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An introduction to the abelian Reidemeister
torsion of three-dimensional manifolds

GWENAEL MASSUYEAU

Abstract

These notes accompany some lectures given at the autumn school “Tresses
in Pau” in October 2009. The abelian Reidemeister torsion for 3-manifolds, and
its refinements by Turaev, are introduced. Some applications, including relations
between the Reidemeister torsion and other classical invariants, are surveyed.

Une introduction a la torsion de Reidemeister abélienne
des variétés de dimension trois
Résumé

Ces notes accompagnent un mini-cours donné a ’école d’automne “Tresses in
Pau” en Octobre 2009. Nous introduisons la torsion de Reidemeister des variétés de
dimension 3 et ses raffinements par Turaev. Nous survolons quelques applications,
et notamment les relations qu’entretient la torsion de Reidemeister avec d’autres
invariants classiques.

1. Introduction

The Reidemeister torsion and the Alexander polynomial are among the
most classical invariants of 3-manifolds. The first one was introduced in
1935 by Kurt Reidemeister [53] in order to classify lens spaces — those
closed 3-manifolds which are obtained by gluing two copies of the solid
torus along their boundary. The second invariant is even older since it
dates back to 1928, when James Alexander defined it for knot and link
complements [1]. Those two invariants can be extended to higher dimen-
sions and refer by their very definition to the maximal abelian cover of the
3-manifold.

Keywords: 3-manifold, Reidemeister torsion, Alexander polynomial.
Math. classification: 57TM27, 57N10, 57MO05, 57M10.
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G. MASSUYEAU

In 1962, John Milnor interpreted in [38] the Alexander polynomial of a
link as a kind of Reidemeister torsion (with coefficients in a field of ratio-
nal fractions, instead of a cyclotomic field as was the case for lens spaces).
This new viewpoint on the Alexander polynomial clarified its properties,
among which its symmetry. This approach to study the Alexander polyno-
mial was systematized by Vladimir Turaev in [69, 72], where he re-proved
most of the known properties of the Alexander polynomial of 3-manifolds
and links using general properties of the Reidemeister torsion. Vladimir
Turaev also defined a kind of “maximal” torsion, which is universal among
Reidemeister torsions with abelian coefficients [70]. If H denotes the first
homology group of a compact 3-manifold M, his invariant is an element

(M) € Q(Z[H])/ + H

of the ring of fractions of the group ring Z[H], up to some multiplicative
indeterminacy. He also explained how the sign ambiguity +1 and the am-
biguity in H can be fixed by endowing M with two extra structures which
he introduced on this purpose (a “homological orientation” [72] and an
“Euler structure” [73]).

These notes are aimed at introducing those invariants of 3-manifolds
by Alexander, Reidemeister, Milnor and Turaev, and at presenting some
of their properties and applications. This will also give us the opportu-
nity to present a few aspects of 3-dimensional topology. We have focussed
on closed oriented 3-manifolds to simplify the exposition, although most
of the material extends to compact 3-manifolds with toroidal boundary
(which include link complements). Besides, we have restricted to abelian
Reidemeister torsions. In particular, geometrical aspects of Reidemeister
torsions are not considered (see [51] for hyperbolic 3-manifolds) and we
have not dealt with twisted Alexander polynomials (see [22] for a sur-
vey). The theme of simple homotopy and Whitehead torsion is no treated
neither and, for this, we refer to Milnor’s survey [39] and Cohen’s book
[13]. For further reading on abelian Reidemeister torsions, we recommend
Turaev’s books [76, 78], which we used to prepare these notes, as well as
Nicolaescu’s book [46].

Throughout the notes, we use the following notation.

Notation 1.1. An abelian group G is denoted additively, except when it
is thought of as a subset of the group ring C[G], in which case multi-
plicative notation is used. Besides, (co)homology groups are taken with Z
coefficients if no coefficients are specified.
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ABELIAN REIDEIMESTER TORSION OF 3-MANIFOLDS

Moreover, as already mentioned, we are mainly interested in closed
oriented connected topological 3-manifolds. So, without further mention,
the term 3-manifold will refer to a manifold of this kind.

Acknowledgement. The author thanks Vladimir Turaev for helpful
comments on an earlier version of these notes. This work was partially
supported by the French ANR research project ANR-08-JCJC-0114-01.

2. Three-dimensional manifolds

We start by recalling a few general facts about 3-manifolds. We also in-
troduce an important class of 3-manifolds, namely the lens spaces.

2.1. About triangulations and smooth structures

One way to present a 3-manifold M is as the result of gluing finitely many
tetrahedra, face by face, using affine homeomorphisms. For instance, S3
can be identified with the boundary of a 4-dimensional simplex, and so
appears as the union of 5 tetrahedra. In general, any 3-manifold can be
presented in that way:

Theorem 2.1 (Triangulation in dimension 3). For any 3-manifold M,
there exists a simplicial complex K and a homeomorphism p : |K| — M.

The pair (K, p) is called a triangulation of the manifold M. The reader
is refered to [56] for an introduction to piecewise-linear topology and its
terminology.

Furthermore, the triangulation of a 3-manifold is essentially unique.

Theorem 2.2 (Hauptvermutung in dimension 3). For any two trian-
gulations (K1, p1) and (Ko, p2) of a 3-manifold M, the homeomorphism
p2topr : |Ki| — |K3| is homotopic to a piecewise-linear homeomor-
phism. In other words, there exist subdivisions K{ < K and K} < Ko
and a simplicial isomorphism f : K{ — K& such that |f| : |K1| — |K2| is
homotopic to pa ™' o py.

Those two theorems, which are due to Moise [41], show that piecewise-
linear invariants give rise to topological invariants in dimension 3. As
shown by Munkres [43] and Whitehead [81], these results also imply that
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every 3-manifold has an essentially unique smooth structure. The reader
is refered to [66, §3.10].

Theorem 2.3 (Smoothing in dimension 3). Any 3-manifold M has a
smooth structure, and any homeomorphism between smooth 3-manifolds
is homotopic to a diffeomorphism.

2.2. Heegaard splittings

A handlebody of genus g is a compact oriented 3-manifold (with boundary)
obtained by attaching g handles to a 3-dimensional ball:

1 g

(Those handles have “index 1” in the terminology of handle decomposi-
tions.) It is easily checked that any two handlebodies are homeomorphic
if, and only if, they have the same genus. We fix a “standard” handlebody
of genus g, which we denote by H,. We also set

Y, :=0H,
which is our “standard” closed oriented connected surface of genus g.

Definition 2.4. A Heegaard splitting of genus g for a 3-manifold M is
a decomposition M = A U B into two handlebodies A and B of genus g
such that AN B =0A = —-0B.

For example, the decomposition of the 3-sphere

S3 = {x = (0,21, 20, x3) € R : 28 + 2% + 22 + 22 = 1}
into two hemispheres

DY ={zxeS®: x3>0} and D’ :={re S 23<0}
gives a genus 0 Heegaard splitting of S3.
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Proposition 2.5. Any 3-manifold has a Heegaard splitting.

Proof. Here is the classical argument. Let M be a 3-manifold and let K
be a triangulation of M: |K| = M. Then, we notice in M two embedded
graphs: one is the 1-skeleton a of K and the other one is the 1-skeleton b of
the cell decomposition dual to K. We fatten the graph a to a 3-dimensional
submanifold A C M: each vertex of a is fattened to a ball, while each
edge of a is fattened to a handle connecting two such balls. By choosing a
maximal subtree of the graph a, we see that A is a handlebody. Similarly,
we fatten the graph b to a handlebody B C M. Moreover, we can choose
A and B fat enough so that M = AUB and AN B =90A=—-0B. O

Up to homeomorphism, any Heegaard splitting of genus g can be written
in terms of the “standard” genus g handlebody as

My = Hy Uy (~H,)

where f : ¥, — ¥, is an orientation-preserving homeomorphism. This
viewpoint leads us to consider the mapping class group of the surface X,
i.e. the group

M(%,) := Homeo™ (%,)/

of orientation-preserving homeomorphisms >, — >, up to isotopy.

Lemma 2.6. The homeomorphism class of My only depends on the iso-
topy class [f] € M(E).

Proof. For any orientation-preserving homeomorphisms £ : H, — Hy and
f 3y — X4, we have

Myop)y,, =+ My =4+ Mg of- (2.1)

If e:¥; — Y, is a homeomorphism isotopic to the identity, we can
use a collar neighborhood of Y, in H, to construct a homeomorphism
E: Hy; — H, such that Els, = e. So, we obtain My, =, Mjy. O

The previous lemma, together with the next proposition, shows that
there is only one Heegaard splitting of genus 0, namely S C R* decom-
posed into two hemispheres.

Proposition 2.7 (Alexander). The group M(S?) is trivial.

Proof. We start with the following
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Claim. Let n > 1 be an integer. Any homeomorphism A :
D™ — D™ which restricts to the identity on the boundary,
is isotopic to the identity of D™ relatively to 9D".

Indeed, for all ¢ € [0, 1], we define a homeomorphism h; : D™ — D™ by

[ ten(e/t) 0 < |z <t
fu(z) = { x ift < |z < 1.

Here D™ is seen as a subset of R™ and ||z is the euclidian norm of = € R"™.
Then, the map

H:D" x[0,1] — D", (z,t) — hy(x)

is an isotopy (relatively to dD™) between h and the identity. This way of
proving the claim is known as the “Alexander’s trick”.

Now, let f : S? — S? be an orientation-preserving homeomorphism. We
are asked to prove that f is isotopic to the identity. We choose an oriented
simple closed curve v C S2. It follows from the Jordan-Schonflies theorem
that the curves f(y) and  are isotopic and, so, they are ambiently isotopic.
Therefore we can assume that f(v) = 7. Since any orientation-preserving
homeomorphism S' — S is isotopic to the identity (as can be deduced
from the claim for n = 1), we can assume that f|, is the identity of ~.
Then, because v splits S? into two disks — say D and D’ — it is enough to
show that f|p : D — D is isotopic to the identity of D relatively to 0D,
and similarly for D’. But, this is an application for n = 2 of the above
claim. O

2.3. Example: lens spaces

In contrast with the genus 0 case, there are infinitely many 3-manifolds
with a Heegaard splitting of genus 1. Such manifolds are called lens spaces.
In order to enumerate them, we need to determine the mapping class group
of a 2-dimensional torus.

Proposition 2.8. Let (a,a®) be the basis of Hi(S' x S') defined by a :=
[S' x 1] and a* := [1 x S']. Then, the map

M(S' x §1) — SL(2;7Z)

which sends an [f] to the matriz of f. : Hy(S' x S1) — Hy(S' x SY)
relative to the basis (a, aﬁ), s a group isomorphism.

66



ABELIAN REIDEIMESTER TORSION OF 3-MANIFOLDS

Proof. Here is the classical argument. The fact that we have a group ho-
momorphism M (S x S') — GL(2;Z) is clear. For all [f] € M(S! x S1),
the matrix of f, has determinant one for the following reason: f pre-
serves the orientation, so that f, leaves invariant the intersection pairing
Hi(S' x SY) x Hy(S! x SY) — Z.

The surjectivity of the homomorphism can be proved as follows. We
realize S' x S! as R?/Z?, in such a way that the loop S* x 1 lifts to
[0,1] x 0 and 1 x S! lifts to 0 x [0, 1]. Any matrix T' € SL(2;Z) defines a
linear homeomorphism R? — R?, which leaves Z? globally invariant and so
induces an (orientation-preserving) homeomorphism t : R?/Z? — R?/Z2.
It is easily checked that the matrix of ¢, is exactly T

To prove the injectivity, let f : S' x 81 — S x S! be a homeomorphism
whose corresponding matrix is trivial. Since 71(S* x S!) is abelian, this
implies that f acts trivially at the level of the fundamental group. The
canonical projection R? — R2?/Z? gives the universal cover of S! x S
Thus, f can be lifted to a unique homeomorphism f : R? — R? such that
f(0) = 0 and, by our assumption on f, f is Z?-equivariant. Therefore, the
“affine” homotopy

H:R?>x[0,1] — R (z,8)—t- f(z)+ (1 —1) -z

between the identity of R? and f, descends to a homotopy between Id g1y g1
and f. An old result of Baer asserts that two self-homeomorphisms of a
closed surface are homotopic if and only if they are isotopic [2, 3], so we
deduce that [f] =1 € M(S! x S1). O

In the sequel, we identify the standard handlebody H; with the solid
torus D? x S, so that ¥ is identified with S' x S'. A Heegaard splitting
of genus 1

My = (D? x 8') uy (-D* x S")
is thus encoded by 4 parameters p, q,r,s € Z such that
matrix of f, = < a3 ) with gr — ps = 1.
p T
So, 3-manifolds having a genus 1 Heegaard splitting can be indexed by

quadruplets (p, q,r, s) of that sort, but many repetitions then occur. In-
deed, let By, : Hy — H; (for k € Z) be the self-homeomorphism of
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Hy = D? x S! € C x C defined by Ej(21, 29) := (2125, 22). We have

matrix of (Ek:|Sl><Sl)* = ( (1) ]1c )

so that

' kq+s
matrix of (f o Eg|gi.g1), = < 2 k}qj+7“ >

We deduce from (2.1) that the homeomorphism class of My only depends
on the pair of parameters (p, q). Furthermore, we have
q+pk s+rk
P r
so that (for a given p) only the residue class of ¢ modulo p does matter.

Finally, the self-homeomorphism C : H; — Hy of H; = D> x S' c C x C
defined by C(z1, 22) := (Z1, Z2) satisfies

matrix of (Clgixs1), = ( _01 _01 )

so that the 3-manifolds corresponding to the pairs (p, q) and (—p, —q) are
orientation-preserving homeomorphic. Thus, we can assume that p > 0.

matrix of (Ej|gixs1 0 f), = (

Definition 2.9. Let p > 0 be an integer and let ¢ be an invertible element
of Zy. The lens space of parameters (p, ¢) is the 3-manifold

Ly = (D?x $') Uy (~D* x 8')

where f: S xSt — S1x S!is an orientation-preserving homeomorphism
such that f.(a) = ¢-a+ p-a! (in the notation of Proposition 2.8).

The cases p = 0 and p = 1 are special. For p = 0, q¢ € Zy = Z must take
the value +1 or —1 but, by the previous discussion, we have Lo 1 =1 Lo 1.
For p = 1, there is no choice for ¢ € Z; = {0}. Observe that Lo = S? x S1
(by decomposing S? into two hemispheres Di and D?) and that Lig=S 3
(by identifying S3 with the boundary of D? x D?). Thus, the topological
classification of lens spaces is interesting only for p > 2.

Theorem 2.10 (Reidemeister [53]). For any integers p,p’ > 2 and in-
vertible residue classes q € Zy,q € Zyy, we have

Lpq =4 Ly g <= (p =p' and ¢ = qﬂ) .
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The direction “<" is easily checked by exchanging the two solid tori in the
Heegaard splitting of L, 4. The direction “=" needs topological invariants
and will be proved in §5 by means of the Reidemeister torsion.

Exercice 2.1. The terminology “lens spaces” (which dates back to Seifert
and Threlfall [58]) is justified by the following equivalent description. Draw
the planar regular p-gone G, in the plane R? x {0}, with cyclically-ordered
vertices (vi)iez,:

U2 U1

U3 Vo
V4 Us
Next, consider the polyhedron B, C R3 whose boundary is the bicone

with base G, and with vertices n := (0,0,1) (the “north pole”) and s :=
(0,0,—1) (the “south pole”):

Let ~, be the equivalence relation iri B, such that n ~; s and v; ~4 vi1q
for all i € Z,,, and which identifies linearly the north face (v;, vi+1,n) of By,
with its south face (vitq, Vitq+1,5). Show that the quotient space By/ ~,
is homeomorphic to L, , and deduce that L is homeomorphic to the
projective space RP3.

Exercice 2.2. Here is yet another description of lens spaces. Consider
the 3-sphere S3 = {(z,2') € C% : |22 + |#/|> = 1}, and let the group
Z,={C€C:(P=1}act on S3 by

V¢ € Zy, V(2,2) € 83, (- (2,7) = (Cz,(%).
Show that the quotient space S3/Z, is homeomorphic to L, .

Exercice 2.3. Check that, for any integer p > 0 and for any invertible
q € Zyp, we have L, _, =, —L, ,. Deduce from Theorem 2.10 that L, , has
an orientation-reversing self-homeomorphism if, and only if, ¢> = —1 € L.
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3. The abelian Reidemeister torsion

We aim at introducing the abelian Reidemeister torsion of 3-manifolds.
This is a combinatorial invariant in the sense that it is defined (and can
be computed) from triangulations or, more generally, from cell decompo-
sitions. Thus, we start by introducing the abelian Reidemeister torsion of
CW-complexes.

3.1. The torsion of a chain complex

Let F be a commutative field, and let C be a finite-dimensional chain
complex over F:

cz(oecma—m»c*m1%*.-.201&00%0).

We assume that C' is acyclic and based in the sense that we are given a
basis ¢; of C; for each i =0,...,m.

