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Reduced L,,-Cohomology of Some Twisted
Products

VLADIMIR GOL'DSHTEIN
YAROSLAV KOPYLOV

Abstract

Vanishing results for reduced L, ,-cohomology are established in the case
of twisted products, which are a generalization of warped products. Only the case
q < pis considered. This is an extension of some results by Gol’dshtein, Kuz minov
and Shvedov about the Ly-cohomology of warped cylinders. One of the main obser-
vations is the vanishing of the “middle-dimensional” cohomology for a large class
of manifolds.

La cohomologie L, réduite de quelques produits twistés

Résumé
On établit des résultats d’annulation de la cohomologie L4, réduite pour les
produits twistés, une généralisation des produits tordus dans le cas de ¢ < p. Le
résultats obtenus sont des généralisations de certains résultats par Gol dshtein,
Kuz'minov et Shvedov sur la cohomologie L, des cylindres tordus. Une des obser-
vations principales est la trivialité de la cohomolgie en dimension “moyenne” pour
une large classe de variétés.

1. Introduction

The Lg,-cohomology H (’;p(M ) of a Riemannian manifold (M, g) is defined
to be the quotient of the space of closed p-integrable differential k-forms
by the exterior differentials of ¢-integrable k-forms. The quotient space

of H(fp(M) by the closure of zero is called the reduced Lg,-cohomology
k

ﬁ%p(M ). If p = q then L, )-cohomology is usually referred to as simply

L,-cohomology and the index p is used instead of p, p in all the notations.

The second author was partially supported by the State Maintenance Program for the
Leading Scientific Schools and Junior Scientists of the Russian Federation.

Keywords: differential form, reduced L4 p-cohomology, twisted cylinder.

Math. classification: 58 A10, 58 A12.
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V. Gol'dshtein & Ya. KorPyLOV

A twisted product X x5 Y of two Riemannian manifolds (X, gx) and
(Y, gy) is the direct product manifold X x,Y endowed with a Riemannian
metric of the form

g = gX+h2(x7y)gY7 (11)
where h : X XY — R is a smooth positive function (see [4]). If X is
a half-interval [a, b[ then the twisted product X X Y is called a twisted
cylinder.

We refer to an m-dimensional Riemannian manifold (M, gas) as an as-
ymptotic twisted product (respectively, as an asymptotic twisted cylinder)
if, outside an m-dimensional compact submanifold, it is bi-Lipschitz equiv-
alent to a twisted product (respectively, to a twisted cylinder).

In this paper, we prove some vanishing results for the (reduced) L -
cohomology of twisted cylinders [a, b) x; N for a positive smooth function
h:la,b) x N — R in the case where the base N is a closed manifold and
p=q>1

If in (1.1) the function h depends only on z then we obtain the familiar
notion of a warped product (see [1]). Twisted products were the object of
recent investigations [2, 3, 5, 6, 10, 14]. The reduced L, ,-cohomology of
warped cylinders [a, b) Xp, N, i.e., of product manifolds [a,b) x N endowed
with a warped product metric

g =dt? + h2(t)gn,
where gy is the Riemannian metric of N and h : [a,b) — R is a positive
smooth function, was studied by Gol’dshtein, Kuz'minov, and Shvedov [7],
Kuz'minov and Shvedov [12, 13] (for p = ¢), and Kopylov [11] for p,q €
Loo) 1— 1<t

The main results of this paper are technical. Here we mention a “uni-
versal” consequence of the main results on the vanishing of the “middle-
dimensional” cohomology:

Let N be a closed smooth n-dimensional Riemannian manifold. If
p=q>1and 3 is an integer then HE,(]0,00) x5 N) = 0.
In particular, if 1 < g < 2 and n is even then F;Q([O, o0) X N) =0.

The result was not known even for Lo-cohomology. It does not depend
on the type of the warped Riemannian metric. Of course, the result leads
to the vanishing of the “middle-dimensional” cohomology for asymptotic
twisted cylinders.
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REDUCED L, ;,-COHOMOLOGY

2. Basic Definitions

In this section, we recall the main definitions and notations. In what fol-
lows, we tacitly assume all manifolds to be oriented. Let M be a smooth
Riemannian manifold. Denote by D*(M) := C5°(M, A¥) the space of all
smooth differential k-forms with compact support contained in M \ M
and designate as L, .(M,A¥) the space of locally integrable differential
k-forms. Denote by LP(M, A¥) the Banach space of locally integrable dif-
ferential k-forms endowed with the norm [|0| Lp(as,a%) = ([3s |9]pdx)% < 00

(as usual, we identify forms coinciding outside a set of measure zero).

