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The Affine Frame in p-adic Analysis

Ming Gen Cui
Huan Min Yao
Huan Ping Liu

Abstract

In this paper, we will introduce the concept of affine frame in
wavelet analysis to the field of p-adic number, hence provide new
mathematic tools for application of p-adic analysis.

1 Introduction

The concept of affine frame was introduced to wavelet analysis at first in
reference [2]. And the theory of affine frame was studied in reference [3] and
[4] further. In this paper, we introduce the concept of affine frame in wavelet
analysis to the field of p-adic number as the discrete formula of wavelet
transform. Before now, we have introduced the wavelet transform to the
field of p-adic analysis([1]). General knowledge on p-adic analysis see [6].

It is known that if z = p" Y} _jzwp ™ € RTU{0}, 29 # 0. 0 < 7 <

p—1,k=1,2,---, then there is another expression for x.
n—1 00
e=p' O wp (@ —p "+ (=1 > ph) (1.1)
k=0 k=n+1

We don’t adopt this expression. Let M, be the set of numbers in the form
of (1.1). An mapping p was introduced in reference [5], which p : Qp —
RTU{0}, forx =p > 27 jappt, 2o #0, 0<p—1, k=1,2,---

p(x) =p7 Y a7 (1.2)

For a,,b, € R U {0}, mapping (1.2) follows that

bR — G = :u([ap’ bp])? ap = pil(aR% bp = pil(bR)
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and then we have the following lemma.
def

Lemma 1.1: Let f(x,) € L*(Q,) and f,(z,) = f(p(x,)),zp € Qp,, T, =
p(z,) then

by by
f(xp)dz, = / fr(zp)da,,

where a, = p(ay), b, = p(by).

Remark: 1{[a,, by} is defined as the infimum of measure of all the
disjoint discs covering {B,,(a;)} for interval [a,, b,], and for complex-valued
function f, the integral of f is defined by

/[ . fdz, def inf ) Zf(aiW(Bn (a;)).

2 The Frame in L*(Q))

Let f,h € L*(Qp). The following we will discuss conditions of {h,, , } becomes
to the frame of L?(Qp,). Here, the so-called frame defined as: 3A, B > 0 such
that

Al flz2p) < DI hmn) [F2p) < Bl f 72y

m,n
where

Il = [ 1Pz,

Qp
(f; hmn)LQ(Qp) = /Q fﬁmndxp

It is known that if {h,} is the frame of L?(Q,), then the function f €
L*(Qp) can be express as

F@p) = (f B 2@y i () = > (F P £2(@p) P (2.1)

m,n m,n

here LY, = S hynis the dual frame of hy,,,and S @ L?(Qp) — L*(Qp) is
the frame operator.

Sf= Z(fv hmn)Lz(Qp)hmn
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Theorem2.1. Let f,h € L?(Q,) be complex-value function, and h(0) =
0, z, = p(p), Tp € Qp\ M, here M = p~*(M,), and measure of set M be
equal to 0. Select by = p"®) r(by) € Z, ag = p"@) r(ay) € Z. If

(1) 3A, B > 0 such that for w # 0

AéﬂMQEZ%G?VSR

meZ

(2) supphy C [~ 55, 5]

then o
B () < al?h, %pﬁl_“’p
aO n,meZ

is a frame of L?(Q,), where

oy P M@, ag™nbo) + xy , w, +ag by > 0
() = x T +ap"nby <0
P> R 0 0 >

the sign™ denotes the Fourier transform
flw) = [ fw)e s
R

and h; is defined from(2.3).
Proof. From the definition of o (z,)), we have

(SF Doy = 2 N hmn)rzan |

mneZ
o™ (x,) — x ’
- Z ag' / flap)h § ——25—=F b dz,
m,nez Qp\M Ao
m x, +ay"nb 2
- Z Qg / fR(xR)hl {ROmO} de (2'2)
— RTU{0} Qg

where x, = p(z,), ¥, € Qy \ M, f.(z,) = f(p " (z,)),

hi(zy) = { ZES)_;%)’ iR ; 8 (2.3)

R
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Let
f;(IR)_{ (J)CR(mR)’ z, >0

z, <0
Thus, from(2.2), the following equalities hold

S b 2o

mneZ
x + ay "'nb ?
0
= 2 @[ (S,
m,ne€zZ o
2
/f+( h1 exp(2ma0 "nbow)dw
mneZ

a ’OVL

2
—-m 2bo s T w s —m
= Z ag " fa (w)hl(a—m)exp(%rzao nbow)dw (2.4)

m,nezZ “ 2bg 0
In the last equality, we used supph; C [— ;;’; 3 28] But

am

1
YN /2;)2 fR (w)hl( e —) exp (277@@0 nbow)dw
2bg

is the Fourier coefficient of the function f*( )hl(%) Denotes this coeffi-
Qg
cient by c_,. By the Parseval equality, we have

> el =

m

2y T, N, W -
Z aag fg(w)hl(aim) €xp (27”040 nbow)dw

2m 2
neZ /b neZ _2b0 0
ag 2
bO 2b0 A.t,_ ~, W
= — hi(—)| d 2.5
2byg

By (2.4), we have

2
2b N
S || =5 2 / ) )|
mmneZ meZ _7 0
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1 = ~ W
~ 5 [P P 26)

Here
2

Glw) =)

meZz

(2.7)

~ W
h:(—
()

Finally, by the condition of theorem 0 < A < |G(w)]?> < B and formula
(2.6), we have

+ 23, — + 2 _ 2 _ 2
JiReras= [ineorae, = [ in)ra, = [ ie)ra,

= 111720,

Hence, the theorem follows. O

3 Dual frame A,

It is known that if {h,}m, construct a frame of L?(Q,), then expression
(2.1) is valid. From (2.6), we have

(Sf. Py = — / 1P (@) 26 w)dw

- / F1G) )T (),

= [ (@ )T )
0 J R+U{0}
- bl (f* )" (p(x,)) F(w,)d, (3.1)

where z, = p~'(z,,),z, € R" U{0}, and “V" is the sign of Fourier inverse
transform. Here, we use lemma A.
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(3.1) can be rewritten as

(51 Diran = 3 ((FG) (ola) Fla) (32)

Since f is an arbitrary function in Q,,
(1) ) = 5 (7G) (o(2,) (33)

or for z € R U {0}, we conclude that
(SF)nl@n) = = (F4C) (2,). (SF), = S(fop™) (3.4)

bo

On the basis of formula (3.4), we can extend the domain of function (Sf), (z,)
onto R. Therefore

(553) = 3 FH@IGw), w e B U {0} (3.5)
Replacing f by S~1f in the formula (3.5), we have
Falwn) = (53 )G)
Thus L
AR _ bOfR (w)
(ST (we) = Clw)
or

)

—

(5 ) = {22} (2,)

For z,, > 0, we have

(5 Pl = {22} e

or

)

(57 7)) = o (22) (o(z,)

So for f.(x,),x, > 0,(S7 f)(x,) = bo[f, * (G™1)V] is valid. Finally, We
have
R (%) = bo[(Bun) v % (G™1) (o)),

where the sign % denotes convolution.
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