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A family of totally ordered groups with some
special properties

Elena Olivos

Abstract

Let K be a field with a Krull valuation | | and value group G # {1},
and let Bg be the valuation ring. Theories about spaces of countable
type and Hilbert-like spaces in [1] and spaces of continuous linear
operators in [2] require that all absolutely convex subsets of the base
field K should be countably generated as Bx-modules.

By [1] Prop. 1.4.1, the field K is metrizable if and only if the
value group G has a cofinal sequence. We prove that for any fixed
cardinality W, there exists a metrizable field K whose value group
has cardinality 8,. The existence of a cofinal sequence only depends
on the choice of some appropriate ordinal o which has cardinality N,
and which has cofinality w.

By [2] Prop. 1.4.4, the condition that any absolutely convex subset
of K be countably generated as a Bx-module is equivalent to the fact
that the value group has a cofinal sequence and each element in the
completion G# is obtained as the supremum of a sequence of elements
of G. We prove that for any fixed uncountable cardinal 8, there exists
a metrizable field K of cardinality N, which has an absolutely convex
subset that is not countably generated as a Br-module.

We prove also that for any cardinality X, > N for the value group
the two conditions (the whole group has a cofinal sequence and every
subset of the group which is bounded above has a cofinal sequence)
are logically independent.

1 Preliminaries

In order to obtain, for any cardinality N, > Ny, a metrizable field K whose
value group has cardinality N, we will construct below an abelian totally
ordered group as a subset of the direct product of a family of subgroups of
(R*,-, <) indexed by some ordinal « of cardinality N,. In this section we
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recall the principal features concerning to ordinals and cardinals. Readers
may refer to [3] for additional information.

A linear ordering < of a set A is a well-ordering if every nonempty
subset of A has a smallest element. A set T is an ordinal number if
every element of T is a subset of T" and 7" is well-ordered with respect to the
membership-relation (€).

We use small Greeks letters to denote ordinal numbers. The class of all
ordinals is denoted by Ord; it is easy to see that Ord is not a set. The relation
on Ord defined by a < ( if andonlyif o € § is a well-ordering of the class
Ord. Thus, 0 = ¢ is the first ordinal, and for each ordinal number o, & = {3 :
(3 < a}, we have that a+1 = aU{a} = inf{3 : § > «} is an ordinal called the

successor of a. If « is not a successor, then a =sup{G: 3 < a} = U Ié;

B<a
and it is called a limit ordinal. We also consider 0 as the first limit ordinal.

Every well-ordered set is isomorphic to a unique ordinal number. The finite
ordinals are denoted by 0,1,2,...,n, ... and they correspond to the order-
type of the natural numbers. The order-type of the set of natural numbers
is denoted by w and it is the first limit ordinal different from 0, and the first
infinite ordinal. It is important to note that w, w + 1 and w + w represent
different order-types, although all of them are isomorphic as sets with the set
of natural numbers. For example, w + 1 represents the order-type of the set
NU {oo} such that n < oo for all n € N ; w + w represents the order-type of

the set {TLLle neN}U{l+ nLJrl :n € N} with the usual ordering on

the rational numbers. That is to say “two copies of w". The lexicographical
order on N x N is represented by w copies of w. The first uncountable ordinal
is denoted by w;. Also, wi, w1 +n, wi + w, w1 + w;y are different as ordered
sets but all of them are isomorphic as sets.

With this fact in mind, cardinals numbers are defined. Two sets have the
same cardinality if there exists a bijection between them. The cardinality of
a set A is denoted by |A|. Thus, for example, |w| = |w + w|.

Definition 1.1: An ordinal number k is a cardinal number if || # |x| for
all A < k.

The class of all cardinals is denoted by Card. Every infinite cardinal is a
limit ordinal. Converse is not true. For example w + w is a limit ordinal but
it is not a cardinal number. We use R, to denote the cardinal number and
wq to denote its order-type. Thus, g = wy = w; a1 = wWar1 = NI and
N, =w, =sup{ws : < a}, if a is a limit. In this case we say that X, is a
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limit cardinal. The rules for addition and multiplication of infinite cardinals
are quite simple: R, + Rz =R, - X3 = max{R,, Ng}.

