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Generalized Kummer theory and its applications

Toru KOMATSU

Abstract

In this report we study the arithmetic of Rikuna’s generic polynomial for the
cyclic group of order n and obtain a generalized Kummer theory. It is useful under
the condition that ¢ € k and w € k where ( is a primitive n-th root of unity and
w = ¢+ ¢ % In particular, this result with ¢ € k implies the classical Kummer
theory. We also present a method for calculating not only the conductor but also the
Artin symbols of the cyclic extension which is defined by the Rikuna polynomial.

1. Introduction

In this report we study the arithmetic of Rikuna’s generic polynomial for
the cyclic group of order n and obtain a generalized Kummer theory. It is
useful under the condition that { € k and w € k where ( is a primitive n-th
root of unity and w = ¢+ ¢~!. In particular, this result with ¢ € k implies
the classical Kummer theory. We also present a method for calculating
not only the conductor but also the Artin symbols of the cyclic extension
which is defined by the Rikuna polynomial. By an arithmetic argument
we show that a certain cubic polynomial is not generic (cf. Corollary 3.6).

We first recall notion on the genericity of a polynomial (cf. Jensen-
Ledet-Yui [3]). Let k be a field and G a finite group. The rational function
field k(t1,t2,...,tn) over k with m variables t1,ta,...,t,, is denoted by
k(t) where t = (t1,t2,...,ty). For a polynomial F(X) € K[X] over a field
K let us denote by Splg F'(X) the minimal splitting field of F/(X) over K.
We say that a polynomial F(t,X) € k(t)[X] is a k-regular G-polynomial
or a regular polynomial over k for G if the field Sply ) F'(t, X) is a Galois
extension L of k(t) with two conditions Gal(L/k(t)) ~ G and LNk = k
where k is an algebraic closure field of k. For example, if n is a positive
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T. KoMATSU

integer greater than 2, then the Kummer polynomial X™ — ¢t € Q(t)[X]
is a regular polynomial for the cyclic group C, of order n not over Q
but over Q((,) where ¢, is a primitive n-th root of unity in Q. A k-
regular G-polynomial F(t, X) € k(t)[X] is called to be generic over k if
F(t,X) yields all the Galois G-extensions containing k, that is, for every
Galois extension L/K with Gal(L/K) ~ G and K 2O k there exists a
K-specialization s = (s1,52,...,8m), si € K so that L = SplyF(s, X).

Let n be an odd number greater than 1 and ( = (,, a primitive n-th root
of unity in Q. We put w = ¢ +¢~! and k = Q(w). We define a polynomial
Ry (t, X) by

CUX O X (X Ot (X ¢
¢ -
Note that R, (t, X) is a polynomial in k(¢)[X].

R,(t,X) =

Proposition 1.1 (Rikuna [11]). The polynomial R, (t, X) is generic over
the field k for the group C,.

Remark 1.2. When n is even and K does not contain ¢, the polynomial
R, (t,X) is not generic over K for C, in general (cf. Komatsu [6]). For
the case that n is even, Hashimoto and Rikuna [2] constructed a k-generic
Cp-polynomial with two parameters.

In a previous paper [6] we study the arithmetic of the polynomial R,, (¢, X).
Let k be a field whose characteristic is equal to 0 or prime to n. Let ¢ be
a primitive n-th root of unity in k¥ and put w = ¢ + ¢~!. For a field K
containing k(w) let T(K) = P} (K) —{¢, (7'} = KU{oo} —{¢, ¢!} be a
set with composition jf— such that s; —TF sy = (s152—1)/(s1 +s2 —w). Then

T(K) is an algebraic torus of dimension 1 which has a group isomorphism
0 :T — G, t— (t—C)/(t—¢1) over K(¢). In fact, the composition + is
T

defined as 81}-82 = ¢ 1(p(s1)p(s2)). The identity 07 on T is equal to co =
¢~ 1(1). The inverse et ofan s € T(K) is —s + w. For a positive integer
m € Z let [m] be the multiplication map by m with respect to —TF, that is,
[m]s = s —jt e }— s with m terms. We denote [m|T(K) = {[m]s|s € T(K)}
and T[m| = T(K)[m] = {z € T(K)|[m]r = co}. Note that —1 = ¢ ~1(¢)
and T[n] = (1) = {-1,0,...,w,w + 1,00} C T(k(w)). Let 'k be the
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GENERALIZED KUMMER THEORY

absolute Galois group Gal(K*P/K) of K where K*P is the separable
closure field of K. Then we have a descent Kummer theory.