Definition 2.1. We call a differential (k + 1)-form 0 € L} (M,AF 1)

loc
the weak exterior derivative (or differential) of a differential k-form ¢ €

L}, (M, A*) and write dp = 0 if

/M9 Aw = (=1)k+1 /Md)/\dw

for any w € D" F=1(

Remark 2.2. Note that the orientability of M is not substantial since
one may take integrals over orientable domains on M instead of integrals
over M.

We then introduce an analog of Sobolev spaces for differential k-forms,
the space of g-integrable forms with p-integrable weak exterior derivative:

QF (M) = {w € LM, A¥) | dw € LP(M, AFH1)},

This is a Banach space for the graph norm

1/2
lollas any = (lolZaarary + I1deolZoapanen) -

The space Q’Cj,p(M ) is a reflexive Banach space for any 1 < ¢, p < oco. This
can be proved using standard arguments of functional analysis.

Denote by QF (M) the closure of D¥(M) in the norm of QF (M). We

now define our basic ingredients (for three parameters 7, g, p).

Definition 2.3. Put
(a) Zé‘,r(M) = Ker[d : Q];,T(M) — LT(M7 Ak_;'_l)]‘
(b) B§7p(M) =TIm[d: Q’;;l(M) — LP(M, Ak)]
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Lemma 2.4. The subspace Z;f’r(M) does not depend on r and is a closed
subspace in LP(M, A¥).

Proof. The lemma is in fact [9, Lemma 2.4 (i)]. However, we now repeat the
proof for the reader’s convenience. Note that Z]];T(M ) is a closed subspace
in Q’;J(M ) because it is the kernel of the bounded operator d. It is also
a closed subspace of LP(M,A*) since ledlor ary = llellzo(arary for any
o€ ZF (M) O

This allows us to use the notation Z;;’(M) for all Z}’;’T(M). Note that
ZS(M ) C LP(M,A¥) is always a closed subspace but this is in general
not true for B(’;p(M ). Denote by E’;p(M ) its closure in the LP-topology.
Observe also that since d o d = 0, one has Ek (M) C Zk(M) Thus,

BE (M) C Bi (M) C ZE(M) = Zp(M) C LP(M, A¥).

Definition 2.5. Suppose that 1 < p,q < oo. The Ly p-cohomology of
(M, g) is defined as the quotient

Hy (M) := Z;(M)/Bg (M),
and the reduced L ,-cohomology of (M, g) is, by definition, the space

Hi (M) := Z5(M)/Bh (M) .

Since ng is not always closed, the L, ,-cohomology is in general a
(non-Hausdorff) semi-normed space, while the reduced L, ,-cohomology
is a Banach space. Considering only the forms equal to zero on some
neighborhood (depending on the form) of a subset A C M and taking
closures in the corresponding spaces, we obtain the definition of the rela-
tive spaces LP(M, A, A¥) and Q, ,(M, A) and the relative nonreduced and
reduced cohomology spaces H(ip(M, A) and ﬁ’;’p(M, A).

Similarly, one can define the L, p—cohomology with compact support
(interior cohomology) H, C’; p0(M,; A) and i .p:0(M; A). The interior reduced
cohomology is dual to the reduced cohomology:

Theorem 2.6 ([9]). Let (M, g) be an oriented m-dimensional Riemannian

manifold. If 1 < p,q < oo then ﬁ];p(M) is isomorphic to the dual of
ke
Hy gio(M), where 5+ 3 = 345 = 1.
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REDUCED L, ;,-COHOMOLOGY
Therefore, if M is complete then Fl;(M ) = F’;;O(M ) and ﬁ’; (M) is
isomorphic to dual of FZ/L_k(M ), where % + 1% =119].

Below | X| stands for the volume of a Riemannian manifold (X, g); the
notation |w|x means the modulus of a differential form on (X, g).

