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Necessary condition for measures which are
(L%, LP) multipliers

BERENGER AKON KPATA
IBRAHIM FOFANA
KonNniNn Koua

Abstract

Let G be a locally compact group and p the left Haar measure on G. Given
a non-negative Radon measure u, we establish a necessary condition on the pairs
(¢, p) for which p is a multiplier from L? (G, p) to L? (G, p). Applied to R", our
result is stronger than the necessary condition established by Oberlin in [14] and
is closely related to a class of measures defined by Fofana in [7].

When G is the circle group, we obtain a generalization of a condition stated by
Oberlin [15] and improve on it in some cases.

Résumé

Soit G un groupe localement compact et p la mesure de Haar a gauche sur
G. Etant donné une mesure de Radon positive u, nous établissons une condition
nécessaire sur les couples (g, p) pour lesquels p est un multiplicateur de L? (G, p)
dans L? (G, p). Appliqué & R™, notre résultat est plus fort que la condition néces-
saire établie par Oberlin dans [14] et est trés lié & une classe de mesures définie
par Fofana dans [7].
Lorsque G est le tore, nous obtenons une généralisation d’une condition énoncée
par Oberlin [15] et Paméliorons dans certains cas.

1. Introduction

We suppose that G is a locally compact group and p is the left Haar
measure on G.

For 1 < ¢ < 00, a Radon measure p on G is said to be Li-improving if
there exists a real number p > ¢ such that

prf€I(G,p) and  ux Sl <elflle

Keywords: Cantor-Lebesgue measure, L?-improving measure, non-negative Radon
measure.

Math. classification: 43A05, 43A15.
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B. A. KpraTta AND I. Forana AND K. Koua

for all f € L1(G, p), where c is a real number not depending on f.

Of course absolutely continuous measures with Radon-Nikodym deriva-
tives with respect to p in L" (G, p) with % + % — 1> 0 are L9-improving.
But Li-improving singular measures also exist.

Bonami [2] showed that all tame Riesz products on the Walsh group
are L9-improving, and that was extended to all compact abelian groups by
Ritter [16]. Moreover it is well known that on the circle group T = R/Z, the
Cantor-Lebesgue measure ,ug associated with the Cantor set of constant
ratio of dissection 6 > 2 is Le-improving for 1 < g < oo.(See Section 4 for
a precise definition of this measure.) This result was proved by Oberlin
[12] for 6 = 3. Ritter [17], Beckner, Janson and Jerison [1] proved the same
for ¢ rational and Christ [3] for ¢ irrational.

In fact, Christ has extended the result to Cantor-Lebesgue measures
with variable but bounded ratios 2 < §; < ¢ of dissection.

In this note, we are interested in the following problem: given a non-
negative Radon measure y on GG, determine the indices 1 < ¢ < p < oo for
which there exists a non-negative constant ¢(u, ¢, p) such that

s fllpe < el @ D) Ifl,, . FELG o). (LD)

In [15] Oberlin stated the following

Proposition 1.1. If the Cantor-Lebesque measure pu3 associated to the
middle third Cantor set satisfies (1.1), then

1 log 2 1
— 1-— 1—-]<1. 1.2
q+( logB)( p) - (1-2)

Graham, Hare and Ritter obtained in [9] the following

Proposition 1.2. Let pu be a measure on the circle group T and1 < g < 2.
If there exists a non-negative constant c(u, q) such that

le* fllpzery < e ) fllpagry,  f e L9(T),

then there exists a positive real number K such that for any interval I
whose endpoints are x and x + h, we have

()] < K |h[i77 . (1.3)
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MEASURES WHICH ARE (L%, LP) MULTIPLIERS

Inequality (1.3) means that p satisfies a Lipschitz condition of order
1

-1
Replacing T by R™, Oberlin proved a similar necessary condition (see
the proof of Proposition 2 in [14]).