Definition 1.2: Let a > 0 a limit ordinal. The cofinality of «, cf(«) is
defined as the smallest limit ordinal A such that there exists an increasing
family of ordinals indexed by A, {a. : € < A} with sup{a.} = a.

e<A

For example, for any ordinal «, we have ¢ f (wq4.,) = w because sup{wain} =
n<w

Watw- On the other hand, ¢f(w;) = w; since there does not exist a countable
family of ordinals {a,,} such that sup{a,} = w;. A limit cardinal X, is reg-

n<w
ular if ¢f(wy) = wy and it is singular if ¢f(w,) < w,. There are arbitrarily

large singular cardinals. Using the axiom of choice, it can be proven that
every N,y is a regular cardinal.

2 The construction of the group I,

Let I be a totally ordered set. For each index i € I, let GG; be a totally
ordered multiplicative group with unit element 1;,. The direct product
H G; of the family {G,};c; consists of all functions f : [ — U G, such that
icl iel

f(i) € G; for all i € I. With respect to the componentwise multiplication
H G, is a group with unit element 1 = (1¢, : i € I). For every f € HG“
icl icl
one defines the support of f as supp(f) ={i € I : f(i) # 1¢,}. In [4], the
Hahn product is defined as the subgroup of the direct product consisting
of all functions f such that supp(f) is a well-ordered set and it is denoted by
HieIGi' An ordering is introduced by declaring f < g if f(k) < g(k) where
k is the first element of I such that f(k) # g(k). We will define groups T',,
as special Hahn products.

Let a be an ordinal, {G}s<q a family of abelian multiplicatively written
totally ordered groups of rank 1. (This means that each G is a subgroup of
<(0,00), ) §>)

The group I', is a subset of the direct product of the family {Gg}s<qa
defined by:

I'n={f¢e H Gp : supp(f)isfinite}

[B<a
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with componentwise multiplication. We define the degree of f as deg(f) =
max{supp(f)}. The ordering on I', is defined by f > 1 if and only if
f(degf) > 1. We say that I, is antilexicographically ordered. Furthermore,
for every element b € G, we define the element x(, ) € I'a by x(,8(3) = b
and x5 (7) = 1if v # 5.

For example, I, = @ Gy, is used in [1] with a countable family {G,} of

n<w

cyclic groups. Note that I',, has not a “last copy" of G,,. On the other hand,
the group I',11 is also a subgroup of the direct product of a countable family
of groups, but in this case we do have a “last copy", the group G,,.

Consider the set (I, <) where I = {# € Ord : § < a} with the inverse
ordering on Ord. That is tosay f < yifand only if y < G forall 5,y € I. It
is clear that (I, <) is not well-ordered, but the well-ordered subsets of I are
precisely the finite ones. Therefore the groups I', are Hahn products over
(I,=).

A convex subgroup H of a totally ordered group G is called principal if
there is an element g € G such that H is the smallest convex subgroup of
G containing g. By [4], every convex subgroup H which is not principal is
equal to the union of all principal convex subgroups of G contained in H. In
this case H is called a limit convex subgroup. For every 0 < a we define
the sets:

Hy = {f €Tudeg(f) < B} and Hj={f € Tu: deg(f) < 5}

For convenience, we put H} = {1}. The next proposition justifies this nota-
tion.

Proposition 2.1: Hp is a principal conver subgroup generated by any ele-
ment [ such that deg(f) = 3. Each principal convex subgroup of T, is equal
to Hg for some 3 < c.

Proor:

It is clear that Hgs is a convex subgroup. Now, let f € Hp such that
deg(f) = (. This means f(3) # lg,. Without loss of generality we may
suppose that f(3) > 1g,. Let H be a convex subgroup that contains f and
let h € Hz, h > 1. We shall prove that h € H. If deg(h) < fthen1 < h < f
hence h € H. Suppose deg(h) = (3. Because the order of G is archimedean,
there exists n € N such that 1¢, < h(8) < f(5)" which implies 1 < h < f7,
hence h € H. Therefore, Hg is a principal convex subgroup because it is the
smallest convex subgroup that contains f.
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Now let H be a principal convex subgroup generated by some element
g € H. Then g € Hyeg(y) which means that H = Hey(g). O

Corollary 2.2: If H is a proper convex subgroup of Iy, then there exists
B < a such that H = Hg or H = H}.