Proposition 1.3 (Ogawa [10], Komatsu [6]). There exists a group iso-
morphism

§: T(K)/[n]T(K) — Homeont (D, Cn).-

We have a relation between the polynomial R, (¢, X) and the algebraic
group T as follows. For an s € T(K) let L be the field Splg R, (s, X ) and
[n]71(s) the set {r € T(K)|[n]x = s}.

Lemma 1.4. We have Ly = K([n]7'(s)). In particular, the field L is
equal to the fized field (IK5P)Kerd(s) of K50 by the subgroup Kerd(s) of
I'k.

Corollary 1.5. For elements s; and s3 € K the equation Ls, = Ls, holds
if and only if (s1)r = (s2)r in T(K)/[n]T(K).

Remark 1.6. Morton [9] and Chapman [1] essentially gave the composition
+ for the case n = 3. Here R3(t/3,X) = X3 —tX?%— (t+3)X —1 is known
T

as the simplest cubic polynomial of Shanks type.

2. Ramifications and Artin symbols

In this section we recall some results in [6] and [7]. Let [ be an odd prime
number and ( a primitive I-th root of unity in Q. Let K be a finite
algebraic number field containing Q(w) where w = ¢ 4+ ¢~!. We assume
that the extension K /Q(w) is unramified at all the prime ideals of K above
l. For an s € K we denote by Ls the minimal splitting field Sply R;(s, X)
of the polynomial R;(s, X) over the field K. For a prime ideal p of K let
vy be a p-adic additive valuation which is normalized so that v, (K*) = Z.
For a prime ideal [ of K above [ we define a set Uk | by

Uki={seT(K)lu(s—w/2) <—(—-1)/2 or v(s —w/2) > (I +1)/2}.
For a prime ideal q of K with q 1 the set Uk 4 is defined to be

Ukq=1{s € T(K)|vg(s* —ws +1) <0 or vg(s* —ws+1) =0 (mod I)}.
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T. KoMATSU

Lemma 2.1 (Komatsu [6]). For an s € K the conductor cond(Ls/K) of
the extension Lgs/K is equal to I, p™ where

1 ifpflands ¢ Ugky,
=14 als) ifp=1I]lands¢gUgy,

0 otherwise.

Here ¢((s) is equal to a positive integer (I +2)/2 — |v((s —w/2) — 1/2]| for
S € UK,[.

We denote by Uk the intersection NyUg  of the sets Uk where p runs
through all of the prime ideals of K. In general, one has that [I|]T(K) C
Uk.

Corollary 2.2. Vandiver conjecture for Q(w) is true, that is, the class
number of Q(w) is not divisible by l if and only if it satisfies [[|T(Q(w)) =
UqQ()- In particular, an unramified cyclic extension of Q(w) with degree
is obtained as Splg,) (s, X) for an s € Ug) — [[|T(Q(w)).

Let us assume that s ¢ [[|]T(K), that is, Ls/K is a cyclic extension of
degree [. Then L is generated over K by a solution z of R;(s,X) = 0.
The Galois group Gal(Ls/K) is generated by an element o such that
olx)=x —}— (—1). Note that (=1)7 =T[l] C T(K). Let p be a prime ideal

of K which is unramified in the extension Ls/K. We denote by F, the
residue class field Ok /p and by ¢ the cardinal number §F, of the finite
field Fy,. Note that ¢ = 0 or +1 (mod [) since K contains w. We fix a
prime ideal 3 of Ly above p. Then there exists an element 7 € Gal(L,/K)
such that vp(7(a) — af) > 1 for every algebraic integer o € Oy, in Lj.
The element 7 depends not on the choice of the prime ideal B but only
on the prime ideal p. We call 7 the Artin symbol of p in Ly/K and denote
it by Arty(Ls/K). We put py(s) = vp(s*> —ws +1).