Q=

Proposition 1.3. If a non-negative Radon measure on R™ satisfies (1.1),
then there exists a positive real number K such that
n(R) < K |R|7 77 (14)
for all rectangles R in R™.
In the present paper, we establish the following necessary condition:

Proposition 1.4. Suppose that i is a non-negative Radon measure on G
satisfying (1.1). Then for any subsets V and {x; /i € I} of G such that
i) V is relatively compact,

ii) I is countable and (x;V) N (z;V) =0 fori # j,

we have

3=

p(V) (Zu <xiv>p> Celn g (V)T )

il

We show that all the necessary conditions stated in Proposition 1.1,
Proposition 1.2 and Proposition 1.3 follow from Proposition 1.4.
Moreover any non-negative Radon measure g on T or R™ satisfying
the conclusion of Proposition 1.4 belongs to the space MP> ¢, é =1-
é + % (see Notation 3.4 and Section 4 for the definition of MP?> ¢). In [7],
Fofana used these spaces of measures and their subspaces (L%, P)* to
express a necessary condition for Fourier multipliers. He also obtained a
generalization of Hausdorff-Young inequality. For other results related to
these spaces see [6], [8] and [11].
Inequality (1.2) means exactly that uZ belongs to MP> ® where é =1-
é + % (see the comment after the proof of Proposition 4.2).
Applied to the Cantor-Lebesgue measure associated to the Cantor set of

constant ratio of dissection § > 3, Proposition 1.4 yields the following

Proposition 1.5. Let § >3 and 1 < q¢ < p < co. Assume that

Bt <e(ud poa) Il feLT).
J# 5 7]y = € (
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Then

and

Notice that (1.6) is stronger than (1.7) if ¢ > 10g3
The remainder of this paper is organized as follows in Section 2 we prove
Proposition 1.4 and apply it to G = R" in Section 3. In Section 4 we
examine the case G = T.

2. Proof of Proposition 1.4

Proof. Let V be a relatively compact subset of G. Then f = xy-1y, belongs
to L1 (G, p). We have, for all ¢ € I and all x € z;V,

u*f(x)z/Gf(y’lx) dp (y) 2/ fy™'z)du(y),

z;V
yezV=1ytlzecV 1V and f (y_lsn) =1

and therefore p * f (x) > p(x;V). It follows that

/( « f(z))Pdp(x >Z/ (o f ()P dp(x) =) (V)P p(xV).

iel iel
Therefore
1
1 p
) (Zu &V ) < fur fll
el
< ol @ DI,
1
= c(m, a, o (V7IV)".
This completes the proof. ([l
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3. Case G =R"

Notation 3.1. Let R be a rectangle in R" with sides a;v;, ¢ = 1, , n,
where (v;);<;<,, is a direct orthonormal basis in R" and a; > 0, ¢ =
1, ., n.

For any r > 0 and k = (ky, ..., k) € Z", set
n

k= {Z(kimieri)Uz‘/ 0<x;<ra;,i=1, ..., n}
i=1

In other words, Rj, is a rectangle which i-th edge is parallel to the vector
v; and of length ra;. Notice that for r > 0, the family {R} / k € Z"} is a
partition of R™.

Proposition 3.2. Let 1 < g < p < 00. If a non-negative Radon measure
w on R™ satisfies (1.1), then for all rectangles R in R™

1

Sli]g( |R| (ZM (Ry) ) <c(p, g, p)2

r kezn

Q3

1 _41_1,41
where — =1 e
Proof. Let r > 0. Notice that for every k € Z™ we have that R}, = Ry +ug,

n

where Ry = {Zw,v, / 0<uz <ra;,i=1, n} and up = > k;ra;v;.
i=1

It follows from Proposition 1.4 that

1
P
_1 1 -
[Ro — Ro| ¢ |Rol? (Z N(Rk)p) <cp, g, p).

kezZm

Since |Ry| = r™|R|, we have

275 (" |R) "7 (" |RI)? (Zu Ry) ) < c(p; ¢, p)-

kezr

Hence

=3

(r" |R|)a ! (Z M(R}Q)p) <c(p, ¢, p)2s.