ProoF:
It is immediate because if H is not a principal convex subgroup, from
the above proposition H # Hg for all § < a, and by [4], H is the union of

principal convex subgroups, that is to say H = U H.,, for some 3 < . This

v<B
3 exists of course, § = min{y : Vf € H (deg(f) < 7v)}. Therefore, h € H if
and only if deg(h) = v for some v < f3, if and only if h € H, C H}. O

Remark 2.3: If § is an infinite limit ordinal, then Hj is not a principal
convex subgroup. Indeed, if Hj is generated by f, because deg(f) = v for
some v < (, then f € H, from which Hj C H,, a contradiction. On the
other hand, if 8 =~ + 1 then H} = H,.

Hence, the order-type of the set of all principal convex subgroups of I'y,
ordered by inclusion, is a.

Proposition 2.4: Let a be an infinite limit ordinal. Then the following are
equivalent:
i) There exists an increasing sequence of principal convex subgroups {Hpg, :

n € w} such that T, = U Hg,.

i) cf (o) = w. -

ii1) Ty, has a cofinal sequence.

ProOOF:

(i) = 1)) If there exists such a sequence then sup{f, : n < w} = «,
hence ¢f(a) = w.
(2 = 3) If ¢f(a) = w, there exists an increasing sequence {3, : n < w}
such that sup{f, : n < w} = a. Because each group Gy is a multiplicative
subgroup of R, each of them has a cofinal sequence. Let ag, be the n-th
element in a cofinal sequence of Gpg,, for all n € N. Then the sequence
{X(ag, p.) : m < w} is cofinal in T,
(3 = 1) Finally, if T, has a cofinal sequence {f, : n < w}, then I, =
U Hde!](fn)'

n<w
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Definition 2.5: [2] A totally ordered group G is quasidiscrete if min{g €
G : g > 1} exists in G. A group that is not quasidiscrete is called quasi-
dense.

In infinite rank it is possible to have a quasidiscrete group which has
quasidense subgroups. (See [2], example at the end of 1.2).

Proposition 2.6: I',/H}; is quasidiscrete if and only if G is quasidiscrete.
In particular, Ty, is quasidiscrete if and only if Go is quasidiscrete.

PROOF:

Suppose I'y/H} is quasidiscrete and let 7 : Ty, — T'o/Hj the canoni-
cal projection. Remember that for each f,¢g € I', the ordering in FQ/HE
is defined by 7(f) < n(g) if and only if fg=' ¢ Hj and f(deg(fg™")) <
g(deg(fg™")). Let fo € I'y such that «(fo) = min{r(f) € T'w/H} : n(f) >
m(1)}. We claim that deg(fy) = 8 and fo(8) = min{g € G5 : g > 1g,}. In
fact, notice that fo ¢ Hj hence deg(fo) > 3 and because it is the minimum,
deg(fo) = 8. Furthermore, if there exists a € G3 such that 1g, < a < fo(3)
in Gg, then X, ¢ Hj and we have 7(1) < 7(X(,5) < 7(fo), a contradic-
tion. Therefore, G is quasidiscrete.

Conversely, if G is quasidiscrete, let a = min{b € Gg : b > 1}. It follows
immediately that the element x(q4,p) satisfies 7(x(a,5)) = min{r(f) € ['n/H} :
m(f) > (1)}, hence ',/ H}; is quasidiscrete. 0

3 Completions of linearly ordered sets

Completions of totally ordered groups are important in order to obtain supre-
mum and infimum of subsets of them. In this section we define the Dedekind
completion of arbitrary linearly ordered sets. We study the extension of
mappings between two such sets (or groups) to their completions.