We denote by B; C C; the image of 0,41 and, for each i, we choose a
basis b; of B;. The short exact sequence of [F-vector spaces

0—>B¢—>C¢iBz‘_1—>0

shows that we can obtain a new basis of C; by taking, first, the vectors
of b; and, second, some lifts b;_; of the vectors b;_1. We denote by b;b;_1
this new basis, and we compare it to ¢; by computing

) eF\{0}.

matrix expressing
bibi,1 in the basis C;

[bibi—l/ci] = det (

This scalar does not depend on the choice of the lift 5@-1 of bj_1.
Definition 3.1. The torsion of C based by ¢ = (¢, ..., cn) is

m

7(C,¢) =[] [bibi-1/ci] ™Y

1=0

e F\ {0}
One easily checks that 7(C, ¢) does not depend on the choice of by, . .., by,.

Remark 3.2. The torsion can also be defined for an acyclic free chain
complex C' over an associative ring A. Still, we must assume that the rank
of free A-modules is well defined, i.e. A" is not isomorphic to A® for r # s.
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Then, the torsion of C based by c is defined, without taking determinants,
as an element of

Ki(A) = (the abelianization of GL(A) = lim GL(A;n)) .

(Let us note that, when A is a commutative field, the determinant provides
an isomorphism between Kj(A) and A\ {0}.) This generalization is for
instance needed in the definition of the Whitehead torsion of a homotopy
equivalence between finite CW-complexes, which is the obstruction for
it to be simple, i.e. to be homotopic to a finite sequence of elementary
“collapses” and “expansions”. We refer to Milnor’s survey [39] or Cohen’s
book [13] for an introduction to this important subject.

By its definition, the torsion of a chain complex C can be seen as a
multiplicative analogue of its Euler characteristic, namely

m

x(C) = Z(—l)i -dim(C;) € Z.
i=0

Keeping in mind this analogy, let us state some of the most important
properties of the torsion. We refer to Milnor’s survey [39] or to Turaev’s
book [76] for proofs.

Firstly, the Euler characteristic is additive in the sense that

X(C1 @ C2) = x(C1) + x(C2).
Similarly, the torsion is multiplicative.

Proposition 3.3 (Multiplicativity). Let Cy,Co be two finite-dimensional
acyclic based chain complexes over . If their direct sum C1 @® Cy is based
in the usual way, then we have

7'(01 D CQ) = :ET(Cl) . 7’(02).
Secondly, the Euler characteristic behaves well with respect to duality
in the sense that x(C*) = (—1)"-x(C). Here, C* is the dual chain complex

o o

C*—(oﬁcgi * "L_Q..._%Cfi(]g_m)

m—1

defined by Cf := Hom(C,—;, F) and 8} := (—1)* - Hom(0y,—+1,F). The
torsion enjoys a similar property.
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Proposition 3.4 (Duality). Let C be a finite-dimensional acyclic based
chain complex over F. If the dual chain complex C* is equipped with the
dual basis, then we have

7(C*) = £7(C)Y

m—+1

Finally, the Euler characteristic can be computed homologically by the
classical formula x(C) = x(H«(C)). f F = Q(R) is the field of fractions of
a domain R, and if C = Q(R) ®pr D is the localization of a chain complex
D over R, this formula takes the form

X(Q(R) @ D) => (—1)" - rank H;(D).
i=0
There is a multiplicative analogue of this identity for the torsion, where
ranks of R-modules are replaced by their orders.

Theorem 3.5 (Homological computation). Let R be a noetherian unique
factorization domain, and let D be a finitely generated free chain complex
over R. We assume that D is based and that rank H;(D) = 0 for all i.
Then, we have

m

7(Q(R) @ D) = [ (ord Hy(D))"™ Y
=0

i+1

€ (Q(R)\ {0})/R*

where R* is the multiplicative group of invertible elements of R.

(The definition of the order of a finitely generated module over a unique
factorization domain is recalled in §4.1.) This theorem is due to Milnor
for a principal ideal domain R [40], and to Turaev in the general case [72].

The torsion can also be defined for a non-acyclic chain complex C. In
this case, C' should also be equipped with a basis h; of H;(C) for each
1=20,...,m. Let Z; C C; be the kernel of 9;. The short exact sequence

shows that a basis of Z; is obtained by taking, first, a basis b; of B; and,
second, some lifts h; of the vectors h;. The resulting basis is denoted by
b;h; and, according to the short exact sequence

O_>Zi—>0iiBi—1_>07
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it can be juxtaposed to some lift 51'71 of b;_1 to get a new basis biﬁigi,l
of ¢;. We set

matrix expressing
o F .
bihib;_1 in the basis ¢; ) € F\ {0}

Definition 3.6. The torsion of C based by ¢ = (cp, ..., ¢yn) and homo-
logically based by h = (hg, ..., hy) is

[bihibi—l/cz‘] := det (

7(Cye,h) = (=1)N O] [bihibio1/ei]) Y
i=0
where N(C) is the mod 2 integer

N(C) = f: ( Z dim(Cj)) : (Z dimHj(C)) .
0 =0

i=0 \j=

i+l

e F\ {0}

The sign (—1)N(©) is here for technical convenience and follows the con-
vention of [72].

3.2. Abelian Reidemeister torsions of a CW-complex

Let X be a finite connected CW-complex, whose first homology group is
denoted by H := H;(X). Assume that
p:Z[H —F

is a ring homomorphism with values in a commutative field F. We consider
the cellular chain complex of X with ¢-twisted coefficients

C?(X) :==F ®z/m C(X)

where X denotes the maximal abelian covering space of X. This is a
finite-dimensional chain complex over F whose homology

HZP(X) = H, (C¥(X))
may be trivial, or may be not.

Let E be the set of cells of X. For each e € E, we choose a lift € to )A(,
and we denote by E the set of the lifted cells. We also put a total ordering
on the finite set E, and we choose an orientation for each cell e € E: this
double choice (ordering+orientation) is denoted by oo. The choice of E

combined to oo induces a basis Ey, of C(X), which defines itself a basis
1® E, of C?(X).
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Definition 3.7. The Reidemeister torsion with ¢-twisted coeflicients of
the CW-complex X is

T9(X) =7 (C¥(X),1® Eyo) €F/ % p(H),
with the convention that 7%(X) := 0 if H(X) # 0.

Because of the choices that we were forced to make, the quantity 7% (X)
has two kinds of indeterminacy: a sign +1 and the image by ¢ of an element
of H. Those two ambiguities are resolved by Turaev [72, 73]. The ¢(H)
indeterminacy is the most interesting and it will be discussed in §7. To kill
the sign indeterminacy, Turaev defines in [72] a homological orientation
w of X to be an orientation of the R-vector space H,(X;R). Then, the
quantity

72(X,w) :=sgn7(C(X;R),00,w) - 7(C¥(X),1® Ep) € F/p(H),

where w is any basis of H,(X;R) representing w, does not depend on the
choice of 0o and only depends on w. Here again, we set 7%(X,w) := 0 if
HZ(X) # 0. This invariant 7%(X,w) is sometimes called the sign-refined
Reidemeister torsion of (X,w). We have 79(X, —w) = —7%(X, w).

The algebraic properties of the torsion of chain complexes (some of those
have been recalled in §3.1) have topological implications. For instance,
Proposition 3.3 translates into a kind of Mayer—Vietoris theorem for the
Reidemeister torsion of CW-complexes. Also, Theorem 3.5 allows one to
compute the Reidemeister torsion of a CW-complex by homological means
when F is the field of fractions of a domain.

Remark 3.8. Here, we have restricted ourselves to the abelian version of
the Reidemeister torsion, in the sense that coefficients are taken in a com-
mutative field F. Nonetheless, the same construction applies to any ring
homomorphism

@ Zm(X)] — A

with values in a ring A for which the rank of free modules is well-defined.
In this situation, we need the torsion of A-complexes evoked in Remark
3.2 and we work with the universal cover of X instead of its maximal
abelian cover. The Reidemeister torsion is then an element

T2(X) € K1(A)/ £ ¢(m (X)) U {0}
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3.3. Turaev’s maximal abelian torsion of a CW-complex

Let X be a finite connected CW-complex, and let Q(Z[H1(X)]) be the
ring of fractions of Z[H;(X)]. The canonical injection of Z[H;(X)] into
Q(Z[H,(X)]) can not play the role of “universal coefficients” for abelian
Reidemeister torsions of X, since the ring Q(Z[H;(X)]) is not a field (un-
less Hy(X) is torsion-free). Nonetheless, we have the following statement.

Proposition 3.9. Let H be a finitely generated abelian group. Then, the
ring Q(Z[H]) splits in a unique way as a direct sum of finitely many
commutative fields.

We apply this to H := H;(X) to write Q(Z[H1(X)]) as a direct sum of
commutative fields:

QZH)=F, & - -oF,.
We denote by ¢; : Q(Z[H]) — F; the corresponding projections.
Definition 3.10 (Turaev [70]). The mazimal abelian torsion of X is
T(X):=7"(X)+---+79(X) € Q(Z[H])/ £ H.

Recall that the construction of 7%i(X) needs some choices (Definition
3.7). Here, we do the same choices for all ¢ = 1,...,n so that the inde-
terminacy is “global” (in £H) instead of “local” (one for each component
i=1,...,n). A sign-refined version 7(X,w) € Q(Z[H])/H of 7(X) is also
defined in the obvious way, for any homological orientation w of X.

The invariant 7(X) determines the abelian Reidemeister torsion 7% (X)
for any ring homomorphism ¢ : Z[H| — F, which justifies the name
given to 7(X). Here is the precise statement, where it is assumed that
T7¢(X) # 0. We consider the subring

Qo(Z[H]) :=A{z € Q(Z[H]) : 3y € Z[H], p(y) # 0,2y € Z[H]}

of Q(Z[H]). Tt is easily checked that ¢ extends in a unique way to a ring
homomorphism ¢ : Q,(Z[H]) — F. Then, it can be proved [76, §13] that

T(X) € Qu(Z[H])/ £ H and 79(X) =@ (7(X)).
Proof of Proposition 3.9. We follow Turaev [76, §12]. The unicity of the

splitting means that, for two decompositions of Q(Z[H]) as a direct sum
of fields

Fi1@---0F,=Q(Z[H) =F,&-- - aF,
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we must have n = n/ and F; = F/, ;) for some permutation a € S,. This
is an instance of the following general fact, which is easily proved: If a
ring splits as a direct sum of finitely many domains, then the splitting is
unique in the above sense.

To prove the existence of the splitting, let us assume first that H is
finite. Each character o : H — C* of H extends to a ring homomorphism
o : Q[H] — C by linearity. The subgroup o(H) of C* is finite and, so, is
cyclic: thus, o (Q[H]) is the cyclotomic field Q (62”/ m") where m, is the
order of o(H). Two characters o and o’ of H are declared to be equivalent
if my = my and if 0,0’ : Q[H] — Q (em/ m(,) differ by a Galois auto-

2im/me

morphism of Q (e ) over Q. Let o1,...,0, be some representatives

for the equivalence classes of Hom(H, C*). Then, the ring homomorphism

(01,- -, 00) : Q[H] — P Q(e*™ ™) (3.1)
J=1

is injective since any non-trivial element of the ring Q[H] can be detected
by a character. (Indeed, by Maschke’s theorem, the C-algebra C[H]| is
semi-simple so that, according to the Artin—Wedderburn theorem, it is
isomorphic to End(V;)@- - - End(V;) for some C-vector spaces Vi, ..., V.
But, since the C-algebra C[H]| is commutative, each V; should be one-
dimensional. Thus, the C-algebra C[H] is isomorphic to a direct sum of
r copies of C and each corresponding projection C[H| — C restricts to a
character H — C*.) Therefore, the ring homomorphism (3.1) is bijective
since its source and target have the same dimension over Q:

S dim Q2™ me) = 3 ‘Gal (@(62”/% ) / @)‘
j=1 J=1
= |Hom(H,C")| = |H| =dim Q[H].
(Here, we have used the fact that the extension Q(e2/™)
So, when H is finite, we get

of Q is galoisian.)

Q(Z[H)) = Q (Q[H]) ~ Q(é@(e””/mw)
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which also shows that @ (Z[H]) = Q[H] in this case.
In general, we set G := H/ Tors H and we fix a splitting H ~ Tors H®G.
Then, we have

Q[H] ~ (Q[Tors H]) [G] = P Q(*™/™)[G]
j=1

and Q (Z[H]) = Q (Q[H]) can be written as a direct sum of finitely many
commutative fields:

Q(z[H) ~ Q (EB @(e””/mfv)m) = e (e m)a).

J=1 J=1

4. The Alexander polynomial

We introduce the Alexander polynomial of a topological space X of finite
type! and, following Milnor and Turaev, we explain how to obtain it as a
kind of Reidemeister torsion. In a few words, “the Alexander polynomial
of X is the order of the first homology group of the free maximal abelian
cover of X.” Thus, we start by recalling what the order of a module is.

4.1. The order of a module

Let R be a unique factorization domain, whose multiplicative group of
invertible elements is denoted by R*. Let also M be a finitely generated
R-module.

We choose a presentation of M with, say, n generators and m relations,
and we denote by A the corresponding m x n matrix:

R™ A R M —0.

Here, m may be infinite. Besides, we can assume that m > n with no loss
of generality.

Definition 4.1. For any integer k > 0, the k-th elementary ideal of M is
Ex(M) := ((n — k)-sized minors of A)., | C R

N topological space is of finite type if it has the homotopy type of a finite CW-
complex.
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with the convention that Ex(M) := R if k > n. The k-th order of M is
Ak(M) = ged Ek(M) S R/RX.
The order of M is Ag(M) and is denoted by ord(M).

It is easily checked that the elementary ideals and, a fortiori, their greatest
common divisors, do not depend on the choice of the presentation matrix
A. We have the following inclusions of ideals:

Eo(M) C El(M) c.--C Enfl(M) C En(M) = En+1(M) =---=R,
hence the following divisibility relations:
== Anpi(M) = An(M) | Ap1 (M) |-+ | Ar(M) | Ag(M) = ord(M).

Ezample 4.2. Let R be a principal ideal domain. Then, M can be decom-
posed as a direct sum of cyclic modules: M = R/niR&--- & R/niR. The
order of M is represented by the product ny---ni € R.

Exercice 4.1. Show that Ey(M) is contained in the annihilator of M
Anmn(M):={re R:Vm € M,r-m =0},
and prove that the converse is not true in general.

Exercice 4.2. Show that ord(M; & Ma) = ord(M;) - ord(My) for any two
finitely generated R-modules M7 and Ms.

4.2. The Alexander polynomial of a topological space

Let X be a connected topological space of finite type. Then, the free
abelian group
G := H(X)/Tors Hi(X)
is finitely generated. We observe that
ZIG) ~ Z[tE, ... t]]

where b = (1(X) is the first Betti number of X, so that the ring Z[G]
has essentially the same properties as a polynomial ring with integer co-
efficients. In particular, Z[G] is a unique factorization domain (by Gauss’s
theorem, since Z is so) and it is noetherian (by Hilbert’s basis theorem,
since Z is so). Moreover, we have Z[G]* = £G.

We are interested in the mazimal free abelian cover X — X whose
group of covering automorphisms is identified with G. More precisely, we
are interested in the homology of X as a Z[G]-module. By our assumptions,
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the Z|G]-module H;(X) is finitely generated for any i > 0 and, sometimes,
it is called the i-th Alezander module of X. Here, we are mainly interested
in the first Alexander module which only depends on the fundamental
group of X. Indeed, the Hurewicz theorem gives a canonical isomorphism

Hy (X) = K(X)/[K(X), K(X)
where K (X) denotes the kernel of the canonical epimorphism 7 (X) — G.
Definition 4.3. The Alexander polynomial of X is
A(X) :=ord (K(X)/[K(X),K(X)]) €Z|G]]+G
where G ~ 71 (X)/K(X) acts on K(X)/[K(X), K(X)] by conjugation.

Here is a recipe to compute the Alexander polynomial by means of
Fox’s “free derivatives”. (The basics of Fox’s free differential calculus are
recalled in the appendix.)

Theorem 4.4 (Fox [17]). Let X be a connected topological space of finite
type. Consider a finite presentation of w1 (X)

m(X) = (z1,...,2p|T1, .-, Tm) (4.1)

and the associated matriz

oy .. I
ox1 Oxn
A :: . .
Orm ... Orm
o1 OTn
where 8871, e aaTn denote the free derivatives with respect to (x1,...,2Ty).

Then, the Alexander polynomial of X is
A(X) = ged {(n — 1)-sized minors of the reduction of A to Z[G|}.

Proof. We follow Turaev [76, §16]. Let Y be the 2-dimensional cellular re-
alization of the group presentation (4.1). More explicitely, Y has a unique
0-cell, n 1-cells (in bijection with the generators ..., x,) and m 2-cells
(in bijection with the relations rq, ..., r,, which are interpreted as attach-
ing maps for the 2-cells). Then, 71(Y) has the same presentation (4.1) as
the group m1(X). Since A(X) only depends on 7;(X), we have

A(X)=A(Y)=ord Hl(Y) (4.2)
where Y denotes the maximal free abelian cover of Y. It follows from

the topological interpretation of Fox’s free derivatives (see §A.2) that A
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reduced to Z[m (V)] is the matrix of the boundary operator of the universal
cover Y of Y
Oy : Co(Y) — C1(Y)
with respect to some appropriate basis (which are obtained by lifting the
cells of Y). Let 7" be the 0-skeleton of V. Because we have
Coker (85 : Co(V) — C1(Y)) = Hi(V,Y"),
that topological interpretation of the matrix A leads to
ged {(n — 1)-sized minors of A reduced to Z[G]} = Ay (H1 (?,70)) .