Theorem 2.3 (Komatsu [7]). We assume that p { 1. If pp(s) < 0, then
Arty(Ls/K) = id, that is, p splits completely in Ls/K. For the case
pp(s) = 0, we have Arty(Ls/K) = o where i € Z is an integer such that
[i](—=1) = [(£q — 1)/l]s in T(Fy) provided ¢ = £1 (mod 1), respectively.
When pp(s) > 0 and py(s) # 0 (mod 1), the extension Ly/K is totally
ramified at p.

Theorem 2.3 does not deal with an exceptional case that p,(s) > 0 and
tp(s) =0 (mod 1), that is, pp(s) = jl for a positive integer j € Z. In the
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GENERALIZED KUMMER THEORY

following we may reduce the exceptional case to the case pp(s) < 0. For a
number sy € K with vp(s — s9) = j we put s1 = s — [l|]sg € K.
T

Lemma 2.4. We have Ly = Ly, and pip(s1) < 0.

Proof. Corollary 1.5 shows that Ls = Ls,. Let p be a prime ideal of K ()
above p. Then one has that (v;(s — (), vs(s — ¢™Y) = (41,0) or (0,51)
since p { I. When (v5(s — Cﬂ),vpv(s — (YY) = (41,0), we have (v5(s0 —
¢, vs(s0 — ¢tH) = (4,0), respectively. It follows from s; = s po [l]so that

s1—¢t s — (7!

s1—¢ s—¢ ( 80—<1>—l.

This implies that v;((s1 —¢)/(s1 — ¢71)) =0 and vy(s1 — ¢*1) < 0. Thus
we have py(s1) = v5((51 — ()31 — 1) <0. 0

Proposition 2.5 (Komatsu [7]). We assume (I, K,p) = (3,Q,3Z). For
an s € Q the decomposition of the prime ideal 3Z in the extension Lgs/Q
is as follows:

(i) the prime 3Z ramifies in Ls/Q if and only if vs(s+1/2) € {0, 1}.

(ii) the prime 3Z splits completely in Ls/Q if and only if vs(s + 1/2) &
{~1,0,1,2).

(iii) the ideal 3Z remains prime in Ls/Q if and only if vs(s + 1/2) €
{=1,2}. When v3(s + 1/2) = —1 and 3s = F1 (mod 3), we have
Artsz(Ls/Q) = oT!, respectively. For the case v3(s + 1/2) = 2 and
(s +1/2)/9 =41 (mod 3), it satisfies Artsz(Ls/Q) = ot!, respectively.

Let fo(t, X) be the cubic polynomial R3(t,X) = X3 — 3tX? — (3t +
3)X — 1. For a rational number s € Q let Ly denote the minimal splitting
field Splg fo(s, X) of fo(s, X) over Q. Now assume that s ¢ [3]T(Q), that
is, Lg is a cyclic cubic extension of Q. Then it holds that Ls = Q(x) for a
solution z € Q of R3(s, X) = 0. Let o be a generator of Gal(Ls/Q) such
that o(z) =z —71: (=1) = (= — 1)/x. The following table shows the Artin
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symbols Art,(Ls/Q) for prime numbers p with 2 < p <19 and p # 3.

P a0 split ol inert o? inert ram. or bl.up
2 00 0 1 —

5 00, 2 1,4 0,3 -

7 00, 3 0,5 1,6 2,4

11 00, 2,5,8 0,6,7,9 1,3,4,10 -

13 00,4,6,8 1,2,7,12 0,5,10,11 3,9
17]c0,0,1,8,15,16| 2,6,7,11,12,13 [3,4,5,9,10,14 -
19|c0,0,1,9,17,18(4,10,12,13,15,16| 2,3,5,6,8, 14 7,11