3. Ly p-Cohomology and Smooth Forms

It follows from the results of [8] that, under suitable assumptions on p, g,
the L, ,-cohomology of a Riemannian manifold can be expressed in terms
of smooth forms.

Introduce the notations:

C®°LP(M, AF) :
C'OOQQP(M) :

C° (M, A*) N LP(M, A¥);
00 k k
C(M,A") N Qk (M).

Theorem 3.1 ([8, Theorem 12.8 and Corollary 12.9]). Let (M, g) be an m-
dimensional Riemannian manifold and suppose that p,q € (1,00) satisfy
11 1 %

5T S me Then the cohomology Hq’p(M) can be represented by smooth
forms.

More precisely, any closed form in Z;f(M) is cohomologous to a smooth
form in LP(M). Furthermore, if two smooth closed forms a,, . € C*(M)N
Z;j(M) are cohomologous modulo dQ’q“;f(M) then they are cohomologous
modulo dCOOQ’;;Jl(M).

Stmilarly, any reduced cohomology class can be represented by a smooth
form.

In what follows, unless otherwise specified, we always assume that

p,q € (1,00) and%—%g diHllM.

4. The Homotopy Operator

From now on, C’ah?bN is the twisted cylinder I xj; N, that is, the product of
a half-interval I := [a,b) and a closed smooth n-dimensional Riemannian
manifold (NV, gn) equipped with the Riemannian metric dt? + h2(t, z)gn,
where h : I x N — R is a smooth positive function.

Every differential form on I x N admits a unique representation of the
form w = wy + dt A wp, where the forms wy and wp do not contain dt
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(cf. [7]). It means that wa and wp can be viewed as one-parameter families
wa(t) and wp(t), t € I, of differential forms on N. Given a form w defined
on I x N and numbers ¢,t € [a,b), consider the form ['w = [fwp(r)dr
on N and the form S.w on [a,b) x N, (Scw)(t) = ['w for all t € [a,b).
The domains of of these operators will be specn‘ied below.

The modulus of a form w of degree k£ on C IV is expressed via the
moduli of wy(t) and wp(t) on N as follows:

wit, z)ar = [A~2(t ) |walt, )3 + B2V 2)wp (t2)15]Y° (40)
Consequently,
ol o, v,k

7

L//' M) (¢, ) |wa(t, 2)| %+ B2F “”@@p@@@@ﬁ¢m4.
(4.2)

In the particular case of w = w4, call the form w horizontal. If w is a
horizontal form then

1/p
ol zogcn, voary = l/ab/le(t)Phnkp(t,x)dxdt] : (4.3)
Put
fep(t) = mln{hp “(t,2)}
and
Fip(t) = max{hv " (¢, 2)}.
Remarks 4.1.

(1) Suppose that k = 2 is an integer. Then F,;, ,(t) = fopp(t)

1.
For example, if n is even and p = 2 then F,/55(t) = fp/22(t) =1

(2) For warped products (h depends only on ), fi,(t) = Fip(t) =
he R ().
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REDUCED L, ;,-COHOMOLOGY

Let
m:IxN—=N, wn(tz)==z
be the natural projection. For ¢ € [a,b), put N, := {c} x N. Let iy : N —

Ny C [a,b) x N and i. : N — N, C [a,b) x N be the natural immersions.
Every smooth k-form w on C(’;bN satisfies the homotopy relations

t t
dn (/ w) +/ dw = ijw — irw, (4.4)
dSew + Sedw = w — T iNw. (4.5)

Here dy stands for the exterior derivative on N and d designates the
exterior derivative on [a,b) X N.

The homotopy relations cannot be used automatically for w €
ng’p(Cg,bN ) because of the problem of the existence of traces on subman-
ifolds. However, by Theorem 3.1, we can take only smooth forms in all
considerations concerning both reduced and nonreduced L, j,-cohomology.

For the reader’s convenience, we repeat the classical proofs of (4.4)
and (4.5).