(4.3)
The exact sequence of Z[G]-modules

0— H(Y) — H(Y,Y") — Ho(Y") — Ho(Y) =0
shows that

Tors H,(Y') = Tors H, (Y, ?0) and rank Hy(Y) = rank Hy (Y, ?0) -1
The following statement is proved by Blanchfield in [7]. See also [25, §3.1].

Fact. Let M be a finitely generated module over a noether-
ian unique factorization domain. Then, we have

‘ _J 0 if i < rank(M)
Ai(M) = { A _rank pm(Tors M) if ¢ > rank(M).

We deduce that Ag(H1(Y)) = Ay (H (Y, 70)). The conclusion then fol-
lows from equations (4.2) and (4.3). O

4.3. Alexander polynomial and Milnor torsion

Let X be a finite connected CW-complex, with maximal free abelian cover
X. As before, we set

G := H(X)/ Tors H1(X).

We consider the fraction

AX) =T (ord Hi(Y))(*l)i+1

>0

€QZla)/+ G

80



ABELIAN REIDEIMESTER TORSION OF 3-MANIFOLDS

with the convention that A(X) := 0 if ord H;(X) = 0 for some i > 0.
Observe that the Alexander polynomial A(X) appears as a numerator of
A(X), which is sometimes called the Alezander function of X.

Definition 4.5. The Milnor torsion of X is the Reidemeister torsion
™(X) € QIZIG))/ =G

where the coefficients p : Z[H1(X)] — Q(Z[G]) are induced by the canon-
ical map H;(X) — G.

The next result shows that the combinatorial invariant 7#(X) is in fact
a topological invariant, and is more precisely a homotopy invariant.

Theorem 4.6 (Milnor [38, 40|, Turaev [72]). For any finite connected
CW-complex X, we have

™(X)=A(X) €Q(Z[G])) £G.

Proof. Assume that 7#(X) = 0. By our convention, this means that

0+ HY'(X) = H; (Q(ZIG)) ®2¢) C(X)) = QZIG)) @1y Hi (X))

for some . Here, the last identity follows from the universal coefficients
theorem (which can be applied since C(X) is Z[G]-free) and the fact that

the field of fractions of Z[G] is Z|G]-flat. So, the Z[G]-module H; (7) is
not fully torsion or, equivalently, it has order 0. It follows that A(X) =0
by convention. If 7#(X) is not zero, then the identity 7#(X) = A(X) is
an application of Theorem 3.5. O

5. The abelian Reidemeister torsion for three-dimensional
manifolds

We introduced abelian Reidemeister torsions of CW-complexes in §3, and
we saw in §4 that the Alexander polynomial fits into this framework. In
this section, we apply the theory of abelian Reidemeister torsions to 3-
manifolds and we compute them for two important classes of 3-manifolds:
lens spaces (which are classified in this way) and surface bundles.
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5.1. Abelian Reidemeister torsions of a 3-manifold

A theorem of Chapman asserts that the Reidemeister torsion of CW-
complexes is invariant under homeomorphisms, so that it defines a topo-
logical invariant of those topological spaces which admit cell decomposi-
tions [10]. We will not need this deep result here. It is not too difficult (al-
though technical) to prove that the Reidemeister torsion is invariant under
cellular subdivisions, so that the Reidemeister torsion defines a piecewise-
linear invariant of polyhedra [39]. It follows from Theorem 2.1 and The-
orem 2.2 that the Reidemeister torsion induces a topological invariant of
3-manifolds.

In more details, let M be a 3-manifold and let ¢ : Z[H1(M)] — F be
a ring homomorphism with values in a commutative field F. The given
orientation of M induces an orientation wys of H.(M;R), namely the
orientation defined by the basis

(1], b,0%, [M]) .
Here [x] € Ho(M;R) is the homology class of a point, b is a basis of
Hy(M;R), b is the dual basis of Hy(M;R) with respect to the intersec-
tion pairing and [M] € H3(M;R) is the fundamental class. Observe that

<_1)ﬁ1(M)+1

W_pM = cWHL-

Definition 5.1. The Reidemeister torsion with ¢-twisted coefficients of
the 3-manifold M is

(M) = 790 (K, p (wnr)) € /i (Hi (M)

where (K, p) is a triangulation of M and the cellular homology of K is
identified with its singular homology.

Theorem 2.1 ensures the existence of the triangulation (K, p) of M. Theo-
rem 2.2 and the invariance of the Reidemeister torsion under subdivisions
imply that the above definition does not depend on the choice of (K, p).
Thus, for any cell decomposition X of M (which can be subdivided to a
triangulation), we also have

TI(M) = 7°(X,wy) € F/o (H1(M))
where the cellular homology of X and the singular homology of M are
identified.

We mentioned in §3.2 two properties of the Reidemeister torsion of CW-
complexes, which were inherited from algebraic properties of the torsion
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of chain complexes. Here is a third important property, which is specific
to manifolds.

Theorem 5.2 (Franz [19], Milnor [38]). Let M be a 3-manifold and let F
be a commutative field with an involution f — f. Consider a ring homo-
morphism ¢ : Z|Hi(M)] — F such that

Vh € H(M), o) =¢(h) cF.
Then, we have the following symmetry property:

TH(M) =71¢(M) € F/p(Hi(M)).

Sketch of the proof. Let K be a triangulation of M: |K| = M. It can be
lifted to a triangulation K of the maximal abelian cover M of M. We fix
a total ordering on the set E of simplices of K, we choose an orientation
for each simplex e € F and we choose a lift € of e to K. Thus, we obtain
a basis E,, of C (f(\ ) and, by definition, we have

+79(M) = 7(C¥(K),1® E,,) €F/+¢(H (M)

with the convention that 7#(M) := 0 if Hf (M) # 0.

Besides, we can consider the cell decomposition K* dual to the trian-
gulation K, which can be lifted to a cell decomposition K* of M. Each
cell e* of K* is dual to a unique simplex e of K, so that it has a preferred
orientation and a preferred lift € which are determined by the choices we
did for e. Moreover, the total ordering on E induces a total ordering on
the set E* of the cells of K*. Thus, we obtain a basis E*,, of C(K*) and,
by definition, we have

L P(M) = 7(CP(K), 1@ Frop) € F/ % (H (M)

with the convention that 7% (M) := 0 if H (M) # 0. Here we have denoted
by @ the ring homomorphism ¢ composed with the involution of F.

As in the proof of the Poincaré duality theorem (relating the p-twisted
cohomology of K to the p-twisted homology of K*), one can prove that
the dual of the based chain complex (C¥?(K),1® Ey,) is isomorphic to the
based chain complex (C?(K*),1® E*,,). We conclude with the duality
property for torsions of chain complexes (Proposition 3.4) that 77(M) =
+7%9(M). We refer to [38] or to [76] for the details of proof. See [72] for
the computation of signs. ([l
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Let us now compute the Reidemeister torsion of a 3-manifold M pre-
sented by a Heegaard splitting M = AU B, where A and B are genus g
handlebodies. We assume that the ring homomorphism ¢ : Z[H1(M)] — F
giving the coefficients is non-trivial, i.e. p(Hi(M)) # 1. (Otherwise, we
would have HY (M) # 0 so that 7¢(M) = 0 by our convention.)

We consider the 2g oriented simple closed curves aq, ..., ay, a%, .. ,ag
on the genus g surface A shown on Figure 5.1, as well as the curves
BB, B, ..., 8% on OB. If we focus on A, the 3-manifold M is de-
termined by how the curves (3,..., 3, read in the surface 9A when 0B
is identified to JA. So, we are aiming at a formula expressing 7% (M) in

terms of the curves 31,...,8, C 0A = 0B.
' B
' A

FIGURE 5.1. The curves «,a! on A and the curves 3, 3
on 0B.

We choose a small disk D C 0A and a base point x € dD. We base the

oriented simple closed curves a,a! at « to get a basis of the free group
o) 0 el o) )

m1(0A\ D, x). We also denote by 7-. ..., 935 9l ol the Fox’s free

derivatives with respect to this basis. (See the appendix.) We also base

the simple oriented closed curves (3 at %, so that they define elements

of m1(0A \ D,x). Then, we can consider the following g x g matrix with
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coefficients in Z[Hy(M)]:

o .. 9B
804% 8042
A = incl, : oo
g .. 9By
804% 8042

where incl, : m1(0A\ D,*) — Hy(M) is induced by the inclusion.

Lemma 5.3. With the above notation and for any indicesi,j € {1,...,¢g},
we have

TP (M)- (p(0) = 1) (p(8)) =1) = (- 1) 7 o(Aig) € F/o(Hi(M))

(5.1)
where Ty is a certain explicit sign, and where A;j is the (i, j)-th minor of
the matrixz A.

Sketch of the proof. The lemma is an application of a formula by Turaev
which computes 7#(M) from a cell decomposition of M with a single 0-
cell and a single 3-cell [78, §II.1]. In more details, we consider the cell
decomposition X defined as follows by the Heegaard splitting. There is
only one 0-cell €, the center of the ball to which handles have been added
to form A; the 1-cells are e, ... ,e; where e} is obtained from the core of
the i-th handle of A, which is bounded by two points, by adding the trace
of those two points when the previous ball is “squeezed” to €°; the 2-cells
aree?, ..., 63 where e? is obtained from the co-core of the j-th handle of B
(with boundary (3;) by adding the trace of ; C 0A when A is “squeezed”
to ePUefU- - ~Ueé; there is only one 3-cell e3, namely the complement in M
of the cells of smaller dimension. See Figure 5.2. The cell decomposition

X is related to the curves (a,aof) and (3, 8%) in the following way: each
8
i
The cells of X can be oriented as follows: e is given the + sign, the

l-cell e} is oriented coherently with ag, the 2-cell e? is oriented so that

curve o is isotopic to e} in A, and each curve B; is the boundary of e? NB.

the intersection number e? . ﬁg is +1 and e? inherits the orientation from
M. Let X be the maximal abelian cover of X , and choose some lifts
elel ..., é;, ez,... ,ég, &3 of the cells to X. The computation of 77(M) in
terms of the cell decomposition X involves the sign

To 1= sgn T(C(X; R% 00, representative of wM)
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(part of) 2 (part of) €2

(part of) €3

F1GURE 5.2. The cell decomposition X of M induced by
the Heegaard splitting.

where oo refers to the above choice of order and orientations for the cells
of X. It also involves the cell chain complex of X. For some appropriate
choices of the lifts, the boundary operators d3 and 0, are given by

g
%@ = (|4 -1)-e and on(e}) = ([od] -1) -,
j=1
respectively. Thus, the main indeterminate is the boundary operator 0o
and we denote

A= (matrix of 8y : C2(X) — C1(X) in the basis ¢2 and él) .
Then, a computation of 7% (X) from its definition gives
(M) (p(af) =1)- (p(8)) = 1) = (=)™ oy o(AYy) € F/ip(Hi(M))

See the proof of Theorem II1.1.2 in [78] for the details of computation.
The topological interpretation of free differential calculus (see §A.2) shows
that, for appropriate choices of the lifted cells, the matrix A’ is equal to
A. The conclusion follows. O
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5.2. The Alexander polynomial of a 3-manifold
Let M be a 3-manifold. We consider the free abelian group
G := H(M)/ Tors Hi (M)
and the canonical ring homomorphism
s ZIH, (M)] — Q(Z[G)
with values in the field of fractions of the group ring Z[G].

Theorem 5.4 (Milnor [38], Turaev [69]). For any 3-manifold M with
B1(M) > 2, we have

£rH(M) = A(M) € Z[G]/ + G
and for any 3-manifold M with $1(M) = 1, we have

A(M)
(t—1)?

where t is a generator of G ~ 7.

+7H(M) = € QZG)/ + G

Proof. This can be deduced from Theorem 4.6. Alternatively, we can use
the following argument which is more direct. The torsion 7#(M) can be
computed from a Heegaard splitting as explained by Lemma 5.3. Using
the same notations, we get

TH(M) - (p(af) = 1) - (u(B) — 1) = w(Ay) € QZIG)/+ G (5.2)
where A;; is the (¢, j)-th minor of
A= (matrix of 8y : Co(X) — C1(X) in the basis €2 and @1) .

Let Y be the 2-skeleton of X and, as before, we denote by Y the maximal
free abelian cover of Y. The proof of Theorem 4.4 tells us that
A(M) = ged{(g — 1)-sized minors of D} (5.3)

where D is the matrix of 85 : C2(Y) — C1(Y). Since Y is the 2-skeleton of
X, D is also the reduction of A to Z[G], i.e. D = u(A). We can conclude
thanks to (5.2) and (5.3). O

Remark 5.5. Theorem 5.4 allows one to study the Alexander polynomial
of 3-manifolds using the technology of Reidemeister torsions [38, 72]. For
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example, the symmetry property of the Reidemeister torsion (Theorem
5.2) results in the same property for the Alexander polynomial:

A(M) =A(M) €Z[G]/ £ G

where the bar denotes the ring endomorphism of Z[G] defined by g := g~
for all g € G.

1

5.3. Turaev’s maximal abelian torsion of a 3-manifold

The maximal abelian torsion of CW-complexes induces a topological in-
variant of 3-manifolds. As explained in §5.1, this follows from Theorem
2.1 and Theorem 2.2 using triangulations. Let M be a 3-manifold with
first homology group H := Hy(M).

Definition 5.6 (Turaev [70]). The mazimal abelian torsion of M is
(M) :=7(X,wn) € Q(Z[H))/H

where X is a cell decomposition of M and where the identification between
the cellular homology of X and the singular homology of M is implicit.

The target of the maximal abelian torsion depends a lot on the first
Betti number of the 3-manifold. Three cases have to be distinguished.

Assume that B1(M) = 0. Among the cyclotomic fields into which the field
Q(Z[H)) = Q[H] splits (see the proof of Proposition 3.9), there is Q which
corresponds to the trivial character of H. The corresponding projection is
the augmentation map

e:QH]—Q, Y agn-hr— > an
heH heH

Its kernel is called the augmentation ideal of Q[H]. The Reidemeister
torsion with e-twisted coefficients is zero since H,(M; Q) # 0. We conclude
that

7(M) € Ker(e) C Q[H] = Q(Z[H])
for any 3-manifold M with 8, (M) = 0.

Assume that B1(M) > 2. Among the fields into which Q(Z[H]) splits,
there is the field of rational fractions Q(Z[G]) where G := H/Tors H.
Let p : Q(Z[H]) — Q(Z]G]) be the corresponding projection so that, by
definition of 7(M), we have u (7(M)) = 7*(M). We know from Theorem

88



ABELIAN REIDEIMESTER TORSION OF 3-MANIFOLDS

5.4 that 7#*(M) is the Alexander polynomial A(M), so that it belongs to
Z|G]. More generally, Turaev proves that

7(M) € Z[H]/H C Q(Z[H])/H
for any 3-manifold M with (M) > 2. See [78, §I1I] for details.

Assume that 1 (M) = 1. We proceed as in the previous case, and we denote
by t a generator of G = H/Tors H. We know from Theorem 5.4 that
p (7(M)) coincides with A(M)/(t—1)2, so that it belongs to Z[t*]/(t—1)2.
More generally, Turaev “extracts” from 7(M) an integral part denoted by

[7)(M) € Z[H]/H.

In more details, we deduce from Theorem 5.2 that 7(M) is symmetric in
the sense that 7(M) = 7(M) € Q(Z[H])/H, where the bar denotes the
ring endomorphism of Q(Z[H]) defined by h := h~! for all h € H. In
fact, we can find a representative of 7(M) which satisfies this symmetry
property in Q(Z[H]). (This is a refinement of Theorem 5.2 proved in [72].)
Then, [7](M) is defined to be the mod H class of

cTors h
it

where t € H projects to a generator of G ~ Z. We refer to [78, §II] for
further details.

(a symmetric representative of T(M)) —

5.4. Example: torsion of lens spaces

Recall that the lens space Ly 4 is defined by the Heegaard splitting
Lpy= (D*x §*) Uy (-D? x 8') (5.4)

where f: S? x ST — S! x S! is a homeomorphism such that the matrix
of f. in the basis (a:=[5' x 1],a* := [1 x S']) of Hi(S' x §1) is

q s . o
(p 1") with gr — ps = 1.
Let T be the preferred generator of Hy(L,,) defined by the core 0 x S! of
the left-hand solid torus in the decomposition (5.4).
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Lemma 5.7. Let ¢ : Z[Hi(Ly4)] — F be a non-trivial ring homomor-
phism with values in a commutative field. Then, we have

T (Lpg) = &p - (9(T) = 1)1 (@(T)" =)™ € F/p(Hi(Lyp.g))

where €, is a sign which does not depend on q € Z,, and r := g e L.