The number m at p-row in the table above means that s is a p-adic integer
with s = m (mod p). For example, if s € Q satisfies that vs(s) > 0 and
s =1 (mod 5), then the ideal 5Z remains prime in L;/Q and the Artin
symbol Artsz(Ls/Q) is equal to o' = o. The symbol co represents that
vp(s) is negative, i.e., the image of s by the reduction map 7'(Q) — T'(F,),
s+ s (mod p) is equal to co. On the column of “ram. or bl.up”, it holds
that p1,(s) = vp(s2+s+1) > 1. If u,(s) is not divisible by 3, then p ramifies
in Ls/Q. When p,(s) = 0 (mod 3), one can blow-up s to a new s; € Q
such that Ly = Ly, and ppy(s1) < 0. In fact, for a number sp € Q with
vp(s — s0) = pp(s)/3 we put s; = s p [3]so € Q. Then we have Ly = Ly,

and fy(s1) < 0. The decomposition type of p in L,/Q coincides with that
in Ls, /Q, which is determined completely by the data that s; belongs to
the columns of “split” or “inert”. In particular, p is unramified in Ls/Q.
The symbol — at the column of ram. or bl.-up is denoted for the fact that
p = 2 (mod 3) cannot ramify in any cyclic cubic fields due to class field
theory. Indeed, it satisfies pp(s) < 0 provided p = 2 (mod 3). The table
for p = 3 is as follows.

v3($) o0 split ol inert o2 inert ram.

>0 |s=13(mod 27)|s = 22(mod 27)|s = 4(mod 27)|s # 4(mod 9)
-1 0 3s = 2(mod 3) |3s = 1(mod 3)
< -2 all cases 0 0 0

For example, if s is a 3-adic integer with s Z 4 (mod 9), then 3Z ramifies
in Ly/Q. When v3(s) < —2, the prime ideal 3Z splits completely in L,/Q.
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GENERALIZED KUMMER THEORY

3. Numerical examples of cubic polynomials

In this section we study the Artin symbols in the cyclic cubic fields ob-
tained by some cubic polynomials. Let ¢ be a primitive 3rd root of unity
in Q. Let K be a field containing Q. Let f(X) be a cubic polynomial over
K of the form f(X) = X3+ a3 X%+ a2 X + a3 whose discriminant is equal
to a non-zero square 62 for § € K*. Let by and b3 be elements in K such
that g(X) = f(X —a1/3) = X3+ bo X +bs. One has that by = —a?/3 +as
and b = 2a3/27 — ajas/3 + a3. Then it holds that

6% = discx f(X) = a?a3 — 4alaz + 18a1aza3 — 4a3 — 27a% = —4b3 — 2703,

When by # 0, we define the invariant ¢ € K of the polynomial f(X) by
¢ = —(9b3+0)/(20). The invariant is determined up to p that is, cor —c—1

due to the choice of the signature of the square root ¢ of the discriminant
discx f(X). If b = 0 and b3 # —1, then the invariant ¢ is defined to be
@ 1(=b3) = (C"1b3 + ¢)/(b3 + 1). For the case (ba,b3) = (0,—1) we set
c = (. Let fo(t, X) be the cubic polynomial R3(t, X) = X —3tX? — (3t +
3)X — 1.

Lemma 3.1. We have Splg f(X) = Splg fo(c, X).

Proof. When by # 0, it is seen that

9(27b% + d?) 27b3(27b% + §2)
— Y3 3 3
fole, X +¢) =X° — Xt 55

= X3 + (963 /6%) X — 27b3b3 /5>

=g9(X/7)7°
where v = —3by/§ € K*. If by = 0, then 6% = —27b3 and ¢ € K. This im-
plies that ¢~1(—b3) € K and Sply (X3 + b3) = Sply fo(¢ 1 (—b3), X) pro-
vided b3 # —1. For the case of (bs, b3) = (0, —1) it holds that Splg f(X) =
K = Sply fo(¢, X) since f(X) = (X — 1)(X = ¢)(X —¢?) and fo(¢, X) =
(X - Q). O
Let us start with f(X) = X3 —3tX? — (3t +3) X — 1. Here it satisfies that
(a1,a2,a3) = (=3t, —(3t + 3),~1) and (bz,b3) = (=3(t* + ¢ + 1), —(2t +
1)(t24t+1)). One has that discx f(X) = 3*(t2+t4+1)2. If 6 = 32(t2+t+1),
then ¢ =t and fo(t, X) = X3 — 3tX? — (3t + 3)X — 1, which is the same
as the starting one. Lecacheux [8] gave a cubic polynomial

filt,X)=X3— (- 2t* + 3t —3)X? —#?X — 1
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and Kishi [4] constructed cubic polynomials