Using the representation w = w4 + dt A wp, we have

Ow A

dw = d(wa(t) + dt Awp(t)) = dt A W(t) + dnwa(t) — dt Adywp(t),

dn (/Ct w) =dy </Ct wB(T)dT) = /Ct dywp(T)dT,

[ o= [ @ erir= [ (%20 ar - [ ayaterir

Hence,

dn (/ctw) + /Ct dw = /ct (8;;4(7'0 dT = wa(t) —walc) = ifw — iw.

Similarly,
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Therefore,

dSew + Sedw = dt N wp(t) —I—/ (awA T)) dr
=dt Nwp(t) +wal(t) — we(t)
=W — Ww.
Lemma 4.2. Suppose that g is a function locally integrable on [a,b),
ff lg(t)|dt = oo, and w € COOL’;(C!}’I]N). Then every set of full mea-

sure on [a,b) contains a sequence {t;} that converges to b and is such that
9(t;) # 0 and |[if Wl o v.ar) = o[frep ()] g(t))[VP) as j — oo.

Proof. Equality (4.3) implies:

b
[ izl pis R0 < [ [ foaP w0, 2o

< kuip(cth’Ak)

< 00,

which yields the lemma. (I

Lemma 4.3. Suppose that w € L’;(Cng), c €la,b),p>q>1. Then
the form fctw is defined for each t € [a,b) and belongs to LI(N, A1),
Moreover, the norm of the linear operator [! : L’;(C’fl"bN) — L§_1(037bN)
satisfies the inequality

A

The same holds for c = b if

11 1/p'
< IN[i7F

T)dT

b /
/ iy, (T)dr < oo
a
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Proof. By Holder’s inequality

t
[
c
1

< |NJas

La(N,Ak—1)
t
/ w
C
1 1
N (/

N

Lr(N,Ak-1)

t P 1/p
/ wp(T)dT da:)

N
P 1/p
dm)

/C " \op(r) | wdr

1/p
t o, , t
/h_(g_kﬂ)p (m,T)dT/ lwp ()% R RPYR (7 Y dr dm]

1/p
dx]

l_l-
<IN
_N

I t , t
< |N|%_% / ‘/ f,;plp(T,x)dT/ lwp(T)% RRPRP (7 ) dr
Nl|Jc ’ c

1|t
< |N|i ¥ / ;i (r)dr
C

HWHLP(CZIJN,A’C)'

This proves the lemma. O

5. The Main Results

5.1. Absolute reduced L, ,-cohomology
Using the results of the previous section, we prove

Theorem 5.1. Let N be a closed smooth n-dimensional Riemannian man-
ifold and let p > q > 1. If

b b T -1
Inp = / F,fp(t)dt =00; Jsp = / f,fp(T) (/ F,fp(t)dt> dr = oo
a ’ s a ’

for some dy € [a,b) then ﬁZ’p(Cng) =0.

Remark 5.2. The condition “Js,, = oo for some &y € [a,b)” is in fact
equivalent to “Js,, = oo for every dy € [a,b)”. In this connection, below
we sometimes write J;, instead of Js, 4.
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Proof. Suppose that w € L’; (C’ah?bN ) is weakly differentiable and dw = 0.
Therefore, w € ng’p(C(ibN). By Theorem 3.1, we may assume that w is

-1
a smooth form. If fébo f7,(7) (faT Fﬁp(t)dt) dr = oo for §p € (a,b) then

21
the function g(7) = fﬁp(T) (faT F,f,p(t)dt) is not integrable on intervals
of the form (¢,b), dg < ¢ < b. By Lemma 4.2, there exists a sequence
{rj} C (60,b) C (a,b) such that 7; — b and

-% K P ~i/p .
i, wll Lo (v aky = © [/a Fkvp(t)dt} as j — oo.

Consider the form
o Jw on C(’;’T]_N )
A {W*z’ijw on C%bN.
It is easy to verify that w; is weakly differentiable, belongs to Q’(;’p(C’g’bN ),
and satisfies dw; = 0. Indeed, if u € D" *~1(C", N) then, denoting the
restrictions of the corresponding forms to C’L’f’fj z;nd ij IV by the same
symbols for simplicity and using (4.5), we get