kezr
The assertion follows. O
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Remark 3.3. Proposition 1.3 is a direct consequence of Proposition 3.2.
In fact, suppose that p satisfies (1.1) and let R be any rectangle. As
{R,lC / k € Z™} is a partition of R", R C kUMR}“’ where M is a subset of
€
Z™ which number of elements does not exceed 2". So u(R) < Z w(RE)
keM
and by Hélder inequality we have

P

n(p—1) 11
RI» s p(R) < 277 |qu(zu(Ri)”)
keM
1
(p n(p—1) 1_1 P
< Rls o | S w(RE)
kezZm

1
n(p—1)
< 277 sup (" IR|)= (ZuRk)

r>0 kezn

where é =1- % + ]%. Thus, by Proposition 3.2 we obtain

BI7 7 u(R) < 2" e, g, p).

Notation 3.4. For any k € Z", x € R"™ and r > 0, set
, D r r
Iy =11 [k:r (ki+1)r) and J, = II (a:i—, l’i—i-).
i=1 =1 2 2
Let MY denote the space of Radon measures (not necessarily non-negative)

on R™. For i € MY, |u| stands for its total variation. Let 1 < «, p < oo.
For € M and r > 0, we set

P
<Z Iul(I};)p> if 1 <p<oo,
keLn

sup || (J3) if p= oo
z€R™

rllull, =

1_
and ||, , = sup r"(& 1) L [lu]],.
r>0
We define MP> *(R") = {,u e MY/ el o < oo} :

Another consequence of Proposition 3.2 is the following

344



MEASURES WHICH ARE (L%, LP) MULTIPLIERS

Corollary 3.5. Assume that 1 < q<p< oo and p satisfies (1.1). Then
w belongs to MP»*(R™) where 1 _q_ % + l

Proof. It follows by choosing a; = 1 for i € {1,...,n} and (v;);<;<,, =
(€i)1<i<,, the usual basis of R" in the definition of R], in Proposition 3.2.
o O

4. Case G =T

In this section we suppose that m > 2 is an integer. Let us describe
the construction of the Cantor set with variable ratios of dissection and
its associated Cantor-Lebesgue measure. We take the interval [0, 1) as a
model for T. Let ; > m for t = 1 2, ... . Delete from [0, 1), (m — 1) left
closed intervals of equal length —— ( — %) so that the m remaining left
closed intervals denoted by El , 1 < [ < m, are equally spaced and have
the same length %. From each interval B}, 1 <1 < m, delete (m — 1) left
closed intervals of equal length m (1 55 5 ) so that the m remaining

left closed subintervals El27 1 <1 < m?, are equally spaced and have the
same length ﬁ. At this stage, the remaining subset of [0, 1) is Cl. 62) =

m> mi
U Ef By iteration, we obtain a sequence of subsets C7% = UE/,
=1 (617 527 ceey 6]) =1

: J
where each Ej is a left closed interval of length r; = tl;[15; L Csy =

%10(7?1 52y o, 3y) 18 the (m, (0;))-Cantor set and the é;’s are called its ratios
7 ’ PR

of dissection. Associated to C( 5) in a natural way is a probability measure
,u?gt) satisfying ,u?gt) (Elj) = W for j=1,2, ...andforl =1, 2, ..., mJ.
This measure is the Cantor-Lebesgue measure associated to the (m, (d;))-
Cantor set. When §; = 6,t =1, 2, ..., we write M&) = pg*. It follows that

©3 is the usual Cantor-Lebesgue measure associated to the middle third
Cantor set. For a detailed exposition on Cantor sets see Zygmund [19].

Notice that if p is a non-negative Radon measure on T, then in a natural
way, we may identify p with a non-negative Radon measure v on R having
support in the interval [0, 1). In addition, we have the following result
established by Ritter in [17].
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Proposition 4.1. Let 1 < g < p < 00, and suppose there is a constant
K > 0 such that

s fllpoery < Kl fllpaery,  f € LI(T).