[
fa(t, X) = X3 +3(3t2 -3t +2)X%2 +3X — 1,
f3t,X)=X3 —t(t2+t+3)(2+2)X? — (2 + 2t + 3t + 3) X —
fa(t, X) = X3+ (¢8 + 216 — 3t° + 3t* — 443 + 5% — 3t + 3) X2
t2(t3 2)X — 1.

It is calculated that the discriminants discf;(t, X) of the polynomials
fi(t, X)) are

discx f1(t, X) = (t — ) (t2+3) (12 — 3t + 3)2,

diSCXfQ(t,X) =36 ( ) ( t+1)2,

discy f3(t, X) = (t? (t2—|—3) (tt + 3 + 4t + 3)2,

discx f4(t, X) = (£2 t+ D23+t —1)2(t* — 3 +t2 - 3t + 3)?

x (t* + 2t3 + 4t? + 3t + 3)2.
Let ¢;(t) be rational functions in Q(¢) such that
t(t* — 33 + 6% — 8t + 6)

t) =
alt) 3(t—1) ’
9t — 183 + 182 — 8t + 1
ealt) = - 2 — 1 ’
0 t(t8 + 27 4 90 + 11#° + 25¢* + 18t 4 25t% 4 8t + 9)
C3 =

3(t?2+1) ’
ca(t) = —t(t13 4+ 3t — 5¢10 4 612 — 1268 4+ 17¢7 — 1816 4 2415
—23t4 4+ 2143 — 1512 + 11t — 6)/(3(t> +t — 1)).

Lemma 3.2. We have Splg fi(t, X) = Splg fo(ci(t), X) fori=1,2,3
and 4.

Proof. The equations of the assertion follow from Lemma 3.1 and the
algorithm for computing the invariants ¢ = ¢;(t) of f;(t, X), respectively.
Indeed, the square roots d;(t) of the discriminants discx f;(t, X) for the
computations are

o1(t) = (t —1)(#2 +3)(#? — 3t + 3),

5a(t) =33 (2t— (2 —t+1),

63(t) = (2 t2+3)(t4+t3+4t2+3),

Sa(t) = (12 —t+1)(t3+t Dt =13 +2 — 3t +3)
x (t 4 213 + 4t2 + 3t + 3).
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It is seen that c;(t)?+c;(t)+1 have the cubes of polynomials 7;(t) as factors
where 0y (t) = t2 —t+1, no(t) = 3t2 =3t +1, n3(t) = t*+t3+3t2+t+1 and
na(t) = 0414 =213 +12—t+1, respectively. As the blow-up argument before
Lemma 2.4 one may think that there exist rational functions ¢;(t) more
“suitable” than c¢;(t) such that Splg fo(ci(t), X) = Splg)folci(t), X).
We define e () = —t,ea(t) = =3t + 1,e3(t) = —(t2 +t + 1)/t and e4(t) =
—(t3+t—1)/t. Indeed, it holds that n;(t)||(c;(t) —;(t)) for i = 1,2,3 and
4. Now put ¢(t) = ¢;(t) p [3]ei(t), respectively. The direct computation

implies

Lemma 3.3. We have

. 2 2 _

Git) = :t),((i_i)) a2 +at+1=" +§2~)((f _1)3; 3
Gat)=t—1, c() g(t) 1—t2—t+1

B tQt_l £2 4 3)(t1 + 65+ 462 1 3
=) = (t+1)(t3—t2+t 3)

64( ) - 3(t3 4+t — 1) ’

a®)?+alt)+1=E —t+ 1)t -3+t -3t +3)
X (14 4 23 4+ 412 + 3t + 3)/(32(¢3 + t — 1)?).