Proof. We apply Lemma 5.3 with i = j = g = 1. We have [al] T by
definition of T, and [3{] = s-[a1]+r-[}] = 7T € Hi(Lpg). Just like the
cellular chain complex for the cell decomposition induced by the Heegaard
splitting, the sign 79 in (5.3) does not depend on gq. O

The topological classification of lens spaces can now be completed and,
for this, we need a number-theoretic result. This is for instance proved in
[54, §I] using elementary properties of Gauss sums and a non-vanishing
property of Dirichlet series.

Lemma 5.8 (Franz [18]). Let p > 1 be an integer and let Z) be the

multiplicative group of invertible elements of Zy,. Let a : Z); — Z be a map
such that

(1) Xjezz ali) =0,
(2) Vj € Zy, a(j) = a(=j),

(3) H (¢7 =1)*9) =1 for any p-th root of unity ¢ # 1.
JELY

Then, a(j) =0 for all j € Z, .

Proof of Theorem 2.10. It remains to prove the necessary condition for
two lens spaces Ly 4 and L, , to be homeomorphic with their orientations
preserved. The interesting case is when p > 3, which we assume.

Let f : L,, — Ly be an orientation-preserving homeomorphism.
Because f induces an isomorphism in homology and because Hi(Lyq) ~
Zp, we must have p = p'. Let T € Hi(Lp4) and T" € Hi(Lp y) be the
preferred generators defined by the Heegaard splittings. There is a k €Z,
such that 7" = k - f.(T). For any p-th root of unity ¢ # 1, we consider
the ring homomorphism ¢ : Z[Hl(L q)] — C defined by ¢(T) := ¢,
as well as the homomorphism ¢’ := o f! : Z[Hi(L,,)] — C. Since
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the Reidemeister torsion is a topological invariant, we have 7%(L,,) =
7% (Lpy) and we deduce from Lemma 5.7 that

¢ (C—1) (=1 =(¢F-1)- (" -1) (5.5)

where r := ¢~1, 1" := (¢/)"! and u € Z,, is unknown. If we multiply (5.5)

by its conjugate, we get the formula

(C=1)-(C"=1)- (¢ =1)(¢T"=1) = (F=1)-(¢* = 1)-(¢CTF=1)-(¢TF -1).

(5.6)
For all j € Z, let m(j) be the number of times j appears in the sequence
(1,—1,7,—r) and let m/(j) be the number of times it appears in the se-
quence (k,—k, kr’,—kr’'). We have m(j) = m(—j) and Zjezg m(j) = 4,
and similarly for m’. We deduce from this and from (5.6) that the map
a := m—m’ satisfies the hypothesis of Lemma 5.8. Thus, we have m = m/
so that the two sequences (1,—1,r, —r) and (k, —k, kr’, —kr’) coincide up
to some permutation, which we write

{1, -1,7,—r} = {k,—k, kr’, —kr'}. (5.7)
Moreover, let P € C[X] be a polynomial such that the identity
P(T)=T"- (T —1)-(T"=1) = (T* = 1) - (TF" - 1)

holds in the group ring C[H] where, following our convention, the group
H := Hy(Lyq) is written multiplicatively. Since T? = 1 € C[H], we can
assume that P has degree at most p— 1. But, since the identity (5.5) holds
for any p-th root of unity ¢ (including ¢ = 1), this polynomial has at least
p roots. Therefore, P is zero and

T (T—-1)-(T"=1)=(T"-1)-(T" —1) eC[H]. (5.8)

Equation (5.7) leaves out 8 possible cases which must be analized sepa-
rately, possibly using (5.8). For instance, if k = —r and kr’ = —1, then
we have rr’ = 1 and we are done. As another example, let us consider the
case when k = 1 and kr’ = —r. Then, (5.8) gives

T (T —1)-(T" —1)=—(T—1)-(T" - 1). (5.9)
To pursue, we point out the remarkable identity
1 by
vhe H*, (h=1)-~ (14 2h+--+p-07) =1- = e lH]
p p
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where, again, H is written multiplicatively and Xy := >, cy h. Using that
identity for h =T and h =T", we get

o u-2) < (- 2)

2
T“+7"+1:]3-EH

or, equivalently,

which is impossible if p > 2. So, the case (k = 1,kr’ = —r) must be
excluded. The 6 remaining cases are treated in a similar way. O

Remark 5.9. Bonahon proved by purely topological methods that a lens
space has, up to isotopy, only one Heegaard splitting of genus one [8]. The
topological classification of lens spaces is easily deduced from this result,
without using the Reidemeister torsion. The proof of Theorem 2.10 that
we have presented here, which dates back to Reidemeister [53] and Franz
[18], has the advantage to extend to higher dimensions. (Lens spaces can
be defined in any odd dimension by generalizing the description proposed
in Exercice 2.2: see [13, §V] for instance.)

To conclude with lens spaces, we compute the maximal abelian torsion
of L, 4. We deduce from Lemma 5.7 that

T(Lpg) =ep- (T =171 (T" —1)"" € Q[H]|/H (5.10)
where T' € H := Hy (L) is the preferred generator, and where (7' —1)~!
and (T" — 1)~ denote inverses in the subring Ker(e) C Q[H]. (Indeed,
T —1 and T" — 1 are invertible in Ker(e) since they project to non-zero
elements in each cyclotomic field # Q into which Q[H] splits.) The unit
element of the ring Ker(e) is 1 — Xy /p where X := Y, c g h, and we have
the following identity:

p—1 5.

% -—p+1 . >

Vhe H”, (h—l)-(ZZ;;jL-h’) :1—7H € Ker(e) ¢ Q[H].
=0

Thus, we obtain the formula

p—1 5. p—1 4.
T(Lpg) = &p - (ZQZ_WT) . (ZQZ_WT”) € Q[H]/H.

i=0 2p
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5.5. Example: torsion of surface bundles

Let ¥, be a closed connected oriented surface of genus g. The mapping
torus of an orientation-preserving homeomorphism f : ¥, — ¥, is the
3-manifold
Ty = (3g x [=1,1]) /~

where ~ is the equivalence relation generated by (z,—1) ~ (f(z),1) for
all z € ¥, The cartesian projection ¥, x [-1,1] — [—1,1] induces a
projection Ty — S 1 which makes Ty a bundle with base S I and fiber g
Conversely, any surface bundle over S! can be obtained in that way.

We wish to compute the maximal abelian torsion of 7. For this, we
can assume that g > 1 since T} only depends on the isotopy class of
f (up to homeomorphism) and we have seen that M(S?) is trivial. We
restrict ourselves to the case when f acts trivially in homology. Then,
H := Hy(TY}) is free abelian (isomorphic to Hi(X4) @ Z) and Theorem 5.4
says that 7(Tf) = A(Ty). Thus, we are reduced in this case to compute
the Alexander polynomial of Ty. (See Remark 5.11 for the general case.)

Thanks to an isotopy of f, we can further assume that f is the identity
on a 2-disk D. The bordered surface ¥, \ int(D) is denoted by X, 1, and
the restriction of the homeomorphism f to ¥, is denoted by f|. We pick
a base point x € 0%41. Then, we have

H=H(3,)®(Z-t)
where t is the homology class of the circle (x x [—1,1])/ ~. The group

m1(Xg,1,%) is freely generated by the based loops o, ... ,ag,aq, e ,ag
: 2] o) 0 o)
shown on Figure 5.3. We denote by a1 Dy’ Y Dak the free

derivatives with respect to this basis, and we consider the “Jacobian ma-
trix” of fl. : m(Xg1,%) — m1(Xg,1,*) defined by

Oflilcr) . Oflslag)  Ofle(a})  Of](ah)
day day oy Oay
Of[«(ea) . Of]x(ag) afl«(ah) af|«(ah)
Oag dayg “Oa, dag
S = oflian) Oflelag)  Ofls(ad) 071 ()
8a§ Sag 8oz§ 8a§
Ofl«(ea) . Oflx(ag) Ofl«(a})  Of](ad)
Bag 80‘51 8042 Bozg
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It turns out that 7(7%) is essentially given by the characteristic polynomial
with indeterminate ¢ of (a reduction of) the matrix J(f].).

FIGURE 5.3. The surface Y, 1 and a system of meridians
and parallels (o, o).

Proposition 5.10. With the above notation and assumption, we have
7(Ty) = (¢ = 1) 72 - det (¢ Tog — incl. J(f|.)) € Z[H]/ = H
where incly : m1(Xy1) — H1(Ty) = H is induced by the inclusion.
Proof. We are asked to compute
7(Ty) = A(Ty) = ord Hy (Ty)

where ff denotes the maximal (free) abelian cover of TY. If f]g is the

maximal abelian cover of ¥,, then ff can be realized as f)g x R, so that
it decomposes into “slices”:

ff:...u(ig x [—1,0])U(§g x [0,1])U(§)gx [1,2])U...

The covering transformation corresponding to ¢ € H shifts the slices from
left to right.

We set S := Hy(3,) so that H =S @ (Z - t). Observe that Z[H] is free
as a Z[S]-module: it follows that the functor &£ := Z[H] ®z5) — is exact.
An application of the Mayer—Vietoris theorem shows that, in the category
of Z[H]-modules, we have

Hy(Ty) = Coker (£f. —t-1d : EH1(S,) — EH1(Sy)) (5.11)
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where f: ig — ig is the lift of f that fixes a preferred lift * of . (The
map fs is Z[S]-linear by our assumption that f acts trivially on S.)

The maximal abelian cover ig,l of ¥41 is a surface with boundary, and
the group of covering transformations H;(X41) ~ S acts freely and tran-

sitively on the set of its boundary components. Therefore, flg is obtained

from fl%l by gluing 2-disks D, indexed by s € S. We deduce the short
exact sequence

0——Z[S]- D —— H1(S,1) — Hi(%,) — 0.
The following is a commutative diagram in the category of Z[H]-modules:

0—— Z[H] —— EHy (Sg1) —— EH1 (55) ——0

(1t)-IdJ Sf*t-IdJ é'ﬁt-IdJ/

~

0—— Z[H] — EHy (Sg1) — EH1 (55) — 0.

An application of the “snake” lemma relates the cokernels of the three
vertical maps by a short exact sequence. Besides, the order of a module is
multiplicative in short exact sequences: this fact generalizes Exercice 4.2
and can be found in [25, §3.3]. We deduce that

ord Coker (5]?]* —t- Id) = ord Coker (Sf* —t- Id) (1—t¢). (5.12)

The surface ¥4 1 deformation retracts to the union of based loops Xo, :=

a1Ua§U---UagUaﬁg,

the basing arcs are collapsed to x. Let p : f]gJ — Xg4,1 be the projection of

which becomes a bouquet of 2¢g circles when all

the maximal abelian cover of ¥, ;. Then, )Afgg = p_l(ng) is the maximal
abelian cover of Xy4. There is a map ¢ : 3,1 — 341 homotopic to f| such
that ¢(Xag) = Xog and ¢(x) = %, and we have the following commutative
square in the category of Z[S]-modules:

incly

H; (ng) — Hy (ig,l)

a{ 7.

H, <)?29> — H,y (igvl>

incly
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It follows that
ord Coker (5]?\* —t- Id) = ord Coker (&5* —t- Id) : (5.13)

Finally, the long exact sequence for the pair ()?gg, p~1(%)) gives the
short exact sequence

0 —— Hi(Xay) — Hi (Xog,p7L()) —— 1(8) - % —— 0

where I(S) is the augmentation ideal of Z[S], i.e. the ideal generated by
all the (s —1) with s € S. Thus, we obtain another commutative diagram
in the category of Z[H]-modules:

0 —— EHy(Kag) — EH1 (Xag,p~' (%)) —— Z[H] - [(S) — 0

Epu—tId &/ﬁt-IdJ (1—t).1dJ

0 —— EHy(Kag) — EH1 (Xag,p~' (%)) —— Z[H] - [(S) — 0

where ¢ denotes the relative version of ¢. Again, by applying the “snake”
lemma and the multiplicativity of orders, we obtain

ord Coker(£¢] — t - 1d) = ord Coker (£, — ¢ - 1d) - (1 —t). (5.14)

The Z[S]-module H; (ng, p~1(%)) is freely generated by the lifts a, ..., d,
and aﬁ, cee &g of the loops a, ..., a4 and aﬁ, e ,ag respectively starting
at *. Moreover, Proposition A.4 tells us that the matrix of QAS’; in that basis

is the reduction to Z[H1(X2g4)] of the jacobian matrix J(¢.) = J(f]«). So,
we have

ord Coker(£¢] —t - Id) = det (J(f|.) — t - Ip,) .
We conclude thanks to (5.11), (5.12), (5.13) and (5.14). O

Remark 5.11. Proposition 5.10 is proved by Turaev in [78] with no restric-
tion on f € M(X,) using other kinds of arguments. Observing that T
has a preferred Heegaard splitting of genus 2g+ 1, another proof would be
to apply Lemma 5.3. Proposition 5.10 is the analogue for 3-manifolds of
a classical formula expressing the Alexander polynomial of a closed braid
(respectively, of a pure braid) from its Burau representation (respectively,
from its Gassner representation) — see Birman’s book [4].
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Remark 5.12. Just as the closed surface X4, the bordered surface ¥, has
a mapping class group defined as the group of isotopy classes of homeo-
morphisms Y, 1 — X4 1 which fix pointwise the boundary:

M(EQJ) := Homeo (2971, 82971) / =,

The natural action on the free group m1(341,%) = F(a, o) allows us to
regard M(X, 1) as a subgroup of Aut (F(a, aﬁ)) . In particular, the Magnus
representation defined in §A.3 applies to M (34 1):
M : M(Sg1) — GL (26;Z[F(a, %)), f +— T(f).
An important subgroup of M(X,1) is the Torelli group of ¥, 1, namely
I(X41) == Ker (M(X41) — Aut(S), f+— fi)
where S := H;(X,,1). By Corollary A.6, we obtain a group homomorphism
Map : Z(24,1) — GL(2¢g; Z[S))

with values in a group of matrices over a commutative ring. As illustrated
by Proposition 5.10, this representation appears naturally in the context of
abelian Reidemeister torsions, but it is unfortunately not faithfull [61]. Its
kernel consists of those elements of Z(X, 1) which act trivially at the level

of the second solvable quotient 71 (X4 1,%)/m1(Xg,1,%)” of the fundamental
group. Explicit elements of the kernel are described by Suzuki in [62].

6. Homotopy invariants derived from the abelian Reidemeis-
ter torsion

In this section, we relate the maximal abelian torsion of 3-manifolds to
some invariants which are defined with just a little bit of algebraic topol-
ogy, and which only depend on the oriented homotopy type?.

6.1. The triple-cup product forms

Let M be a 3-manifold. Apart from the fundamental group, the first homo-
topy invariant of M which comes to one’s mind is probably the cohomology
ring. Poincaré duality shows that all the (co)homology groups of M are

2Two 3-manifolds M and M’ are said to have the same oriented homotopy type if
there exists a homotopy equivalence f : M — M’ such that f, ([M]) = [M'] € Hs (M').
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determined by H;(M;Z) and that, for any integer r > 0, the cohomology
ring H*(M;Z,) is determined by the triple-cup product form

W\ HY (M Z,) x HY(M; Z,) x HY(M;Z,) — Z,.
This form, defined by
Vo,y,z € H (M;Z,), ug\?(az,y, z):=(xUyUz[M]) €Z,
is trilinear and skew-symmetric. Clearly, its isomorphism class is an in-

variant of the oriented homotopy type of M.

For instance, ug\? is a trilinear alternate form on the free abelian group
HY(M;Z). It turns out that any algebraic object of this kind can be real-
ized by a 3-manifold.

Theorem 6.1 (Sullivan [60]). Let u : Z° x Z° x Z° — 7 be an alternate
trilinear form. Then, there exists a 3-manifold M and an isomorphism

HY(M;Z) ~ 7 through which ug\(/)[) and w correspond.

This realization result has first been proved for Zs coefficients by Postnikov
[52], and it has been generalized to the coefficient ring Z, for any integer
r > 0 by Turaev [71].

To prove Theorem 6.1, we need to introduce a way of modifying 3-
manifolds. For this, we consider the torus 77 := S' x S' x S and its
Heegaard splitting of genus 3

T3 = AUB (6.1)

where A is a closed regular neighborhood of the graph (S' x 1 x 1) U
(1xS'x1)U(1x1x S and B is the complement of int(A). Given a
3-manifold M and an embedding a : A — M, we can “cut” A out of M
and “replace” it by B. More formally, we define the 3-manifold

M, = (M \int a(A)) Uy, (—B)
where ay : 0B = 0A — M is the restriction of a to the boundary.
Definition 6.2. The move M ~» M, is called the T3-surgery along a.

This terminology is justified by the facts that (6.1) is the unique Heegaard
splitting of T of genus 3 (according to Frohman & Hass [23]) and there
is no Heegaard splitting of T2 of lower genus (for obvious homological
reasons). In this sense, the decomposition (6.1) of T3 is canonical. The
T3-surgery is implicitly defined in Sullivan’s paper [60]. Rediscovered by
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Matveev under the name of “Borromean surgery” [35], this kind of mod-
ification has become fundamental in the theory of finite-type invariants.
(See §7.5 in this connection.)