A linearly ordered set X is called Dedekind complete if each nonempty
subset of X that is bounded above has a supremum. A subset A of a linearly
ordered set X is called dense (in X) if for each s € X:

supy{fa€e A:a<s}=infxy{lac A:a>s}=s

Let Z be any set. A function f: Z — X is called dense if f(Z) is dense in
X. A Dedekind completion of a linearly ordered set X is a pair (X% 1)
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where X7 is a complete linearly ordered set and i : X — X7 is a strictly in-
creasing and dense mapping. This completion satisfies the following universal
property:

Proposition 3.1: Let (X# i) be a Dedekind completion of a linearly ordered
set X. Then for every linearly ordered Dedekind complete set Y and every
strictly increasing and dense mapping p : X — Y, there is only one strictly
increasing function 1 such that o = oi.

PrOOF: Let Y be a linearly ordered complete set and ¢ a strictly increasing
and dense mapping from X to Y. We define ¢(s) = supy{¢(z) : = €
X Ni(x) < s} foreach s € X#. Then for all z € X we have ¢(z) = (¢ oi)(z).
Furthermore, if s < t in X%, by density there exist a,b € X such that
s <i(a) <i(b) <t and then ¥(s) < ¢(a) < ¢(b) < (t), hence 1 is strictly
increasing.

For uniqueness, let 6 : X# — Y another strictly increasing mapping such
that §oi = ¢. Then, there is an s € X# with §(s) # 1(s). By the definition
of ¥ we have ¥(s) < d§(s) and by density of ¢ there is an a € X such that
P(s) < pla) < d(s) or P(s) < p(a) < 6(s). In the first case if s < i(a) then
d(s) < 0(i(a)) = ¢(a) a contradiction, therefore i(a) < s from which it follows
that ¢(a) = ¢(s). But s ¢ X, then thereis a b € X with i(a) < i(b) < s and
¢(a) = ¢(b), but that is not possible by injectivity of ¢. A similar argument,
taking into consideration that s = infyx{x € X : i(z) > s} works in the case
U(s) < pla) < o(s).

Therefore, v is unique. In particular, for each s € X# we have:
sup{p(x) 1z € X Ni(x) < s} = ir}}f{g@(x) cx e X Ad(x) > s}
Y

O

The above proposition proves that all completion are order isomorphic

and therefore the canonical completion by Dedekind cuts with the natural

embedding i is a Dedekind completion. As usual, we shall identify ¢ with the

inclusion and we shall write x instead of i(x) for all x € X. From now on we
say complete instead Dedekind complete.

Proposition 3.2: LetY C X and Y#, X# their completions. Then Y can
be embedded in X7 through a strictly increasing mapping 7 : Y ¥ — X# such
that T(y) =y for ally € Y.

PROOF: Let 7(s) =supy#{y € Y : y < s} for all s € Y#. Then 7(y) =y
for all y € Y and s < t in Y# implies there are y;, y» € Y such that
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s <y < yy < t. Therefore 7(s) < y; and 7(t) > yo, hence 7(s) < 7(t) that
is to say 7 is strictly increasing. 0

Remark 3.3: Actually, the mapping 7 of the above proposition is not nec-
essarily unique. For instance, let X = Q, Y =Q N ([0,1) U (2,3]). Then,
Y# = [0,1) U {a} U (2,3] where a € [1,2] is arbitrary. Hence, there are
infinite mappings which extend /dQ. Uniqueness is obtained if Y is dense in
the convex hull of Y in X.

Definition 3.4: [1] Let X be a totally ordered set and let Y C X. The
X-convex hull of Y is defined by:

convxY ={z € X : 3y, 1 €Y(pn <o <)}

Proposition 3.5: IfY C X is dense in convxY , then the mapping T of the
above proposition is unique.