For the equation

Splqe) f2(t, X) = Splg fo(c2(t), x) = Splg fo(t — 1, X),

we omit the following argument for the case of fa(t, X). Let us fix i = 1,
3 and 4. For a rational number s € Q we denote by M, the field Lé}(s) =
Splg fo(ci(s), X) = Splg fi(s, X). Assume that ¢;(s) € [3]T(Q). Let x be
a solution of fy(c(s),X) =0 and o a generator of Gal(M/Q) such that
olx) =x —ilp— (=1) = (=2 — 1)/x. The decomposition types and the Artin

symbols Art,(Ms/Q) in M,/Q of prime numbers p < 19 are as follows.
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For the polynomial fo(é1(t), X) we have

P oV split ol inert o? inert ram. or bl.up
2 00, 1(4) 0(2),3(4) 0 -

3 00,1 0 2 0 = ram.

5 o0, 1 2,4 0,3 -

7 00, 1 0,3 0 2,4,5,6
11 00, 1,9 0,3,4 2,5,6,7,8,10 -

13 00,1,2,12 4,9 0,3,8,10 5,6,7,11
17|00,0,1,3,4,5,6,9|7,10,11,12,14| 2,8,13,15, 16 -

19| ©0,0,1,3,8,17 | 2,5,7,10,18 [6,11,12,14,16| 4,9,13,15

The integer m at the p-row in the table above implies that s is a p-adic
integer with s = m (mod p). The symbol oo at the p-row means that v, (s)
is negative. The notation m(p’) represents that s is a p-adic integer with
s =m (mod p’). For the polynomial fo(c3(t), X) we have

P o split ol inert o2 inert ram. or bl.up

2 00 0(2),1(4) 3(4) -

3| 00,43(81) 2(3),16(81) 70(81) o.w.! = ram.

5 00,2,3 0 0,1,4 -

7 00,4 0,1 0 2,3,5,6

11 0, 3,9 0,1,7,10 2,4,5,6,8 -

13|, 4,5,8,10,12 2,9,11 0,1,3 6,7

17| 00,0,1,2,4,13 |9,10,11,12,15,16| 3,5,6,7,8,14 -
7,8,11,12,

19| 00,0,1,2,9,14 3,5,6,10 13,16.17,18 4,15

Here the “o.w.!” in the table means the otherwise case, which is equivalent

to the condition that 0(3), 1(9), 4(9), 7(27) and 25(27). In such a case,
the extension M;/Q is ramified at 3. For the polynomial fy(ca(t), X) we
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have
P o split ol inert o? inert ram. or bl.up
2 00 0,1 [} -
3 |00,20(27), 14(81)|1(3),2(27),41(81){11(27), 68(81)| 0.w.2 = ram.
5 00, 1 2 0,3,4 -
7 00, 2 0,4,6 1 3,5
11 0, 2,8,9 0,1,7,10 3,4,5,6 -
13 00, 6 5 0,2,3,7,12 |1,4,8,9,10,11
00,0,5,6, 8,
17 {12’ 13, 15,16 2,3,4,7,9,11,14 1,10 —
19| o0,0,4,14,18 9,10,13,15,17 1,6,7,11 |2,3,5,8,12,16

The “o.w.?” in the table means the otherwise case, which is equivalent to
the condition that 0(3), 8(9), 5(27) and 23(27). In such a case, M;/Q is
ramified at 3.

Theorem 3.4. The family {Splgfi(s, X)|s € Q} does not contain any
cyclic cubic fields E which are unramified at two prime numbers 2 and 3

with Arte(E/Q) = Arts3(E/Q) # id.

Let F13 and Ei9 be cyclic cubic fields with conductor 13 and 19, re-
spectively.

Lemma 3.5. Fori = 13 and 19 we have Arta(E;/Q) = Art3(E;/Q) # id,
respectively.

Corollary 3.6. The polynomials fi(t, X) is not generic over Q for Cs.

Remark 3.7. By a geometric approach it is already shown that the polyno-
mials f1(t, X), f3(t, X) and f4(¢, X) are not generic for C3 over any finite
algebraic number fields (cf. [5]).

Remark 3.8. There are symbols () at 7-rows in the tables for fo(c1(t), X)
and fo(cz(t), X), respectively. However, the case of Arty(M,/Q) = o?
occurs because of some blowing-up cases.
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