Proof of Theorem 6.1. We reformulate Sullivan’s proof [60] in terms of
T3-surgeries. Consider the basis (e1, ez, e3) of Hy(T3) where

e1:=[S'x1x1], ea:=[1 xS x1] and e3:=[1x1x8Y,

and let (e, e}, e3) be the dual basis of HY(T?) ~ Hom (H;(T?),Z). One
can check that

(efUesUes, [STx St xS =1 ez (6.2)

Let us now compute how the triple-cup product form changes under
a TS3-surgery M ~» M,. An application of the Mayer—Vietoris theorem
shows that there exists a unique isomorphism @, : Hi(M) — Hi(M,)
such that the following diagram is commutative:

H{(M) where E := M \ int a(A).
/
Hl(E) ﬁl‘ba
\»Hl(Ma)

We also denote by ® : H'(M,) — H!'(M) the dual isomorphism in
cohomology.

Claim. For all ¢}, v4,v4 € H'(M,), we have

(4 U s Uy, [Ma]) — (25 (y1) U 5 (ya) U @5 (ys), [M])

(@5(y1) ax(e1)) (P5(1),ax(e2)) (P5(y1); ax(es))

(D7 (y2), ax(e1)) <<I>Z(yé)7a*(€2)> (D7 (y2), ax(e3))

(@7(y5), axl(er)) (Pa(ys),axlez)) (P5(ys), as(es))
To prove this, we consider the singular 3-manifold

N:=FU,, (AUB)

which contains M, M, as well as T3. The inclusions induce isomorphisms
incl* : HY(N) — HY(M) and incl* : HY(N) — HY(M,). Let 21,22, 23 €
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HY(N) correspond to y},vh, 94 € H'(M,) by incl*. By definition of ®,,
we have incl*(z;) = @ (y}) for i = 1,2,3. Thus, we obtain
(¥ Uyh Uys, [Ma]) — (25 (y1) U ®5(ya) U @5 (y5), [M])
= (21 Uzo U z3,incl,([M,]) — incl,([M]))

- - <zl U 2o U 23, incl*([T?’])>
= — <inc1*(z1) U incl®(22) Uincl*(z3), [T3]>

so that the claim can be deduced from (6.2).

We conclude thanks to the claim in the following way. Let b > 0 be an
integer and let H := Hy(§S! x S?). Then, H* := H'(#*S" x S?) can be
identified with Z°. There is a non-singular bilinear pairing

(=, =) :A’H* x N°H — Z
defined by
<y1,371> <y1,.’172> <y1,113>

(1 ANya ANyz, o1 Axa Aas) = | (y2,21) (Y2, 22) (Y2, 73)
(ys,x1) (ys,w2) (y3,x3)

which allows us to identify Hom(A3H*, Z) with A3H. Thus, we can write
the trilinear alternate form u : Z* x Z° x Z* — 7 as

n
w=Y 19 NP A e APH
j=1
For each j = 1,...,n, we consider an embedding a() : A — 5! x §2
such that a(j)*(ei) = lgj) for i = 1,2, 3, and we assume that the embedded
handlebodies a( (A), ..., a™ (A) are pairwise disjoint. Thus, we can per-
form simultaneously the n T3-surgeries along oV, ..., a(™ and we denote
by M’ the resulting 3-manifold. It follows from the above claim that

Ul — ulhs g2 = Zz V) = —u € Hom(A®H*,Z) = A3H

where H'(M') is identified with H!(#*S! x S?) = H* = Z" as explained
before. The triple-cup product form of S' x S? being trivial (since the
rank of H'(S! x S?) is less than 3), we have uég)slxsz
as the triple-cup product form of M’ (with the opposite orientation). [

= 0. So, u is realized
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Remark 6.53. The classification of trilinear alternate forms seems to be
a hard problem. So, given two 3-manifolds M and M’, it can be quite
difficult to decide whether the cohomology ring of M is isomorphic to the
cohomology ring of M’.

We shall now state a formula due to Turaev, which relates the torsion
7(M) to the cohomology ring of M. To simplify the exposition, we will only
consider 3-manifolds M with 31 (M) > 3, and we will restrict ourselves to
the triple-cup product form with Z coefficients. The reader is refered to
[78, §III & §IX] for the other cases.

Let L be a free abelian group of finite rank b, and let u: Lx L X L — Z
be a skew-symmetric trilinear form. We consider the adjoint of u

u:LxL— L (y1,y2) — u(y1,y2,—)

where L* denotes Hom(L,Z). Let e = (ey,...,ep) be a basis of L, and
let (u/e) be the matrix of u in the basis e. This is a b x b matrix with
coefficients in the symmetric algebra S(L*) D L*. Because of the skew-
symmetry of u, its determinant happens to be zero, and we consider in-
stead its (4, j)-th minor (u/e); j. Turaev proves that

(a/e)ij = (=1)""7 - eej - Det(u) € S"7H(L")
for a certain Det(u) € S*~3(L*) which does not depend on e.

Ezample 6.4. The matrix (u/e) being antisymmetric, we have Det(u) = 0
whenever b is even. So, the tensor Det(u) is only interesting for odd b > 3.
For instance, for b = 3, we have Det(f) = u(ey, ea, e3)?.

Recall from §5.3 that, for a 3-manifold M with §1(M) > 2, 7(M) lives
in Z[H(M)]. Consider the augmentation ideal of Z[H;(M)]:

I (H{(M)) := Ker (5 L ZH\(M)) — Z, >z h— Zzh> :
h h
The ring Z[H,(M)] is filtered by the powers of the augmentation ideal:

Z[H1(M)] D I(H1(M)) > I(Hy(M))* D I(Hy(M))*> > -+

and one can wonder what is the “leading term” of 7(M) with respect to
that filtration. The triple-cup product form with Z coefficients gives a
partial answer to that question.
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Theorem 6.5 (Turaev [78]). Let M be a 3-manifold with first Betti num-
ber b := (1 (M) > 3, for which we set H := Hy(M) and G := H/ Tors H.
(0)

Ezpand the determinant of the trilinear skew-symmetric form uy; as
0 _
Det (u%}) = Z Ugy,..gp—3 " 91" gp—3 € S° 3(G)'
g1,--,.96—3€G
Then, we have
T(M)=[TorsH| - ) tg,.g s (@11 Gs-1) €2
g1,--,9p—3€G

where §; € H denotes a lift of g; € G.

Theorem 6.5 can be proved starting from Lemma 5.3: see [78, §I11.2]. It is
the analogue for 3-manifolds of a knot-theoretic result by Traldi [67, 68]:
the leading term of the Alexander polynomial of a link in S? (whose linking
matrix is assumed to be trivial) is determined by its Milnor’s triple linking
numbers.

Exercice 6.1. Check Theorem 6.5 for the trivial surface bundle ¥, x .S L

6.2. The linking pairing
The linking pairing of a 3-manifold M is the map

Az Tors Hy (M) x Tors Hy (M) — Q/Z
defined, for all x,y € Tors Hi (M), by

1
Az, y) = EE .Y mod 1. (6.3)

Here, X and Y are disjoint oriented knots which represent x and y re-
spectively, X is a compact connected oriented surface which is transverse
to Y and whose boundary goes m > 1 times around X. We have denoted
by X .Y € Z the intersection number.

Lemma 6.6. The map Ay is a well-defined, bilinear, symmetric and non-
degenerate pairing. Up to isomorphism, Apr only depends on the oriented
homotopy type of M.
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Proof. To prove that A\,; is well-defined and bilinear, we give it a more
concise definition. Let B : Ho(M;Q/Z) — Hy1(M) be the Bockstein ho-
momorphism for the short exact sequence of coefficients

0 A Q Q/Z —o.

The image of B is the kernel of the map H;(M;Z) — H1(M;Q) and, so,
coincides with Tors Hy(M). Then, formula (6.3) can be written as

Av(z,y) =B (z) ey € Q/Z

where o : Hy(M;Q/Z) x Hi(M;Z) — Q/Z denotes the homological in-
tersection pairing, and B~!(z) stands for an antecedent of = by B. Thus,
we are led to check that, for any antecedents u,u’ of x by B, (u —u') ey
vanishes. But, this follows from the fact that v — v’ € Hy(M;Q/Z) comes
from some v € Hy(M;Q) and v e y = 0 since the image of y in H1(M;Q)
is trivial.

To check the symmetry of Ay, i.e. Ay(z,y) = A (y, z), we choose a
compact connected oriented surface ©® whose boundary goes n > 1 times
around Y. We also assume that © is transverse to 3, so that ¥ N O is an
oriented 1-dimensional manifold. Thus, the boundary points of ¥N© come
by pairs. From this, we obtain 0% .0 — % .00 = 0 € Z or, equivalently,
m-X.0—-—n-2.Y =0 € Z. We deduce that %@.X = %E.Y € Q, hence
)\M(CC, y) = )‘M(yv J,‘) € Q/Z

To prove that \j;; is non-degenerate, we use the commutative diagram

Hy(M;Q/Z) — 225 ji(M; Q)z) <M Hom (H, (M), Q/Z)

BJ lrestriction

Tors Hy (M) Hom (Tors H,(M),Q/Z) .

~

AM

Here Ay : 2 — Ay (x, —) denotes the adjoint of Aps. We deduce that A\ is
surjective and, so, bijective. The diagram also shows that the isomorphism
class of A\p; only depends on the oriented homotopy type of M. (I

Any symmetric non-degenerate bilinear pairing on a finite abelian group
can be realized by a 3-manifold.

Theorem 6.7 (Wall [79]). Let A : G X G — Q/Z be a symmetric non-
degenerate bilinear form on a finite abelian group G. Then, there exists a
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3-manifold M and an isomorphism Tors Hi (M) ~ G through which A
corresponds to A.

Sketch of the proof. This is an application of an algebraic result by Wall.
Let H be a finitely generated free abelian group and let f: H x H — Z
be a symmetric bilinear form. Then, one can associate to (H, f) the finite
abelian group

~

Gy := Tors Coker(f)

where f : H — Hom(H,Z) is the adjoint of f. Furthermore, there is
associated to (H, f) a symmetric bilinear form

)\f : Gf X Gf — Q/Z
The definition is

V{u},{v} € Gy C Hom(H,Z)/f(H), A\ ({u},{v}) := fo (4,¥) mod 1

where fp : (H® Q) x (H ® Q) — Q is the extension of f to rational
coefficients and where u,? are antecedents of ug,vg : H ® Q — Q by
the adjoint ]/”@ :H®Q — Hom(H ® Q,Q). It can be checked that Ay is
non-degenerate. Moreover, Wall proved in [79] that any symmetric non-
degenerate bilinear pairing on a finite abelian group arises in this way.
Thus, there exists a symmetric bilinear form f: H x H — Z on a finitely
generated free abelian group H such that (G, ) ~ (G, As).

Next, by attaching handles of index 2 to a 4-dimensional ball, one
can construct a compact oriented 4-manifold W such that Ho(W) ~ H
and whose homological intersection pairing on Hs(W) corresponds to
—f. Then, one can prove that the 3-manifold M := OW is such that
Hy(M) ~ Coker( f ) and that its linking pairing corresponds to the bilin-
ear form Ay. O

Remark 6.8. The above proof gives a way to compute the linking pairing
Ay of a 3-manifold M, if M comes as the boundary of a 4-manifold W
obtained by attaching handles of index 2 to a 4-ball. This amounts to
obtain M by surgery in S% along an embedded framed link L C S3. A
theorem by Lickorish [32] and Wallace [80] asserts that any 3-manifold M
has such a “surgery presentation”.

Remark 6.9. The set of isomorphism classes of non-degenerate symmetric
bilinear pairings on finite abelian groups, equipped with the direct sum
@, is an abelian monoid. Generators and relations for this monoid are
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known by works of Wall [79] and Kawauchi-Kojima [28]. Thus, in contrast
with cohomology rings, linking pairings are very well-understood from an
algebraic viewpoint.

In the case of rational homology 3-spheres, the linking pairing is deter-
mined by the maximal abelian torsion.

Theorem 6.10 (Turaev [74]). Let M be a 3-manifold with 51(M) = 0,
and let H := Hi(M). Then, we have

Vg,g' € H, 7(M)-(9—1)-(¢' = 1) = —Aulg,9) - ¥ € Q[H]/Z[H]
where we denote X ==Y ey h.

This can be proved starting from Lemma 5.3 — see [78, §X.2].

Ezxample 6.11. For M := L,, 4, we deduce from (5.10) that

H
*)\M(T,’I“T)EH = 8p~(1*2H/p)2 = 8p~(1*2H/p) = *6p'EH/p € (S[[]{]]
where r is the inverse of ¢ mod p. We deduce that Ay (T,7T) = ¢,/p or,
equivalently, that Ay (T, T) = €,q/p € Q/Z.

Exercice 6.2. Compute the linking pairing of L, , from (6.3), and prove
the easy part (“=") of Whitehead’s homotopy classification®:

Two lens spaces Ly 4 and Ly o have the same oriented ho-
motopy type if, and only if, p = p' and ¢'q € Z, is the
square of an invertible element.

Exercice 6.3. Using the homotopy classification of lens spaces (Exercice
6.2) and their topological classification (Theorem 2.10), show that: (a)
3-manifolds with the same 71 do not have necessarily the same homotopy
type, (b) 3-manifolds with the same homotopy type are not necessarily
homeomorphic.

3A proof of the converse “<” can be found in [9, §VIL.11]. It needs the description
of lens spaces as quotients of S® proposed in Exercice 2.2.
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6.3. The abelian homotopy type of a 3-manifold

We conclude this section by telling “how much” of the homotopy type the
linking pairing and the triple-cup product forms do detect. According to
Exercice 6.3, the fundamental group of a 3-manifold M is not enough to
determine its homotopy type. Another oriented-homotopy invariant is

p(M) := f([M]) € Hz (m1(M))

where f: M — K(m1(M),1) is a map to the Eilenberg-MacLane space of
7m1(M) which induces an isomorphism at the level of 7. By the general
theory of Eilenberg-MacLane spaces (see [9] for instance), the map f is
unique up to homotopy, so that the homology class u(M) is well-defined.

Theorem 6.12 (Thomas [64], Swarup [63]). Two 3-manifolds M and
M' have the same oriented homotopy type if, and only if, there exists
an isomorphism 1 : w (M) — mw(M') such that 1, : Hz(m(M)) —
Hs (m1(M")) sends u(M) to u(M').

The implication “=-" is easily checked. See [63] for the proof of “<”.
Theorem 6.12 suggests to approximate the oriented homotopy type of
a 3-manifold in the following way.

Definition 6.13. The abelian oriented homotopy type of a 3-manifold M
is the homology class

Mab(M) = f*([M]) € Hj (HI(M))
where f: M — K(H;(M),1) induces the usual map m (M) — Hy(M) at

the level of 7.

It turns out that the abelian oriented homotopy type is characterized
by the two invariants that have been presented in this section, namely the
cohomology rings and the linking pairing.

Theorem 6.14 (Cochran—-Gerges—Orr [12]). Let M and M' be 3—mani-
folds. An isomorphism ¢ : Hy(M) — Hi(M') satisfies s (pan(M)) =
tab (M) if, and only if, it makes Appr correspond to Ay and ug\? correspond
to ug\?, for allr > 0.

The implication “=" is easily checked from the fact that the linking pair-

ing and the triple-cup product forms are defined by (co)homology oper-
ations, which also exist in the category of groups. The converse “<” is
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proved after a careful analysis of the third homology group of a finitely
generated abelian group — see [12].

(0)

Remark 6.15. There are redundancies among the invariants Ay and u;/,
ug\?,ug\‘?, .... Obviously, there are relations among the forms ug\? which
are induced by the various homomorphisms Z, — Z,. A less obvious

relation is between the pairing A\js and the form ug\? for r even [71].

7. Refinement of the abelian Reidemeister torsion

The maximal abelian torsion 7(M) of a 3-manifold M has been defined
in §5 up to multiplication by some element of H;(M). Following Turaev
[73], we explain in this section how this indeterminacy can be removed by
choosing an “Euler structure” on M. We also give an algebraic description
of Euler structures, and we use them to state some polynomial properties
of the maximal abelian torsion.

7.1. Combinatorial Euler structures

Let X be a finite connected CW-complex whose Euler characteristic x(X)
is zero. We denote by FE the set of cells of X.

Definition 7.1 (Turaev [73]). An Euler chain in X is a singular 1-chain
p on X with boundary

op = Z(_l)dim(e) e
eck

where ¢, denotes the center of the cell e. Two Euler chains p and p’ are ho-
mologous if p—p’ is the boundary of a singular 2-chain. An Euler structure
of X is a homology class of Euler chains.

The set of Euler structures on X is denoted by
Eul(X).

This is an H;(X)-affine space. In other words, the abelian group Hp(X)
acts freely and transitively on the set Eul(X):

Vo = [c] € Hi(X), V€ = [p] € Eul(X), £+7:=[p+ ] € Eul(X).

Euler structures are used as “instructions to lift cells”, as we shall now
see. As before, we denote by X the maximal abelian cover of X, whose
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group of covering transformations is identified with H;(X). The cell de-
composition of X lifts to a cell decomposition of X.

Definition 7.2 (Turaev [73]). A family E of cells of X is fundamental
when each cell e of X has a unique lift € in £. Two fundamental families
of cells £ and E’ are equivalent when the alternate sum

. —_—
ST (-1)dmE@ . g e Hy(X)
ecFE

— .
vanishes. Here é¢’ € Hi(X) denotes the covering transformation of X
needed to move the cell € to €.