/ wj ANdu = /
CibN Cch

a,Tj

w/\du—l—/ (w—dSrw) Adu
Cr
i

s /Ch des A + (—1)k+1/h d(w — dSy,w) Au =0,
a,7; T:.b

J

which implies that dw; = 0.
We infer

Tj .
i ey S [ ER O 18500 py + Wl ey

Therefore, ij||Lp(Cth7Ak) — 0 as j — oo; moreover, the form w — wj
is equal to 0 on [7;,b) x N. Hence, Sy, (w — wj;) € Qq7p(C’h’bN) and

a
dS: (w — wj) = w — wj;. Thus, the cocycle w is zero in the reduced co-

homology HZP(CZ;I)N). O

From Remark 4.1 and Theorem 5.1 we obtain
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Theorem 5.3. Let N be a closed smooth n-dimensional Riemannian man-
ifold. If p > q>1, b =00 and 3 is an integer then Héj,p(Cg’mN) =0.

In particular, if 1 < g <2 and n is even then F;Q(CZ},OON) =0.

Proof. In this case, I 00 = Ja,00 =00, and by Theorem 5.1
HE,(Ch N) = 0. O

Remark 5.4. For a warped cylinder C’ng, we have f,fp(T) = F,fp(T) =
h"~kP(7). Therefore, if

b
/ RRP () dt = oo

then

-1
J(;O,b_/ Rk (7 (/ hRP (¢ dt) dr

and the result of Theorem 5.1 coincides with the corresponding result
in [7].

5.2. Relative reduced L, ,-cohomology

Here we prove a sufficient vanishing condition for F§7P(Cg’bN , Ng), where
N, ={a} x N.

Theorem 5.5. Let N be a closed smooth n-dimensional Riemannian man-
ifold. Assume that p > q > 1,

~ b o
fapi= [ 24,00 = o,
and the integral

Aso b ;:/ Fi lp: (/ £l 1,p 75)_1 log(/ankp;,p(t)dt)

is finite for some do € [a,b). Then H (Cth Ng) =0.

—p
dr
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Proof. Suppose that w € C’OOQk (C’th N,) and dw = 0. The form w is
the limit in Qk (Ch »IV) of a sequence w; of smooth forms each of which
is equal to zero on some neighborhood of N,.

As above, for a < ¢ < d < b denote by Cth the product [c, d) x N with
the metric induced from Cgbbe . For every e € (a,b), Lemma 4.3 implies
that the operator S, : Q];’p(ngbN) — Qg};l(qé"eN) is bounded. Hence,
Sawj — Sqw in QE1(C N). Each of the forms Sqw; vanishes on some
neighborhood of N,. Therefore, S,w € 957;1(0376N, N,) for all e € (a,b).
Then the fact that i}w = 0 and relation (4.5) give the equality dS,w = w.

Consider the functions

_ /a ’ fib (bt

(1) = log [log I(7)],
(r) = 1 if 7 <9,
P = min(1, max(1 + ¢(0) — ¢(7),0)) if 7> 0.

The function ¢(t) is defined for 7 sufficiently close to b and ¢s(t) also
exists only for 0 that are sufficiently close to b.
Since d(psSqw) = dps A Sqw + @sw, it follows that

[d(sSaw) — wHLP(CbeN,Ak)
= [|d(psSaw) — w|’Lp(ong,Ak)
< [|dgps A SaW’\Lp(cng,Ak) + [|(s — 1)W||Lp(cng,Ak)'
Since |ps — 1| < 1, we have
[[(s — 1)wHLp(ong,Ak) < HWHLP(Cng,Ak)-

By (4.2) and Lemma 4.3 for p = ¢, for § sufficiently close to b we infer

b k V4 T P
Idios Aol vt :/5 Kk (7, ) / w
a

N
dps |”
/Flf 1p(T ’ (/ fi? lp t) dTHw”LpNAk)

</6bf1’;p“’</fk . )dt) 1log</fk lp()dt>

k—1,p
162
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By hypothesis, the last quantity vanishes as 6 — b. Thus,
d(psSaw) — w as 6 — b. The function ¢s is equal to zero in some
neighborhood of b. Hence, psS,w € Q§7p(03’bN, N,). This shows that

w7k
H,,(ClN,N,)=0. O

Remark 5.6. The paper [7] contains the following assertion for a warped
cylinder Cg »V [7, Theorem 2]:

I / WG (0t < 0o then HE (CP,N,N,) = 0.