Then there is a constant Ky > 0 such that

v fllomy < Kollfllpawy,  fe€L!(R).

Defining, for 1 < a, p < o0,
MP(T) ={p € M»*(R) / supp(p) C [0, 1)}

where supp(p) denotes the support of pu, it is easy to see that Corollary
3.5 holds in this setting.
The following result gives a characterization of measures u?gt) which belong

to MP (T).

Proposition 4.2. Let6; >m,t =1, 2, ... . Assume that 1 < a < p < oc0.
Then u&) belongs to MP*(T) if and only if there exists a constant ¢ > 0
such that

a(p—1)j

j
6 <em#e b, j=1,2, ...

In particular, the Cantor-Lebesgue measure ps' of constant ratio of dis-
section 0 belongs to MP>*(T) if and only if

1 1 1
1- = — Ogm(l—)go. (4.1)
a logd P
Proof. a) For all r > 1
1 4 1
ra o, u&)p—ra < 1.

J
b) Let j be a positive integer and r; = tl;[15;1. Recall that for [ =
1,2, ..., m, ‘El]‘ = r; and u’&) (El]) = % For each fixed [, put K; =
{k eN/E/NI’ +# (Z)}. Then K; has at most 2 elements. In the same
way, for each fixed k in N set Ly = {l e{1,2, .,m} / ElJ NI’ # (Z)}.
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Then the number of elements of Ly is at most 2. We have

u
p
EJ N I”)
kEK[

< 2}“2 > iy (BN EY)

leLy keEK;

mim=iP =

&lt)

. ) 1—1
Ll 9} 1 \/ J “ (-1 1
(r?(o‘ )mP 1) :<H5t> m](l )<2r r; )
p
c) Let € (0, 1). There exists an integer j > 1 such that r; < r < r;_;
n
where 1o = 1 and r,, = tl:[15; Lforn > 1. Furthermore, each I intersects

at most m intervals El] S0 {5,y (I7) < m~7m. The number of I} which

intersect the intervals El] is at most 2mJ. Tt follows that

Z“ (I7)P < omI(1=P) P

keN
Hence
1 (L
'rE_lr 'U’Z;t) ) < 2pPra lmj(p l)m
1 1 (1
< 2erp mj(Efl)m
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Finally,
N Y i
J J « 14
sy € MP(T) <= sup I 6, me < 00
(6¢) p =1
] a(p—1)j

“&) € MP*T) «— H (St <emrel-D 5 =1 2 ..

where c is a positive constant not depending on j.
d) Now, let 6; = 0 for all t > 1. From c¢) we know that:

a(p—1)j

pt e MP» ¢(T) <= §/ <cm»e=b,  j=1,2,..

where c is a positive constant not depending on j. That means:

g€ MP *(T) <= logd < 2p=1) 150m

e
ogm

O

Notice that for 1 — 1 = % - ]%, (4.1) reduces to (1.2) when m = 2 and
0 =3.

Proposition 4.3. Let ;L&) be the Cantor-Lebesgue measure with variable
ratios 6y > m of dissection. Let 1 < q < p < oo. Assume that

oy < (1 22 @) W lpacry,  f € LA(T).

Then there exists a constant ¢ > 0 such that

ZOM

a(p—1)j

H6t<cmpq, ji=12, ...