If considered up to equivalence, fundamental families of cells form a set
Eul™(X)
which, again, is an H;(X)-affine space.

There is an H; (X )-equivariant bijection between Eul”(X) and Eul(X),
defined as follows. Given a fundamental family of cells E , connect by an
oriented path the center of each cell € € Etoa single point in X: this path
goes from € to the single point if dim(o) is odd, and vice-versa if dim(o)
is even. The image of this 1-chain in X is an Euler chain (shaped like
a spider). In the sequel, this identification between Eul”(X) and Eul(X)
will be implicit.

Remark 7.3. The notion of Euler structure, which we have defined for
CW-complexes, is combinatorial by essence. Nonetheless we shall see in
the next subsections that, for 3-manifolds, Euler structures also have a
topological existence.

7.2. The Reidemeister—Turaev torsion

Let us start with a finite connected CW-complex X such that x(X) = 0.
Assume that X is equipped with a homological orientation w and an Euler
structure £. Given a ring homomorphism ¢ : Z[H;(X)] — F with values
in a commutative field F, we refine the definition of 7%(X,w) given in §3.2
to

TLP(Xvé‘a"‘» = SgnT(C(X;R)7OO7 w) ’ T(Cgp(X)v 1® EOO) S

Here, w is a basis of H,(X;R) representing w and E is a fundamental
family of cells representing £. Again, we agree that 79(X, &, w) := 0 when

108



ABELIAN REIDEIMESTER TORSION OF 3-MANIFOLDS

HZ(X) # 0. This refined torsion behaves well with respect to the affine
action of Hj(X) on Eul(X):

Vhe Hy(X), 79 (X,&+h,w)=p(h) r#(X,&w) €F.
The maximal abelian torsion introduced in §3.3 can also be refined to
7(X,§,w) € Q(Z[H1(X)]).

This refined maximal abelian torsion is Hj(X)-equivariant:
Vhe Hi(X), 7(X,6+hw)=h (X&) € QEZH(X)).

Assume now that X’ < X is a cellular subdivision. Then there is a
“subdivision operator”

Qx x : Eul(X) — Eul(X'), [p]— |p+ Z (_1)dim(e’) et
e'ek’

where 7, is a path contained in the unique open cell e of X in which ¢’
sits, and 7, connects the center of e to the center of €. This operator
respects the hierarchy of CW-complexes with respect to subdivisions, in
the sense that

VX" < X'< X, QxrxvoQxx = Qx xn,
and it preserves the refined abelian Reidemeister torsion, in the sense that
V€ € Bul(X), m9(X',Qx x(§),w) =77(X,{w) €F.

Thus, using triangulations, Turaev proves that the notions of Euler struc-
ture and refined abelian Reidemeister torsion extend to polyhedra [73].

We now come back to 3-manifolds. We deduce that the refined abelian
Reidemeister torsion defines a topological invariant of pairs (3-manifold,
Euler structure). To justify the topological invariance of the Reidemeis-
ter torsion, we proceed as in §5.1, i.e. we use triangulations to present 3-
manifolds (Theorem 2.1) and we appeal to the Hauptvermutung (Theorem
2.2). To justify that the set of Euler structures is a topological invariant
in dimension 3, we use the fact that any two piecewise-linear homeomor-
phisms between polyhedra act in the same way on Euler structures if they
are homotopic as continuous maps [73] and, again, we appeal to Theorem
2.2. Thus, we obtain the following refinement of Definition 5.6.
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Definition 7.4. The set of combinatorial Euler structures of a 3-manifold
M is the H;(M)-affine space

Eul.(M) := Eul(X)

where X is a cell decomposition of M. The Reidemeister—Turaev torsion
of M equipped with ¢ € Eul.(M) is

T(M, &) :=7(X,&wr) € Q(Z[H1(M))])

where the identification between the singular homology of M and the
cellular homology of X is implicit.

7.3. Geometric Euler structures

Let M be a 3-manifold. The Euler structures that we have defined so
far for M have been called “combinatorial” because their definition makes
reference to cell decompositions of M. We shall now give a more geometric
description of the set Eul.(M). For this, we need to choose a smooth
structure on M rather than a cell decomposition.

Definition 7.5 (Turaev [73]). A geometric Euler structure on M is a non-
singular (i.e. nowhere-vanishing) tangent vector field, up to homotopy on
M deprived of an open ball.

The Poincaré—Hopf theorem shows that non-singular tangent vector fields
on M do exist since x(M) = 0. We denote by

Euly (M)

the set of geometric Euler structures. Their parameterization is easily
obtained from obstruction theory (see, for instance, [59]). Indeed, a non-
singular tangent vector field on M is a section of 1T.oM, the non-zero
tangent bundle of M. This is a fiber bundle with fiber R \ {0} ~ S?%
whose first non-trivial homotopy group is m2(S?) ~ Z. Thus, the primary
obstruction to find a homotopy between two sections of T’ M lives* in

H?(M;my(S%)) =~ Hi(M;Z).

This is the obstruction to construct a homotopy on the 2-skeleton (for any
cell decomposition of M) or, equivalently, on M deprived of an open ball.
We deduce that Euly (M) is an Hy(M)-affine space.

4The coefficients are not twisted since the group of TwoM is GL4(3;R) ~ SO(3)
which is connected, and the isomorphism comes from Poincaré duality.
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Turaev proved that two diffeomorphisms between smooth 3-manifolds
act in the same way on geometric Euler structures if they are homotopic as
continuous maps. This fact and Theorem 2.3 imply that the set Euly (M)
is a topological invariant of M. In fact, we have the following.

Theorem 7.6 (Turaev [73]). For any smooth 3-manifold M, there is a
canonical and Hy(M)—equivariant bijection between the sets Eul.(M) and
Euly(M).

By virtue of this result, we shall now identify the sets Eul.(M) and
Euly (M), which we simply denote by Eul(M).

Sketch of the proof. Turaev defines in [73] a map Eul.(M) — Eul,(M)
by working with a smooth triangulation of M, and he shows it to be
Hi(M)-equivariant. Here, we shall describe Turaev’s map following the
Morse-theoretic approach of Hutchings & Lee [26].

Thus, we consider a Morse function f : M — R as well as a riemannian
metric on M. If this metric is appropriately choosen with respect to f (i.e.
if f satisfies the “Smale condition”), then f defines a cell decomposition Xy
of M (namely the “Thom-Smale cell decomposition”). The i-dimensional
cells of Xy are the descending manifolds from index ¢ critical points of
f. Let £ € Eul.(M) = Eul(Xy) be represented by a Euler chain p, which
(without loss of generality) we assume to be contained in a 3-ball B, C M.
By definition of Eul(Xy), we have

8]7 _ Z (_1)index of ¢ | c. (71)
c: critical point of f

Let also Vf be the gradient field of f with respect to the riemannian
metric. It is non-singular except at each critical point ¢ of f, where its
index is (—1)ndexofe Thys, all critical points of Vf are contained in
B, and since the 0-chain (7.1) augments to x(M) = 0, there is a non-
singular vector field v, on M which coincides with V f outside B,,. Then,
we associate to £ = [p] the geometric Euler structure represented by v,. O

Remark 7.7. Let X be a cell decomposition of M which comes from a
Heegaard splitting (as explained during the proof of Lemma 5.3). We can
find a Morse function f : M — R (and a riemannian metric on M with the
Smale condition satisfied) such that the Thom-Smale cell decomposition
Xy coincides with X. Then, formula (5.1) can be refined to take into
account a geometric Euler structure obtained from the desingularization
of Vf in a ball B that contains all the critical points of f (see [34]).
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Given a smooth 3-manifold M, one can wonder how the group Diff 4 (M)
of orientation-preserving self-diffeomorphisms of M acts on the set of geo-
metric Euler structures Euly(M) and, in particular, one can ask for the
number of orbits. For lens spaces, the Reidemeister—Turaev torsion gives
the answer.

Theorem 7.8 (Turaev [73]). The number of orbits for the action of
Diff  (Lp4) on Euly(Ly4) is

. [p/2]+]-7 quz#l O’f’q::tl,
 p/2 = b(p,@)/A+c(p,q)/2, if ¢ =1 and q # 1.

Here, for x € Q, [x] denotes the greatest integer less or equal than x,
b(p, q) is the number of i € Z, for which i, ¢+ 1 —1i and qi are pairwise
different, and c(p, q) is the number of i € Z,, such thati=q+1—1i= qi.

Proof. Let ¢ be a primitive p-th root of unity, and let ¢ : Z[Hy(Lp4)] — C
be the ring homomorphism defined by ¢(T") := ( (where T is the preferred
generator). An application of Lemma 5.7 gives

Vé € Buly(Lpg), 79(Lpg,&) =¢ep-¢O-(C—1)7 ("1 eC\{0}
for some unique i(§) € Z,. Moreover, the map ¢ : Euly(L,,) — Z, is
bijective, since it is affine over the homomorphism Hy (L) — Z, defined
by T + 1. Thus, we can study the action of Diff { (L, ,) on Euly(L, 4) by
means of this refined torsion.

Let h : L, 4 — Lpg be an orientation-preserving diffeomorphism, and
let k € Z,* be such that hy(T) =k -T € Hi(Lypq). The identity

T (Lp,gs h(€)) = 77 (Lp,g: €)
writes
CRARO) (k)T —) T =@ - (=) (7.2)

Similarly to the proof of Theorem 2.10 (§5.4), we deduce from Franz’s
Lemma 5.8 that

{1,-1,r,—r} = {k,—k, kr,—kr} (7.3)

and, in particular, that k=1, —1,r or —r.
The value kK = 1 is obviously realizable by an orientation-preserving
self-diffeomorphism h (for instance, the identity). Then, (7.2) implies that

i(h(€)) = i(E).
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The value k = —1 is also realizable: we can take the map h defined by
(21, 22) — (Z1,7%3) on each solid torus D? x S! of the Heegaard splitting
of Ly, 4. Then, (7.2) implies that i(h(§)) =r + 1 — i(§).

Finally, the value k = r is realizable if and only k = —r is realizable.
Assume that k = 7 is realizable. Then, (7.3) implies that 72 = 1. Working
with any p-th root of unity and passing to the group ring C[Hi(Ly )] as
we did in the proof of Theorem 2.10 (§5.4), we see that the value 72 = —1
is impossible for p > 2. So, we must have 72 = 1 or, equivalently, ¢*> = 1
and, indeed, there exists in this situation an orientation-preserving self-
diffeomorphism h of L, , for which k = r (h exchanges the two solid tori
in the Heegaard splitting). Then, (7.2) implies that r - i(h(§)) = i(§) or,
equivalently, i(h(§)) = ¢ - i(£).

The conclusion easily follows from the above analysis. (Il

Remark 7.9. As observed by Turaev, geometric Euler structures are equiv-
alent in dimension 3 to Spin“-structures [74], and this is the starting point
of connections between the Reidemeister—Turaev torsion and other invari-
ants. Thus, it follows from works of Meng & Taubes [37], Turaev [75] and
Nicolaescu [46] that the Reidemeister-Turaev torsion is essentially equiva-
lent to the Seiberg—Witten invariant (in the presence of the Casson—Walker
invariant if 51 (M) = 0). Besides, the Reidemeister—Turaev torsion appears
as the Euler characteristic of Ozsvath & Szabd’s Heegaard Floer homology
HFE* when (M) > 0 [49].

Exercice 7.1. Let M be a smooth 3-manifold. Any ¢ € Euly(M) has
an opposite® —¢ € Euly(M) defined by —¢ := [—v] if ¢ is represented by
the non-singular vector field v. Define the _C’l)lem class of & as the only
c(¢) € H*(M) ~ Hy(M) such that (&) + ¢(&) = &. Show that ¢(¢) is the
obstruction to find a non-singular vector field on M linearly independent
with v.

7.4. Linking quadratic functions

Let M be a 3-manifold. We shall now give an algebraic description of
the set Eul(M), from which it will be apparent that Euler structures of
dimension 3 exist in the topological category. (See the discussion preceding
Definition 7.4.)

5. also called inverse and denoted ¢! if the abelian group H:(M) is denoted

multiplicatively.
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For this, we need a slight modification of the linking pairing Ay; (see
§6.2). Let B : Hy(M;Q/Z) — Tors Hi (M) be the Bockstein homomor-
phism for the short exact sequence of coefficients

0 Z Q Q/Z —— 0. (7.4)
The composition Ay o (B x B) defines a bilinear pairing
Ly« Ho(M;Q/Z) x Hy(M;Q/Z) — Q/Z

which may be degenerate. Indeed, the long exact sequence in homology
induced by (7.4) shows that Ker Ly = Ker B = Ha(M) ® Q/Z.

A quadratic function of polar form Ly isamap q : Hy(M;Q/Z) — Q/Z
such that

Va,y € Hy(M;Q/Z), q(x +y) — q(x) — q(y) = Lu(z,y) € Q/Z.

The set of quadratic functions of polar form Ly is denoted by Quad(Lyy).
A quadratic function ¢ is said to be homogeneous if we have g(nx) =
n2q(z) for all x € Hy(M;Q/Z) and n € Z. It is easily checked that ¢ is
homogeneous if, and only if, the map dy : Ho(M;Q/Z) — Q/Z defined by
dg(z) = q(x) — q(—=) is trivial.

Theorem 7.10 (See [15]). For any 3-manifold M, there is a canonical
injection
¢un : Bul(M) —— Quad(Lys), §—— ¢nre

whose image s

{4 € Quad(Lys) : 3f € Hom(Hs(M), Z), f © Q/Z = q|myanyeg/z) -
Moreover, the homogeneity defect of ¢nre is given by
Vo € Hy(M;Q/Z),  dgy, () = (c(§), ) € Q/Z
where c(€) € H*(M) is the Chern class of ¢ defined in Ezercice 7.1.

The definition of ¢pr¢ given in [15] is a direct generalization of previous
constructions by Morgan & Sullivan [42], Lannes & Latour [30] and Looi-
jenga & Wahl [33]. More precisely, the map ¢y ¢ is introduced in [33]
when the Chern class ¢(§) is torsion, in which case ¢ar¢ factorizes to a
quadratic function Tors H;(M) — Q/7Z with polar form ;. The special
case c¢(§) = 0 already appears in the works [42, 30] and corresponds to an
Euler structure £ = [v] such that v is the first vector field of a trivialization
of the tangent bundle T'M.
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Sketch of the proof of Theorem 7.10. Let us define the quadratic function
¢m,¢ in the general case. Our first observation is that, for every z €
Hy(M;Q/Z), we must have 2¢ps¢(x) = Ly(z,2) + dg,, (). Thus, we
shall give a formula of the form

¢M,€(x) =l +c; € @/Z

where [, € Q/Z is such that 2, = Ly(x,z) = Ay (B(x), B(z)) and
where ¢; € Q/Z (which should be selected correlatively to l;) satisfies
2¢; = (¢(§),x). To obtain such a formula, represent the homology class x
in the form

z =[S @{1/n}] € Hy(M;Q/Z)
where n > 1 is an integer, S C M is an oriented compact immersed surface
whose boundary goes n times around an oriented knot K C M. We can
find a non-singular vector field v which represents £ and is transverse to
K. Let V be a sufficiently small regular neighborhood of K in M, and let
K, be the parallel of K sitting on 0V and obtained by pushing K along
the trajectories of v. By an isotopy of S (fixed on the boundary), we can
ensure that S is transverse to K,. Finally, let w be a non-singular vector
field on V' which is tangent to K and is linearly independent with v, and
let

c(wlv) € H* (M \ int(V),0V)
denote the obstruction to extend wl|gy to a non-singular vector field on
M \int(V') linearly independent with v|y\jne(v)- With these notations, we
set

orre(e) = {2171 K, . 5} + {;n (e(wlv), [S N (M \ int(V))]) + ;} .

our lg our cz

(7.5)

Recall from Remark 6.8 that there is a formula to compute Ay; when

M is presented as the boundary of a 4-manifold obtained by attaching

handles of index 2 to a 4-ball. This can be refined to a 4-dimensional

formula for ¢, ¢, which can be more convenient in practice than the 3-

dimensional formula (7.5). In particular, it can be used to prove that the
map ¢y is affine over the homomorphism

H*(M) — Hom (H2(M;Q/Z),Q/Z), y +— (y,—) (7.6)

where the affine action of Hom (Hy(M;Q/Z),Q/Z) on Quad(Lyy) is by
addition of maps Ho(M;Q/Z) — Q/Z. This homomorphism corresponds
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by Poincaré duality to the map Hy(M) — Hom (HY(M;Q/Z),Q/Z) de-
fined by x — (—,z) and, so, it is injective. We deduce that the map ¢,/
is injective.

It can also be checked that
{c(€), )

Ve ® {r} € H2(M)® Q/Z, dug(x@{r}) = —0—{r} €Q/Z.

Using the fact that M (like any 3-manifold) has a parallelization, one can
see that c¢(§) is even. Thus, the restriction of ¢s¢ to Ha(M)® Q/Z comes
from Hom(Hy(M),Z). The converse is deduced from the fact that the map
¢ is affine. O

We now assume that M is a rational homology 3-sphere, i.e. 51(M) = 0.
We denote H := H;(M). In this case, the Bockstein B : Hy(M;Q/Z) — H
is an isomorphism and Theorem 7.10 gives a bijection

éur - Bul(M) = Quad(Lys) ~ Quad(Ayy).