Suppose that fh (5 k1P P (t)dt < co. We infer

b h—(%—k+1)1" (7.)
/5 (7 h~ G E T ) dt)llog(fT h—<%—’“+”p’< t)dt)|?

_ 1 k+1)p )]1;7
) M {log(/ h (t)dt dr

1-p
— pll [log (/ h‘(Z—k“)p’(t)dt)] —+0asd—b.
- a

Thus, Theorem 5.5 generalizes this assertion to twisted cylinders CZ: » IV
with NV closed.

Remark 4.1 and Theorem 5.5 imply

Theorem 5.7. Let N be a closed smooth n- dzmenszonal Rzemanman man-
ifold. If p > q > 1, b= 0o, and 3 is an integer then qu (Cng N,) =0.

In particular, if 1 < g <2 and n is even then H%? (C’a’bN, N,) = 0.

Proof. In this case, As,, = f(sbo (1—a)~! (log(T — a)) P dr < oo for any a, b
and, by Theorem 5.5, F;p((}'g,b]\f, N,) = 0. O

6. Asymptotic Twisted Cylinders
Definition 6.1. We refer to a pair (M, X) consisting of an m-dimensional

manifold M and an m-dimensional compact submanifold X with bound-
ary as an asymptotic twisted cylinder AC’g’baX if M \ X is bi-Lipschitz

diffeomorphically equivalent to the twisted cylinder nybaX .
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Theorem 5.5 readily implies

Theorem 6.2. Let (M, X) = AC(’;’b('?X be an asymptotic twisted cylinder
with dim M = dim X =m =n+ 1. Assume that p > q¢ > 1,

b /
/ fi ()t = oo
and the integral

Aao,biz/o 6= 11’:;(/ 7 1p dt) llog(/ankap(t)dt)
(

—p
dr

klp

18 finite for some g € (a,b).
Then Hq’p(M,X) =0.

Proof. Note that bi-Lipschitz diffeomorphisms preserve L, and L,. More-
over, extension by zero gives a topological isomorphism between the rel-
ative spaces Wm(Cgﬁb@X, (0X)q) and W, s(M, X) for all r,s. This gives
topological isomorphisms

H; (M, X) 2 H} (C},0X, (0X)a); H,o(M,X) 2= H, (Cy,0X,(0X)a)

for all r, s. The theorem now follows from Theorem 5.5. [l

To obtain a version of this theorem for H’;,p(M ), we will need the exact
sequences of a pair for L, ,-cohomology.
Recall that an exact sequence

05A3BA 00 (6.1)

of cochain complexes of vector spaces is called an ezxact sequence of Banach
complexes if A, B, C are Banach complexes and all mappings ¢*, ¢* are
bounded linear operators.

A short exact sequence (6.1) of Banach complexes induces an exact
sequence in cohomology

. xk *k
s B0 25 BRA) 25 BRB) Y B (O) — .

with all operators 0, ¢*, ©¥* bounded and a sequence in reduced
cohomology

L ETNO) S B B ) D e — ... (62)
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where all operators 0, 7%, E* are bounded and the composition of any
two consecutive morphisms is equal to zero. Sequence (6.2) is in general
not exact but exactness at its particular terms can be guaranteed by some
additional assumptions. For example, we have (see [7, Theorem 1 (1)]):

Proposition 6.3. Given an exact sequence (6.1) of Banach complezes, if
H*(0) is separated and dim 0*~1(H*=1(C)) < oo then the sequence

k—l( 7 —k 7k F

7o) s 7N A) 2 'Y (B) L 'Y (0)

15 exact.

Let (M, X) = AC" »0X be an asymptotic twisted cylinder.
Consider the short exact sequence of Banach complexes

0 — C®0p(M, X) L C®°Qp(M) 55 C®Qp(X) — 0. (6.3)
In all the three complexes of (6.3),
c>Qh, ifl<k-1;
C™0p = =0, ifl=k;
CxQL, ifl>k+1;

7 is the natural embedding, and j is the restriction of forms. The coho-
mology of C*°Qp(X) is simply the de Rham cohomology of X.