PRrROOF: Let § : Y# — X% strictly increasing such that 6(y) = y for all
y € Y. Suppose that § # 7. Then 7(s) < d(s) for some s € Y# \ Y.
This means that there exist ¢, yo € Y such that y; < s < y,. Hence,
y1 < 7(s) < d(s) < ya. Therefore there is an element y € Y such that
7(s) <y < d(s). But s < y implies d(s) < y and y < s implies y = 7(s).
Hence 7 is unique. 0O

Corollary 3.6: Let H be a conver subgroup of a totally ordered group G.
Then there is only one strictly increasing mapping T : H* — G% such that
7 =1Idy and H* = convgs H

Proposition 3.7: Let G1, Gy be totally ordered groups and let T : G1 — Go
a surjective homomorphism of totally ordered groups. Then there exists an
increasing mapping ™% : G7 — GF that extends 7.

PROOF: Again, let 7# be defined by 7#(s) = sup g {r(g9) 19 € G1A g < s}.
(|

Remark 3.8: Since Kerrt is a convex subgroup of G; we can restate the
proposition 3.7 in the following way:

Let H be a convex subgroup of a totally ordered group G and 7 : G — G/H
the canonical projection. Then there exists an increasing mapping ©# : G¥ —
(G/H)# which extends the projection 7.
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We have uniqueness of 77 in the case that G/H is quasidense.

Proposition 3.9: Let G, H, 7 as before. If G/H is quasidense then 7% is
unique. If G/H is quasidiscrete then there are exactly two extensions of .

PROOF: By proposition 3.7, the mapping 7# : G# — (G/H)¥ is increas-
ing and extends the projection m. Suppose that exists another increasing
extension § of 7. Then there is an s € G# \ G such that 7% (s) < d(s). By
density, there are gy, g» € G such that 77 (s) < 7(g1) < 7(g2) < §(s). Thus
g1 < s < go from which it follows that 7(1) < 7(g; 'g2) hence 7% (s) = 7(g1)
and 0(s) = 7(ga).

If there exists a € G with 7(1) < 7(a) < 7(g; 'g2) then 7(g1) < 7(ag)) <
7(g2). But g1 < ag; < s implies a € H and s < ag; < g2 implies m(ag;) =
7(g2) a contradiction. Therefore if G/H is quasidense, 77 is unique. In
particular sup g py#{7(g) : g < s} = infq/m#{n(g) : g > s}.

If there does not exist a € G with 7(1) < 7(a) < 7(g; 'g2) then G/H is
quasidiscrete and 7% (s) = sup /gy« {7(g) : g < s} and 7(s) = inf /gy {7 (g) :
g > s} may be different (for instance take s = sup H), but both of them are
increasing mappings which extend 7. We claim that they are the only ones.
In fact if there were another extension d then, as in the first paragraph, we
would have s < g, which implies 7(s) < d(s), a contradiction. O

4 Cardinality conditions

Spaces of countable type play a fundamental role in the theory of Hilbert-
like spaces. Let K be a field with a non-archimedean valuation. If it has
the property (x): Every absolutely convex subset of K is countably generated
as a Br-module, then all subspaces of spaces of countable type are also of
countable type. It is not yet known if this is true when the field K does
not satisfy (). By [1] Proposition 1.4.4, (%) is equivalent to the following:
the value group G has a cofinal sequence and every element of G# is the
supremum of a sequence of elements of G.

In this section we show that these conditions are true for the groups I',
if and only if ¢f (o) = w and o < wy. We give a characterization of those I,
in which one and only one of these two conditions are valid, thereby proving
that they are logically independent. We describe also those I', in which
neither of them hold.
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It is well known that for every totally ordered group I' there exists a
valued field K such that I' is its value group. For our purposes we shall use
the construction indicated in [5] of such a K.

Let F' be an arbitrary field and let R = {f : I' — F : supp(f)is finite}.
With the operations + and - defined by:

(f+9)M)=Ff+9()  Fo) = D fn)-g(w)

Y1v2=Y

R becomes a domain. Let v : R — T' be the mapping defined by v(f) =
max{y € I': f() # 0} and let K be the field of fractions of R. We extend v
to K by letting v(f~!) = v(f)~!. Tt is easy to see that v is a Krull valuation
of K with v(K) =T.

Theorem 4.1: For any fized cardinal R, there exists a group Iy, of cardi-
nality N, which has a cofinal sequence.