The Reidemeister—Turaev torsion of M equipped with an Euler structure
& writes 7(M, &) = Y peptme(h) - h € QH]. By Theorem 6.10, we have

=AM (b1, he) = tae(hihe) — targ(hi) — tare(h2) +tae(l) mod 1
for all hy, ho € H. This equation shows that the map
ame H— Q/Z, h— tare(1) —tare(h™)
is a quadratic function with polar form Ay;.

Theorem 7.11 (See [45, 14]). Let M be a 3-manifold with 51(M) = 0.
Then, for all § € Eul(M), we have que 0 B = ¢pre.

Nicolaescu proves this in [45] (see also [46]) using the relation between
the Reidemeister—Turaev torsion and the Seiberg—Witten invariant. The
proof given in [14] is purely topological: it uses surgery presentations of
3-manifolds and the 4-dimensional formula for ¢y ¢.

Exercice 7.2. Let M be a smooth 3-manifold, and let f : M — M be an
orientation-preserving diffeomorphism such that f, : Hi(M) — Hi (M) is
the identity. Show that f acts trivially on Euly(M).
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7.5. Some polynomial properties of the Reidemeister—Turaev
torsion

Let M be the set of 3-manifolds, up to orientation-preserving homeo-
morphisms. Recall from Definition 6.2 that the T3-surgery is a way of
modifying 3-manifolds, which is modelled on the genus 3 Heegaard split-
ting

T3 =AUB
of the 3-dimensional torus 7° = S x S x S

Definition 7.12. Let ¢ : M — C be an invariant of 3-manifolds with
values in an abelian group C. We say that ¢ is a finite-type invariant of
degree at most d if, for any 3-manifold M € M and for any embeddings

ag: A— M,... a3 : A— M whose images are pairwise disjoint, we have
S (-)Ple(M,,) =0 €C. (7.7)
Pc{0,...,d}

Here, M,,, denotes the 3-manifold obtained from M by simultaneous 7°-
surgeries along those embeddings a; : A <— M for which 7 € P.

The notion of finite-type invariant has been introduced for homology 3-
spheres (in an equivalent way) by Ohtsuki [47], and it is similar to the
notion of Vassiliev invariant for knots [5]: the T3-surgery plays for 3-
manifolds the role that the crossing-change move plays for knots. This
notion is motivated by the study of quantum invariants. The reader may
consult the survey [31] for an introduction to the subject of finite-type
invariants.

By analogy with a well-known characterization of polynomial functions
(recalled in Exercice 7.3), one can think of finite-type invariants as those
maps defined on M which behave “polynomially” with respect to 7°-
surgeries. We shall now see that the Reidemeister—Turaev torsion do have
such polynomial properties. But, since the Reidemeister—Turaev torsion
depends both on the homology and on the FEuler structures of 3-manifolds,
we shall first refine the notion of finite-type invariant. Thus, we fix a
finitely generated abelian group G and we consider triples of the form

(M, &, ),

where M is a 3-manifold, £ € Eul(M) and ¢ : G — Hi(M) is an iso-
morphism. Of course, two such triples (Mi,&1,v1) and (Mo, &2, 1)2) are
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considered to be equivalent if there is an orientation-preserving homeo-
morphism f : M7 — My which carries &£; to & and satisfies fi o Y1 = 9.
We denote by

ME(G)

the set of equivalence classes of such triples. Then, the Reidemeister—
Turaev torsion can be seen as a map

T ME(G) — Q(ZIG)), (M,&,) — Q") ((M,)).

We have seen during the proof of Theorem 6.1 that a T3-surgery M ~» M,
induces a canonical isomorphism in homology:

®, : Hy(M) = Hy(M,).
Similarly, the move M ~» M, induces a canonical correspondence
Qq : Eul(M) = Eul(M,)

between Euler structures, which is affine over ®,. We refer to [15, 34] for
the definition of the map 2, by cutting and pasting vector fields. Thus,
the notion of T3-surgery exists also for 3-manifolds with Euler structure
and parameterized homology:

(Myfﬂ/}) ~> (Maa§a7 wa) where fa = Qa(&) and ¢a =®,0 ¢

Therefore, we get a notion of finite-type invariant for 3-manifolds with
Euler structure and parameterized homology: the set M is replaced by
ME(G) in Definition 7.12.

Theorem 7.13 (See [34]). Assume that G is cyclic or has positive rank,
and let I(G) be the augmentation ideal of Z|G|. Then, for any integer
d > 1, the Reidemeister—Turaev torsion reduced modulo I(G)?

T(M,€,9) € Q(Z[G)/I(G)!
s a finite-type invariant of degree at most d + 1.

The proof uses a refinement of Lemma 5.3 which takes into account Eu-
ler structures (see Remark 7.7). Theorem 7.13 generalizes the fact that
the coefficients of the Alexander polynomial of knots in S are Vassiliev
invariants [5]. See [44] in the case of links.
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Exercice 7.3. Prove that a function ¢ : Q™ — Q is polynomial of degree

at most d if, and only if, we have for any m € Q™ and any ag,...,aq € Q"
> (=)Flemtap)=0 €Q
Pc{o,...,d}

where ap is the sum of those vectors a; for which ¢ € P.

Exercice 7.4. Prove the easy part (“=”) of Matveev’s theorem [35]:

Two 3-manifolds M and M’ are related by a finite sequence

of T3-surgeries if, and only if, there is an isomorphism ® :

Hl(M) — Hl(M/) such that )\M = )\M’ o (q)|T0rs X q)|T0rs)~
Show that two 3-manifolds M and M’ are not distinguished by finite-
type invariants of degree 0 if, and only if, there is a finite sequence of
T3-surgeries connecting M to M.

8. Abelian Reidemeister torsion and the Thurston norm

To conclude, we give a topological application of the abelian Reidemeister
torsions: we shall see that they can be used to define a lower bound for
the “Thurston norm.”

8.1. The Thurston norm

Let M be a 3-manifold with 3;(M) > 1. For each class s € H'(M;Z),
one may ask for the minimal “complexity” of a closed oriented surface
representing the Poincaré dual of s. If spheres and tori are discarded, this
leads to the following definition:

Vs € H'(M;Z), |s|r:= _ min x_(S). (8.1)

S:dual to s

Here, the minimum runs over all closed oriented surfaces S C M which
are Poincaré dual to s and which may be disconnected (S = Sy U---LSk),
and we denote

k
= () = 3 max{0, —x(8i)}-
=1

Ezample 8.1. Let Ty be the mapping torus of an orientation-preserving
homeomorphism f : ¥, — 3, (see §5.5) with g > 1. We consider the
cohomology class

Sf € H 1(Tf; Z)
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that is Poincaré dual to the fiber ¥, C T'y. The norm of this class is
Issllr =29 — 2.

The inequality “<” is obvious since the Euler characteristic of the fiber
is 2 — 2g < 0. We shall prove the inequality “>” with a little bit of
3-dimensional topology. Let S C Ty be a closed oriented surface which
minimizes ||s¢||7. It can be checked — and this is a general fact (Exercice
8.1) — that the surface S must be incompressible. Consider the cover of
Tt defined by sy € HY(Ty; Z) ~ Hom(m(Ty), Z), which is X, x R with the
obvious projection. Let S” C Tt be the 2-complex obtained by connecting
each component of S by a path to a single point. The inclusion S’ — T}
lifts to this cover, and by composing with the cartesian projection ¥y xR —
Yg, we get a map h : S — 3 . The inclusion S" — T} induces an injection
at the level of 71 (—) since S is incompressible. (This is an application of the
loop theorem, see [27] for instance.) It follows that h, : m1(S") — m1(2,)
is injective and, h being of degree 1, it is also surjective. Therefore, m1(S")
is isomorphic to m1(3,), which implies that S was connected and its genus
is equal to g. Thus, x_(S) = 2g — 2 and we are done.

By a “norm” on a real vector space V, we mean amap || — || : V — R
which satisfies the triangle inequality, i.e.

Vo, vp €V, flor + val < lunll + el
and which is homogeneous, i.e.
VreR, Yo eV, |r-v||=]rl-|v|

We do not assume it to be non-degenerate: we may have ||v|]| = 0 for a
vector v # 0.

Theorem 8.2 (Thurston [65]). Let M be a 3-manifold with (1(M) > 1.
The map || — |7 : HY(M;Z) — Z defined by (8.1) extends in a unique way
to a norm || — || : H*(M;R) — R.

Proof. We follow Thurston [65] and start with the following fact.
Claim. Any element s € Hy(M;Z) can be realized by a
closed oriented surface S C M. Moreover, if s = k- s’ is

divisible by k € N, then the surface S is the union of k
sub-surfaces, each realizing s’.
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Indeed (assuming that M is smooth), s € Ho(M) ~ Hom(H;(M),Z) can
be realized by a smooth map f : M — S = K(Z, 1). Then, for any regular
value y of f, the surface S := f~!(y) with the appropriate orientation is
such that [S] = s. If now s = k-s', we can find a smooth map f' : M — S1
which realizes s’ and satisfies m o f/ = f, where 7, : S — S is the k-fold
cover. Let ¢, ...,y be the pre-images of y by 7. They are regular values
of f’ so that S is the union of the subsurfaces f'~(y}),..., f'~1(v)-

This fact implies that the map || — ||z : H(M;Z) — Z defined by (8.1)
is homogeneous. Let us check that it also satisfies the triangle inequality.
Let s, € Ho(M;Z) and let S, 5" C M be closed oriented surfaces which
are Poincaré dual to s, s’ respectively and satisfy x_(S) = ||s||7, x—(5") =
|s’||7. We put S and S’ in transverse positions, and we consider their
intersection which consists of circles.

Claim. We can assume that none of the components of
S NS’ bounds a disk in S or in S’.

Otherwise, one of these circles bounds a disk D, say in S. We can assume
that S” does not meet the interior of D. (If this is not the case, we jump
to the innermost circle of S’ N D.) Let ST, be the surface obtained by
“decompressing” S” along D: D is thickened to D x [—1,1] C M in such
a way that (D x [-1,1]) NS = 9D x [—1,1], and S, is obtained from
(D x [-1,1])US’" by removing Dx]—1,1[. The new surface S, is homolo-
gous to S” in M and satisfies x(S7)) = x(S”)+2. Since S’ minimizes ||¢'||7,
the component of S’ which has been “decompressed” was either a torus
(in which case, it has been transformed into a sphere) or was a sphere
(in which case, it has been transformed into two spheres). Thus, we have
X-(Sp) = x-(5") and we can replace S’ by S7,. This proves the claim by
induction.

Next, we consider the closed oriented surface S” obtained from the
desingularization of SUS’. Here, by “desingularization” we mean to replace
S1x (the graph of zy = 0) by S'x (the graph of zy = 1) in a way compat-
ible with the orientations of S and S’. The class [S"] = [SUS’] € Ho(M)
is Poincaré dual to s + s’ € H'(M), and we have x(S”) = x(S) + x(5).
By the above claim, a sphere component of S (respectively S’) can not
meet S’ (respectively S) and, so, remains unchanged in S”. The claim also
shows that, conversely, any sphere component of S” comes from a sphere
component of S or of S’. Thus, we have y_(S5") = x_(S) + x—(5’) and
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the triangle inequality is proved:

Is + 8'llr < x-(5") = lIsll7 + [Is']|-

The map || — ||z : H'(M;Z) — Z extends to H'(M;Q) in a unique
way using the rule ||¢ - z||7 = |q| - ||z||7 for all ¢ € Q and x € H'(M;7Z).
The resulting map || — ||z : H'(M;Q) — Q is easily checked to be a

norm, and there is a unique way to extend it by continuity to a norm
| = llr : H(M;R) — R. (Any norm in H'(M;R) is continuous, so that
we had no choice.) O

Remark 8.3. The kernel of the Thurston norm is the subspace of H!(M;R)
generated by those elements of H'(M;Z) which are dual to embedded tori
or embedded spheres in M. When || — ||z is non-degenerate, its unit ball
is a finite-sided polyhedron of H'(M;R) (defined by finitely-many linear
inequalities with even integer coefficients [65]).

Remark 8.4. The Thurston norm generalizes the genus of a non-trivial
knot K C 3. Indeed, the above definition of || — ||z also works for a 3-
manifold M with boundary. Instead of considering closed surfaces S C M
dual to a cohomology class s € H'(M;Z), one then considers properly
embedded surfaces S C M. In particular, we can take M := S3\ N(K)
(where N(K) is an open regular neighborhood of K) and s € H'(M;Z)
dual to a meridian of K. Then, by considering a Seifert surface which
realizes the genus g of K, we obtain ||s||p = 2¢g — 1.

Exercice 8.1. Let M be an irreducible 3-manifold, i.e. any embedded
sphere in M must bound a 3-ball. Show that any closed oriented surface
S C M (with S # S?) which minimizes the Thurston norm is incompress-
ible — i.e. any simple closed curve in S which bounds an embedded disk in
M must be homotopically trivial in S.

8.2. The Alexander norm and the torsion norm

Let M be a 3-manifold with 51(M) > 1. We define two more norms on
H'(M;R) using topological invariants.

Let G := Hi(M)/Tors Hi (M) and let (—)r : G — Hi(M;R) be the
canonical injection. Choose a representative in Z[G] of the Alexander poly-
nomial of M, and define a map dy; : G — Z by the formula

AM) => du(g)-g €Z[G).

geG
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The Alexander polytope of M is the convex hull

PA(M) = <(9R - gﬁ%)/2 | gvgl € G7dM(g) 7é OadM(g/) 7& 0>convex

in Hy(M;R). Observe that P4(M) is compact (since the map djs vanishes
almost everywhere) and is symmetric in 0 € Hy(M;R). Moreover, it does
not depend on the choice of a representative for A(M) € Z[G]/ + G.

Definition 8.5 (McMullen [36]). The Alezander norm is the map || —||4 :
HY(M;R) — R defined by the formula ||s||4 := length (s (Pa(M))) or,
alternatively, by the formula

Islla ==max {|(s,g — g')| | 9,9’ € G,dn(g) #0,dn(g") #0}.

Let H := Hi(M) and let (—)r : H — Hi(M;R) be the canonical
homomorphism. For £ € Eul(M), we define an almost-everywhere zero
function tyre : H — Z by

[ (M) i Ai(M) > 2,
heZHtM,g(h) h_{ [T)(M, &) if (M) =1,

where [7](M, &) is the integral part of 7(M,&) which was alluded to in
§5.3. The torsion polytope of M is the convex hull

P.,-(M) = <(hR — th)/2 ‘ h, I € H, tMé(h) 75 0, tMé(h,) 75 O>convex

in Hi(M;R). Again, P-(M) is compact and symmetric in 0. It is easily
checked that P-(M) does not depend on the choice of £ (and neither on
the orientation of M).

Definition 8.6 (Turaev [78]). The torsion norm is the map || — || :
HY(M;R) — R defined by the formula |/s||; := length (s (P;(M))) or,
alternatively, by the formula

||5||T = max{|(s,h—h'>| | h’h, € HvtM,E(h) #07tM,£(h/) 7&0}

In the case when (1 (M) > 2, Theorem 5.4 tells us that P-(M) contains
P4(M), and we deduce that

Vs € H'(M;R), |s|- > [|s]a-

In the case when (1 (M) = 1, Theorem 5.4 shows that P(M) contains the
interval [-p+1,p— 1] if Po(M) = [—p, p] with p > 1, and we deduce that

Vs € H'(M;R), sl > [Is]a —2]s]
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where |—| is the unique norm on H'(M;R) which takes 1 on the generators
of H'(M;Z). Those inequalities are strict in general®.

8.3. Comparison of norms
Theorem 8.7 (McMullen [36]). Let M be a 3-manifold with 51(M) > 1.

Then, we have the following inequality:

Vs € HY(M;R), |s|7 > { Hj”j — 25| Zgigﬁg

Turaev proves in [78, §IV] the stronger (and more concise) inequality

Vs € HY(M;R), ||s|lz > ||s|l-- (8.2)

>2
= 1.

Proof. We mainly follow McMullen’s [36] and Turaev’s [78] arguments.
Let us for instance assume that §;(M) > 2. We choose a representative
of the Alexander polynomial of M

AM) =3 dulg)-g €ZIG),
geG
and we assume that it is non-trivial. (If A(M) = 0, then ||s||4 = 0 and
there is nothing to prove.) An element s € H'(M;R) is said to be “generic”
if we have

Vg#4 € G, (du(g) #0,du(g’) #0) = s(g) # s(g').

An element s € H!(M;R) is said to be “primitive” if it lives in H'(M;Z)
and if it is not divisible there. Generic elements belonging to H!(M;Q)
are dense in H'(M;R), and any element of H'(M;Q) is a multiple of
some primitive element. Since both || — ||z and || — || 4 are continuous and
homogeneous, we can assume that s is generic and primitive.

The cohomology class s € H'(M;Z) = Hom(H;(M),Z) extends to a
ring homomorphism s : Z[H;(M)] — Q[t*] defined by s(h) := t°(") for all
h € Hi(M). We are interested in the Q[t*]-module Hj(M).