Theorem 6.4. Let (M, X) = AChbaX be an asymptotic twisted cylinder
with dim M = dim X = m = n + 1. Assume that p > q¢ > 1, H*(X) =0,

b /
| 500t = o
and the integral

sy .—/ f’“ 1l (/ 7 dt) llog(/;f,;_p;’p(t)dt)

is finite for some (50 € (a,b).
Then F’;’p(M) =0.

-p

dr

Proof. Using Theorem 3.1 and Proposition 6.3, we obtain the exact se-
quence of reduced cohomology spaces

7k 7k
H,, (M, X)— H, (M) —D0. (6.4)
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By Theorem 6.2, F§7P(M7X) =0ifp>¢g>1, fab f,;_’)17p(t)dt = 00, and
Asy b < 00 for some g € (a,b). Hence, Ff;p(M) =0. 0

Theorem 5.7 and the exact sequence (6.4) readily imply

Theorem 6.5. Let (M,X) = AChbﬁX be an asymptotic twisted cylin-
der with dimM = dimX =m. Ifp > q¢ > 1, mT is an integer, and

m—1,q __m-l.q
H » " (X)=0then Hyp (M)=0.

In particular, if 1 < q < 2, m is odd, and HmTfl“(X) = 0 then
77"7*14,1
H, 5 (M)=0.

Using the duality theorem (Theorem 2.6), we now reformulate this re-
sult for cohomology with compact support (interior cohomology) in the
case of p > g > 1. Consider the dual exponents p’ = p/(p — 1) and

¢ =q/(g—1).

Theorem 6.6. Let (M,X) = AChbaX be an asymptotic twisted cylin-
der with dmM = dimX =m. If p > ¢ > 1, m? is an integer, and

m—1

m71+1
H 7 (X )—Otheanpo( ) =0. B

In particular, if ¢ > 2, m is odd, and H =z (X) = 0 then
__m—1
H,30(M) = 0.

Proof. We have ¢’ > p’ > 1. Note that

(i) - ().

By Theorem 6.5, H ,; 0 (M ) = 0 and, by the Holder-Poincaré duality
for L, -cohomology (Th eorem 2.6),

m=l ety
H, 'o(M)=H,/,6 (M)=0. O

p,q

Recall that if a manifold Y is complete then F]; (V)= Hl;;o (Y) for all k

(see [9]). We have:
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Corollary 6.7. Let (M, X) = ACZL’,b({)X be an asymptotic twisted cylinder
with dim M = dim X = m and let M be a complete manifold.

m—1
If p > 1, % is an integer, and v +1(X) = 0 then ﬁp,”/ (M) =

7m—1 1
o,” (M)=o0.
m—1

In particular, if m is odd and HWTAH(X) = 0 then Hy? (M) =
__m—1
H,? (M) =o0.

Remark 6.8. Observe that, in Theorems 6.5 and 6.6 and Corollary 6.7, for
the usual de Rham cohomology, we have H*(X) = H*(M).

Unfortunately, our methods only make it possible to make conclusions
mainly about warped cylinders and not about twisted cylinders.

The examples below can be considered in a straightforward manner
with the use of Theorems 5.3 and 5.7. The results are new even for L,-
cohomology (p = ¢). Similar observations also hold for asymptotic twisted
cylinders.

Below the symbols C7, Cs stand for positive constants.

(A) Suppose that a > 0, b = oo, and Cye®tt < h(t,x) < Cge®?! (sg >
s1 > 0). Then
(1) F’;’p(ngooN) = 0 in each of the following cases:
(la) p>q>1 k=1,
(1b) p>qg>1, 51282,/'€'<ﬂ

(2) H kl (Ch N,) = 0 in each of the following cases:

@)p>q>1k—*+1
(2b) p>qg>1,k>2 +1+pp81
(B) Suppose that a > 1, b = oo, and C1t°* < h(t,z) < Cot®? with
592 > S1 > 0. Then
(1) I(; (Ch N) is zero in each of the following cases:
(la) p> g >1, k=12
(Ib) p>q>1, 81—82,k‘<%;
(

_ n
le) p>qg>1, 51—52,7<k 7+1?1

(Ch N,) is zero in each of the followmg cases:

S1 = S92.

k
q7
2)p>q>1 s1= 52, 3

(
(2b) pzq>1, k=7 +1;

(2) H

p
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