bimodule & (as in Remark 2.2) and y is a 2-cocycle on A, then g deforms to a right
Ay-linear map g, from &, ®a, &y to itself. Moreover, g, is a bi-invariant pseudo-
Riemannian metric on &,. Finally, any bi-invariant pseudo-Riemannian metric on &, is
a deformation (in the above sense) of some bi-invariant pseudo-Riemannian metric on &.

Proof. Since g is a right A-linear bicovariant map (Proposition 3.3), g indeed deforms to
aright A,-linear map g,, from (E®4E), = &y @, &, (see Proposition 4.5) to A,,. The

second assertion of Proposition 4.4 implies that g,, is bicovariant. Then Proposition 3.3
implies that g, is bi-invariant. Since g o o~ = g, part (iii) of Proposition 4.4 implies that

8y =(g00)y=gyo0,.
This verifies condition (i) of Definition 3.1
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Next, we prove that g, satisfies (ii) of Definition 3.1. Let w be an element of ¢& = (&)
and 77 be an element of &y = (&, )o. Then we have

(Ve)y(w) (1) = (Ve(w))y () = Vg(w)(m)
=g(w®an) = g,(¥(1 & n-1))wo ®a, 10)Y(@a) &c 1))
(by the definition of &' in Proposition 4.5)
= gy(e(m-1)w() ®a, noye(w))) = gy(w®da, n) = Vg, (w)(1).

Then, by the right-A,, linearity of (V,), (w) and V. (w), we get, for all a in A,

ng (w)(n *y a) = ng (w)(m) *y a = (Vg)y(w)(n) *y a = (Vg)y(w)(n *y a).

Therefore, by the right A-totality of (E,)o = Ep in &,, we conclude that the maps (V),,
and Vg agree on o(&,). But since ¢(Ey) = o8 is right A, -total in &, and both V, and
(Vg), are right-A,, linear, (Vg), = Vg, on the whole of &, .

Next, since V, is a right A-linear isomorphism from & to V, (&), hence by Corol-
lary 4.14, (V,), is an isomorphism onto (V¢ (&))y = (Vg)y(Ey) = Vg, (E,). Therefore
Vg, is an isomorphism from &,, to V. (&E,). Hence gy satisfies (ii) of Definition 3.1.

To show that every pseudo-Riemannian metric on &, is obtained as a deformation of a
pseudo-Riemannian metric on &, we view & as a cocycle deformation of &, under the
cocycle y~!. Then given a pseudo-Riemannian metric g’ on &,, by the first part of this
proof, (g”),-1 is a bi-invariant pseudo-Riemannian metric on &. Hence, g’ = ((8'),-1)y
is indeed a deformation of the bi-invariant pseudo-Riemannian metric (g"),-1 on &. O

Remark 4.16. We have actually used the fact that & is finite in order to prove Theorem 4.15.
Indeed, since & is finite, we can use the results of Section 3 to derive Proposition 4.12
which is then used to prove Corollary 4.14. Finally, Corollary 4.14 is used to prove
Theorem 4.15.

Also note that the proof of Theorem 4.15 also implies that the maps (V,), and Vg,
are equal.

When g is a pseudo-Riemannian bicovariant bilinear metric on &, then we have a
much shorter proof of the fact that g,, is a pseudo-Riemannian metric on &,, which avoids
bicovariant right A-modules. We learnt the proof of this fact from communications
with the referee and is as follows: We will work in the categories ﬁM ﬁ and ﬁzMﬁz.

Firstly, as g is bilinear, V, is a morphism of the category ﬁMﬁ. and can be deformed
to a bicovariant A, -bilinear map (Vy), from &, to (&%), . Similarly, g deforms to a
Ay-bilinear map from &, ® 4, &y to A, . Then as in the proof of Theorem 4.15, we can
easily check that (Vy), = Vg, .
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On the other hand, it is well-known that the left dual Eof&Eis isomorphic to &*. Since
g is bilinear, Proposition 3.9 implies that the morphism V,, (in the category ﬁMﬁ) is an
isomorphism from & to &*.

Therefore, we have an isomorphism (Vy ), is anisomorphism from &, to (%), = (&,)*
by Exercise 2.10.6 of [S]. As (Vg)y =V, we deduce that V, is an isomorphism from
&, to (&,)*. Since the equation g, o oy = g,, this completes the proof.
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