Claim. We have dimg H{ (M) = ||s]|a + 2.

6See [78, §1V.1] for the exact connection between Pr (M), Pa(M) and other polytopes
associated to those twisted Alexander polynomials that are induced by homomorphisms
Hi(M) — C*.
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To show this, we consider the cell decomposition X associated to a Hee-
gaard splitting of M (as described in the proof of Lemma 5.3) and we
denote by Y its 2-skeleton. Then, we have H{(M) ~ H{(X) = H{(Y).
The same arguments as those used in the proof of Theorem 4.4 show that

ord (H}(M)) = Ao (H{ (M) ~ Ao (B} (V) = Ay (H{(V.e))  (83)

where €? is the only O-cell of Y. Let Y be the maximal free abelian cover of

Y, and let D be the matrix of the boundary 0 : C2(Y) — C1(Y) in some
appropriate basis: this is a square matrix with coefficients in Z[G| of size
g, the genus of the Heegaard splitting. Since the cokernel of Q[t*] ®7(c) 02
is H;(Y,e"), we have
A (Hf(Y, eo)) — ged {(g — 1)-sized minors of s(D)} € Q[t¥]/ + t*.
But, Lemma 5.3 now tells us two things. On the one hand, it gives
Vij € {1.gt M) (u(ad) = 1) (u(F) 1) = Dj € QZIG]/+G
from which we deduced in Theorem 5.4 that A(M) = +7#(M). (Here
o Z[H(M)] — Q(Z[G]) is the canonical map.) On the other hand,
Lemma 5.3 tells us that
(M) - (s(af) = 1) (s(8)) = 1) = s(D)yj € Q(t)/ ="

from which we deduce that Ay (H;(Y,e")) = 75(M) - (t — 1)%. Since
T5(M) = s(t*(M)), we obtain with (8.3) that

ord (H{(M)) = (t — 1)% - s(A(M)). (8.4)
Since Q[ti] is a principal ideal domain, we can compute the order of
H{ (M) from a decomposition into cyclic modules (see Example 4.2). We

deduce that
dimg H{ (M) = span (ord (H7 (M)))
where the span of a Laurent polynomial 3,5 ¢;-t* € Q[t*] is the difference

between max{i € Z : ¢; # 0} and min{i € Z : ¢; # 0}. It then follows from
(8.4) and the genericity of s that

dimg H{ (M) = span s(A(M)) +2 = ||s||a + 2.
This proves the previous claim.

Another claim. We can find a connected closed oriented
surface S Poincaré dual to s, such that x_(5) = ||s||r and
B1(S) > dimg H{(M).
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This will be enough to conclude. Indeed, if that surface S was a sphere,
then the Q-vector space H (M) would be trivial, which would contradict
the first claim. So,

Isllr = =x(S) = B1(S) — 2 = dimg Hf (M) — 2 = [[s]| .

To prove the second claim, we consider a closed oriented surface S C M,
Poincaré dual to s, which satisfies x_(S) = ||s||7 and with minimal Gy(S5).

We shall first prove that 8y(S) = 1. We choose one point v, in each con-
nected component ¢ of M\ S and, if a component ¢ touches a component ¢’
along a component of S, we connect v, to v by a simple path which meets
that component of S in a single point. Thus, we obtain a graph C C M
which encodes the “connectivity” of M\ S. Since the surface S is oriented,
the edges of the graph C' have a natural orientation. Using an open regular
neighborhood N(.5) of S, we can construct a retraction 7 : M — C which
collapses every component of S to the center of the corresponding edge of
C, and every component of M \ N(S) to the corresponding vertex of C.
Let also w : Hi(C') — Z be the group homomorphism which maps each
oriented edge of C' to 1. Then, the composition w o m, : H1(M) — Z cor-
responds to s € H(M;Z) ~ Hom(H{(M),Z). Let Cy, — C and My — M
be the infinite cyclic covers defined by those homomorphisms. The map
w: M — C lifts to g : My — C,,, and the inclusion C — M does to. So,
s induces a surjection at the level of homology, and we deduce that

dimg H{ (M) =rank H;(M;) > rank H;(Cy).

If C' had more than one loop, then 3;(C,,) would be infinite, which would
contradict the first claim. Thus, $1(C) = 1 and C is a circle to which
trees may be grafted. Using the minimality of £y(S), one easily sees that
C does not have univalent vertices, nor bivalent vertices with two incident
edges pointing in opposite directions. Therefore, C' is an oriented circle,
and because s = w o 7, is assumed to be primitive, it can have only one
edge. We conclude that S is connected.

The surface S being connected and s being not trivial, M \ S must be
connected. Thus, the infinite cyclic cover M is an infinite chain of copies
of M \ N(S) which are glued “top to bottom”:

My = U(M\N(S))_, U(M\N(S)), U(M\N(S)), U

Since Hi(Ms; Q) is finite-dimensional, an application of the Mayer-Vietoris
theorem shows that it must be generated by the image of one copy of
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H,(S;Q). Thus, we have dimg H;(M; Q) < $1(5) and the second claim
is proved. ([l

Ezample 8.8. Let Ty be the mapping torus of an orientation-preserving
homeomorphism f : ¥, — ¥, (as defined in §5.5 with g > 1). Let s; €
HY(Ty;Z) be the class Poincaré dual to the fiber ©, C Tf. The above
proof shows that

Ispllz = llsslla-

The value of ||sf||4 is easily deduced from Proposition 5.10:

[slla=2g—2
which agrees with the discussion of Example 8.1.

Remark 8.9. Theorem 8.7 has an analogue for 3-manifolds with boundary
[36, 78]. In this sense, it generalizes a classical fact about the Alexander
polynomial A(K) of a knot K C S3: twice the genus of K is bounded
below by the span of A(K') — see [55] for instance.

Remark 8.10. Theorem 8.7 has known several recent developments. Friedl
and Kim generalize inequality (8.2) to twisted Reidemeister torsions de-
fined by group homomorphisms 7 (M) — GL(C; d) [21]. Cochran [11] and
Harvey [24] prove generalizations of Theorem 8.7 for non-commutative
analogues of the Alexander polynomial. (Their results are further gen-
eralized in [77] and [20].) Another spectacular development is the work
by Ozsvath and Szabd, who proved that the Heegaard Floer homology
determines the Thurston norm [48, 50]. This is an analogue of a prop-
erty proved in 1997 by Kronheimer and Mrowka for the Seiberg—Witten
monopole homology [29].

Appendix A. Fox’s free differential calculus

Fox introduced in the late 40’s a kind of differential calculus for free groups
[16]. This calculus is an efficient tool in combinatorial group theory as well
as in low-dimensional topology. We have used it in these notes for com-
putations related to the Alexander polynomial and to the Reidemeister
torsion. We introduce in this appendix the basics of Fox’s calculus.
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A.1. Definition of the free derivatives

Let G be a group. The augmentation of the group ring Z[G] is the ring

homomorphism
Gl—12Z, Y ag-gr— > ag
geG geG

which sums up the coefficients. The kernel of the augmentation is denoted
by I(G), and is called the augmentation ideal of Z|G].

Definition A.1. A derivative of the group ring Z[G] is a group homo-
morphism d : Z[|G] — Z[G] such that

Va,b € Z[G], d(a-b) =d(a)-e(b)+ a-d(b). (A.1)
If follows easily from this definition that d(1)=0 and that
Vge G CZIG], d(g7')=—-g"-dg).
For example, the map ¢ : Z|G| — Z|G| defined by

Va € Z|G], 6(a):=a—c¢e(a) (A.2)
is easily checked to be a derivative.
We now restrict ourselves to G := F(z), the group freely generated

by the set x = {z1,...,2,}. An element a of the group ring Z[F(x)]
can be regarded as a Laurent polynomial with integer coefficients in n
indeterminates x1,...,z, that do not commute. In order to emphasize
this interpretation, we will sometimes denote a € Z[F(x)] by a(x) and the
augmentation €(a) € Z by a(1).

Theorem A.2 (Fox). For alli € 1,...,n, there is a unique derivative

0
aTi

P Z[F (2)] — Z[F(2)]

such that 5
Vk=1,....n, =k =5,
8a:i
More generally, given some hy, ..., hy € Z[F(x)], there is a unique deriva-

tive d : Z|F(z)] — Z[F(x)] such that d(xy) = hy, for all k =1,...,n. This

derivative is given by the formula

Va € Z[F( Z 8—% R (A.3)
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The derivatives 6871, ey 87” are called the free derivatives of the free group
F(z) relative to the basis x = {z1,...,z,}.

Proof of Theorem A.2. Any element f of the free group F(x) can be writ-
ten uniquely as a word

— €l |, p€r
f - w#l mﬂr

(where p1,...,pur € {1,...,n} and €1,...,¢6 € {—1,41}) which is reduced
in the sense that p; = pj11 = €; # —€;j41. Then, we set

L
af — Z Ej‘xel :1:/3](] 1)'

ox; T M1

J=L...r
pj=i

By linear extension, we get a map B%i : Z[F(x)] — Z[F(z)] which is easily

checked to satisfy (A.1). Thus, 8% is a derivative that satisfies gix’j = 0; -
Since the ring Z[F(x)] is generated by x1,...,z,, there is at most one

derivative d such that d(xy) = hy for all k =1,...,n. It is easily checked

that, if dy and dy are two derivatives of Z[F(x)], then d; - a; + d2 - as is

also a derivative for all aq, a2 € Z[F(x)]. Therefore, the right-hand side of

formula (A.3) defines a derivative. Since this derivative takes the values

hi,...,hyp on x1,...,x, respectively, the conclusion follows. ([

The derivative ¢ defined by (A.2) satisfies d(z;) = zx — 1. Thus, an
application of (A.3) to this derivative gives the identity

Va(z) € ZIF(2)], a(2) =a(1)+ )

“(z) - (2 — 1). (A.4)

This is the fundamental formula of Fox’s free differential calculus, which
can be regarded as a kind of order 1 Taylor formula with remainder.
Consider now a second free group, say the group F(y) freely generated
by the set y := {y1,...,yp}. For all by,...,b, € F(y), there is a unique
group homomorphism F(x) — F(y) defined by x; — b;. The image of an
a € Z[F(x)] by this homomorphism is denoted by a(bi,...,by). This is
compatible with our convention to denote a € Z[F(z)] also by a(z).

Proposition A.3 (Chain rule). Let a(x) € F(z) and let bi(y), ...,bn(y) €
F(y). Then, for allk =1,...,p, we have

8a(b1, N

bn) <= Oa b,
On) NG ) S
o ;axj(l )

: Em € Z[F(y)]. (A.5)
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Proof. The group homomorphism F(z) — F(y) defined by z; — b; trans-
forms the fundamental formula (A.4) to

alby, ... by —1+Z bl,..., ) - (b — 1).
Next, we apply the fundamental formula to each b; € F(y) to get
da ob;
bi, ... by) =1 94 by by 1
CL( 1 ) ) + '_12 8xj( 1 ) ay ( Yk )

k=1,....p

or, equivalently,

a(by, ..., by —1+Z(Za (b1,...,bp) - gzk)(yk—l)

By comparing this identity with the fundamental formula for
a(b17 e 7b'fl) € Z[F(y)]7

we exactly obtain identity (A.5). O
Exercice A.1. Prove the following formula:
1 a;+-+ab! if p>1
oxP P _ 1 g i =5
ZIF(z)] 3 axf -4 -=20 if p=0,
i —aP — Pt T ifp < 1.

Exercice A.2. We can define some higher order free derivatives by the
inductive formula

o a 0 O la
Z[F = '
Va € Z[F(z)], Ox;, - Oy, _, -+ Oxyy ox;, <6$ir1 e 8.%'11>

Show, for all » > 1, the following order r Taylor formula with remainder:

’ Z W() (@i, = 1) - (@ — 1)

217 fLr—
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A.2. The topology behind the free derivatives

The theory of covering spaces gives a topological interpretation to free
derivatives. We consider the bouquet X,, of n circles

Note that 71 (X, *) is the free group F(z) on = = {z1,...,z,}. Let also
X,, be the infinite oriented graph with vertices indexed by F(z)

V=A{f-*| feF@)},
with edges indexed by n copies of the set F(x)

E={f-z|feF(@)}u--U{f 2| [fecF(x)},
and with incidence map
i=(ig,i1): E—V xV
defined by
VfeF(x), Vje{l,...,n}, do(f-Z;)=f-x and i1(f-T;) = (fz;) *

There is a canonical map 7 : X,, — X,, which sends each vertex f - ¥ to
* and the interior of each edge f - Z; homeomorphically onto the interior
of ;. It is easily checked that 7 is the universal covering map of X;,. The

canonical action of F(z) = m1(X,,, ) ~ Aut(r) on X, is compatible with
our notation for the vertices and edges of X,,. See Figure A.1.

For all f € F(z) = m1(X,,*), let v be a closed path x ~» % representing
f and let 7 be the unique lift of  starting at x. This is a path *~» f - *
which defines an element of Hy (X, 7 !(x)). Since the homotopy class of
the path 7 is determined by that of -y, this element only depends on f and

we denote it by
feH (X,,m7'().
The left action of F(z) on X, makes Hy(X,, 7 1(x)) a Z|F(z)]-module.
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FIGURE A.1. The infinite tree )Z'g, where x; acts by “hor-
izontal translation” to the right and xz9 acts by “vertical
translation” to the top.

Proposition A.4. The Z[F(z)]-module Hy(X,,m (%)) is freely gener-
ated by the lifts 1, ...,Z,. Moreover, for all f € F(z), we have

_ 19
=Y

Proof. The abelian group Hi(X,,n !(x)) can be described by means of
(relative) cellular homology. Indeed, there is a canonical cell decomposition
of X,, induced by its graph structure: 0-cells correspond to vertices and
1-cells to edges. Thus, the first statement is obvious.

The long exact sequence for the pair (X,,, 7 (x)) shows that the con-
necting homomorphism 9, : Hy(X,, 7 1(x)) — Ho(7 1(x)) is injective.
Thus, (A.6) is equivalent to the identity

0. (f) 1&(” gf) € Ho(r(x)). (A7)
i=1 v
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The Z[F(x)]-module Ho(m~(x)) is freely generated by * and, for all g €
F(z), we have 0,(g) = g-* —x = (g — 1) - . Thus, (A.7) is exactly the
fundamental formula (A.4). O

Exercice A.3. Let R be a normal subgroup of F(z) and let R’ := [R, R|
be the commutator subgroup of R. Using the topological interpretation of
free derivatives, show the Schumann—Blanchfield criterion [57, 6]:

VfeF(x), (feR)e <Vi:1,...,n, {§£}20€Z[F(x)/R]).

A.3. Magnus representation

As an application of Fox’s free differential calculus, we define a represen-
tation of the group of automorphisms of a free group. For its relevance to
topology, we refer to Birman’s book [4, §3] and to Remark 5.12.

Let ¢ : F(xz) — F(z) be a group homomorphism. The Jacobian matriz
of ¢ is the n x n matrix with coefficients in Z[F(x)]

(1) .. 99(zn)
0x1 01
J(¢) = ST
9¢(x1) .. Od(zn)
Oxn Oxn

The fundamental formula (A.4) shows that a group endomorphism of F(x)
is determined by its Jacobian matrix. For any group endomorphisms ¢
and 1 of F(x), let us see how J(1¢) can be derived from J (1)) and J(¢).
Proposition A.3 shows that

Io(x;) <~ (08(x;)\ OY(wk)
ox; :Zw< Oz, ) 8xik‘

k=1

By applying the map — : Z[F(z)] — Z[F(x)] defined additively by f :=
f~! for all f € F(z), we obtain

ZMM%):ﬁi&Mm)¢CM@ﬂ)

81‘1’ 1 a:ﬂz 8l‘k

so that

TW6) = T(%) v (1(9))

It follows from this identity that, if ¢ is an automorphism, then J(¢) is
an invertible matrix. Thus, we have proved the following.
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Proposition A.5. The map M : Aut(F(z)) — GL(n; Z[F(x)]) defined by
M(¢) := J(¢) is a “crossed homomorphism” in the sense that

Vip, ¢ € Aut(F(z)), M(v¢) = M(4) - (M(¢)).
Moreover, M is injective.

The map M : Aut(F(z)) — GL(n; Z[F(x)]) is usually refered to as the
Magnus representation of Aut(F(x)). We emphasize that the map M is not
a “true” homomorphism, and that it takes values in a group of matrices
whose ground ring is not commutative. Those two defects can be fixed
by restricting its source and by reducing its target. For example, we can
consider the subgroup

TAut (F(z)) := {¢ € Aut(F(x)) : Vf € F(z), ¢(f) = f mod F(z)'}
where F(z) := [F(z),F(z)] is the commutator subgroup of F(z).
Corollary A.6. Let H := F(x)/F(x)" denote the abelianization of F(x).
The map Map : IAut(F(z)) — GL(n; Z[H]) defined by

Mab (@) := J(¢) reduced mod F(x)’

is a group homomorphism, whose kernel consists of those ¢ € Aut(F(x))
such that ¢(f) = f mod F(x)" for all f € F(z).

Proof. The second statement is an application of Exercice A.3. [l
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