In particular, if 6y = 0 for all t > 1, then
() )
q logd p

Proof. Let 1 — é = % % Then the desired result follows from Corollary

3.5 and Proposition 4.2. O

Proposition 1.1 is obtained from Proposition 4.3 by taking m = 2 and
0y =3 forall t > 1.
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Proof of Proposition 1.5. We are in the case m = 2 and §; = § > 3 for
all £ > 1. Let j be a positive integer. Observe that for any non-negative

integer k, any | € {1, 2, ..., 2j+k}, Elj+k = x{+k + {0, (5*3'*’“) and
u3 (BT) = 2797k Set Ag = [0, 679) and By = Ag — Ag = (—077, §79),
From Proposition 1.4 we obtain

[Bol ™ | Aol (iu? (Ezj)p) < ¢ (13, p. a).
=1

Observe that for fixed { in {1, 2, ..., 27}, El] contains two intervals
Eflﬂ and Ef;l satisfying
. o o
I (Elj) = u} (EflJr U Ef;r )
and
B DB =+ ([0, 57 0 50— 51, 6
Setting 41 = [0, §77Y) U [67 =691 §77) and applying Proposition

1.4 we obtain

27 ‘ P
A1 — Ar[ 70 | A (Zu? (E?)p) <c (i v q).
=1

J+2

But each preceding interval Elj:rl, i € {1, 2}, contains two intervals E;

and El]:f such that
1

A () =8 (B VB - oo

Moreover iél (Ef:z U Ef:f) = xf + A where
Ay = [o, 5*]’*2) U [5*1*1 B 5*]’*1) U
) e e ) IV L e e

This remark enables us to apply again Proposition 1.4. Thus we obtain
1

Ay — Ag| 4 [Ag|v (iufg (Ef)p) : <c (/ﬁp P, q) :

=1
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The iteration of the process leads us to two sequences of sets (Aj);~, and
<Ak>k20 defined by:

1 N P 1 |
Apy1 = gAk U <5_] - 5Ak> y Agp = gAk U (5_] - 6Ak)

with 4g = [0, §77), Ag = (0, 677] and satisfying

=1

) 1
(Bl | A (im (E;)p) <c(i p q). (42)

where By, = A — A forall k>0 .
Notice that Ay — Ag = Aog — Ap and |Ap| = ‘A()’. Furthermore, for any

k >0, clearly Ag11—Ax11 = ;1;:1 —;1;:1 and since %Akﬂ ((5*3' — %;fk) =
0= %2{;@ N (5‘j — %Ak) we have [Api1| = ‘Xk::l’ Thus

Ak—Ak:A\;—A\L and ‘AMZ‘A\;, k’ZO (43)

Observe that: |Ag| = 677, |A1| = 25_#1 and |Ay| = 2267772, Suppose
that for some integer k > 0, |Ay| = 2#§77=*. By the preceding remarks we
get |Api1| = 3 |Ak| + 3 ‘Ak‘ = 24| = 2k+1577=(k+D We conclude that

|Ag| =2F6777F k>0

Notice that Ag+Ag = (0, 2077) =677 — (=677, 679) = 677 — (Ag— Ag) =
6~7) — By. Furthermore, for any k > 0, on the one hand

1 R 1 01—
Bii1 = |:5Ak U (5] - (5Ak>:| - [(5Ak U <(5J — 5Ak>:|
1 1 — )
I _ _ I
= 5 Ak)u<5(Ak+Ak> 5 >u

U((S_j—(lS(Ef—FAk)) U5 (A - 4
= %(Ak — Ag) U ((15 (Ak —i-:‘lvk) - 5_j) U (5_j - % (lev/g +Ak))
(because of (4.3))
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and on the other hand

__ 1 .
App1 +Appr = 5 (Ak + Ay

1 —~ |
= 5 (Ak+Ak U (5_J+6(Ak—Ak)
U (253 — % (;476 + Ak>> (because of (4.3))
and so A1 + ;1;:1 =69 — Byy1. Thus
Ak — Al = A+ 4], k>0 (4.4)

Notice that for all £ > 0, the sets % (Ax — Ag), % (Ak + &)—5_3' and 67—
3 (sz; + Ak) form a partition of Byyi. Thus, by (4.4) we have |Bpi1| =
3|4 — Akl = 2|By|, k > 0. As |By| = 2677, we conclude that for all

k .
k>0, Byl = (3) 2677,
Finally, using inequality (4.2) we get:

_1
() e rirscng o
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