Proor: Consider the ordinal o = w,, +w. Then |a| = R, and cf(a) = w.
Therefore, the group I', has cardinality X, and, by Proposition 2.4, it has a
cofinal sequence. 0O

Corollary 4.2: For any fized infinite cardinal N, there exists a Krull valued
field of cardinality N, which is metrizable.

Proor: It is enough to consider the group I', of the above proposition
which has a cofinal sequence (hence it has a coinitial sequence). Then we use
the construction of [5] in order to obtain a field K with value group T, and,
by [1] Theorem 1.4.1, the metrizability of this field is guaranteed. 0

Theorem 4.3: For any fixed uncountable cardinal X, , there exists a group
[, with |a| =R, and an element s € T# which is not the supremum of some
countable subset of I',.

PROOF: Since N, is uncountable, we choose « such that w; < « and
la] = N, Let s = sup Hj . Because s ¢ I, , suppg{t € T7 1t < s} = s.
However, if there exists a sequence {g¢;}i<, C ', such that suppﬁ{gi :
i < w} = s, then the sequence {deg(g;) : i < w} would be cofinal in wy, a
contradiction. 0O

Corollary 4.4: For any fized uncountable cardinal R, there exists a field
K with a Krull valuation which is metrizable and contains absolutely convex
subsets which are not countably generated as By -modules.
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PROOF: Again, by [5], we consider the field K with a Krull valuation | |
and value group I', where w; < «, ¢f(a) = w and |o| = R, as the above
proposition.

We claim that the set B(0,s)”, where s = sup H}, is not countably
generated as a Bg-module. In fact, let B(0,s)” be generated as a B-
module by ki, ko, ... € K. By [1] Proposition 1.4.4, s = sup{|k;| : i € N}, a
contradiction. O

Let a be an ordinal and consider the group I',. The condition ‘T, has a
cofinal sequence’ will be denoted M and the condition ‘every element of I'#
is the supremum of a sequence of elements of I',,’” will be called S. The above
results can be restated as follows:

i) If & < w; then I, satisfies M and S.

ii) If a = wy then I'y, satisfies S but does not satisfy M.

iii) If &« > w; and « is a succesor or cf(a) = w then I, satisfies M but
does not satisfy S.

iv) If @ > w;y and ¢f(a) > wy then I', does not satisfy neither M nor S.

Now, let I be an arbitrary linearly ordered set and let {G;};cr be a
family of totally ordered multiplicative groups of rank 1. Let I'; = {f €
H G : supp(f)isfinite} with componentwise multiplication and antilexico-
éilaphically ordered. We prove that I'; has a cofinal sequence if and only if 1
has a cofinal sequence or I has a last element.

With respect to the second one -every s &€ ka is the supremum of a
sequence of elements of I'j- we show that it is equivalent to a condition on
the index set I, that sup;+{deg(f) : f < s} should be equal to the supremum
of a sequence in I. A straightforward proof shows:

Corollary 4.5: The group I'; has a cofinal sequence if and only if I has a
last element or has a cofinal sequence.

Theorem 4.6: For every s € F}# there ezists a sequence {gn}n<w C I'1 such
that s = supp#{gn tn<w if and only if for all k € I7 there exists a sequence
I

{in}new such that k = supx{in}ncw-

PROOF: (—) We only need to prove that if k& € I# \ I then there exists
a sequence {in}n<, such that k = sup;#{in}n<,. Foreach i € I, i <k, let
g; € Gy, g; > 1 arbitrary. Let s = supr {X(gii) : © < k}. By hypothesis,
there exists a sequence {f,} C I'; such that s = supr {fn : n < w}.
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Then for each n, there exist i, 7 < k such that i < deg(f,) < j. Therefore
k = sup«{deg(f.) : n < w}.

(<) Let s € T7 \ T;. Let k = sup;4{deg(f) : f € T; A f < s}. Then
there is a sequence {i,,} C I such that k& = sup;#{i,}. It is immediate that
§ = supr {Xgi, sin 0 < w}. 0O
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