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Universal edge fluctuations of discrete interlaced particle systems

Erik DUSE
ANTHONY METCALFE

Abstract

We impose the uniform probability measure on the set of all discrete Gelfand—Tsetlin patterns of
depth n with the particles on row n in deterministic positions. These systems equivalently describe a
broad class of random tilings models, and are closely related to the eigenvalue minor processes of a broad
class of random Hermitian matrices. They have a determinantal structure, with a known correlation kernel.
We rescale the systems by % and examine the asymptotic behaviour, as n — oo, under weak asymptotic
assumptions for the (rescaled) particles on row n: The empirical distribution of these converges weakly to
a probability measure with compact support, and they otherwise satisfy mild regulatory restrictions.

We prove that the correlation kernel of particles in the neighbourhood of “typical edge points
convergences to the extended Airy kernel. To do this, we first find an appropriate scaling for the
fluctuations of the particles. We give an explicit parameterisation of the asymptotic edge, define an
analogous non-asymptotic edge curve (or finite n-deterministic equivalent), and choose our scaling such

»

1 2
that the particles fluctuate around this with fluctuations of order O(n~3) and O(n” 3 ) in the tangent and
normal directions respectively. While the final results are quite natural, the technicalities involved in
studying such a broad class of models under such weak asymptotic assumptions are unavoidable and
extensive.

Universalité au bord pour la fluctuation de systéemes discrets de particules
entrelacées

Résumé

Nous considérons la mesure uniforme sur I’ensemble des configurations de Gelfand—Tsetlin de
profondeur n apres avoir fixé la position des particules de la n-ieme ligne. De maniere équivalente, ces
systemes décrivent une grande classe de modeles de pavages aléatoires et ont un rapport étroit avec les
processus de valeurs propres de mineurs d’une grande classe de matrices aléatoires hermitiennes. Ils ont
une structure déterminantale et leur noyau de corrélation est connu. Nous redimensionnons le systeéme
par un facteur 1/n, et examinons son comportement asymptotique lorsque n — oo, sous 1’hypothése
faible pour les particules sur la rangée n, que la distribution empirique redimensionnée de ces derniéres
converge faiblement vers une mesure de probabilité avec support compact, et que cette derniere satisfasse
un minimum de régularité.

Nous prouvons que le noyau de corrélation des particules dans le voisinage d’un « point typique
du bord » converge vers le noyau de Airy étendu. A cette fin, nous trouvons dans un premier temps
un dimensionnement adéquat pour la fluctuation des particules. Nous donnons une paramétrisation
explicite du noyau asymptotique, définissons une courbe non-asymptotique analogue (et son équivalent
en dimension n), et choisissons notre scaling de telle sorte que les particules fluctuent autour de cette

1 2
courbe avec des ordres O(n” 3 ) et O(n™ 3 ), dans les directions respectivement tangentes et normales.
Bien que les résultats de Iarticle soient naturels, les difficultés techniques liées A I’etude d’une si grande
classe de modeles sous des hypotheses si faibles sont substantielles et inévitables.

Keywords: Random lozenge tilings, Universal edge fluctuations, Steepest descent.
2010 Mathematics Subject Classification: 60B20.
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1. Introduction

1.1. Overview of the model, the asymptotic assumptions, and results

In this paper we consider universal edge behaviour of random systems of discrete interlaced
particles referred to as Gelfand-Tsetlin patterns. A discrete Gelfand—Tsetlin pattern of
depth n is an n-tuple, (y1), y?, ..., y) € ZxZ? x- - - xZ", which satisfies the interlacing

constraint,

( (r) (r+1) (r) (r+1)

R A (1.1)
forallr € {1,...,n— 1}, denoted y"*! > y(")_ Equivalently this can be considered as an
interlaced configuration of %n(n + 1) particles in Z x {1,2,...,n} by placing a particle at
position (u,7) € Z x {1,2,...,n} whenever u is an element of y). A Gelfand—Tsetlin
pattern of depth 4 is shown on the left of Figure 1.1.

For each n > 1, fix x € Z" with xE") > xé") > > x;"). Consider the uniform

probability measure, v,, on the set of discrete Gelfand—Tsetlin patterns of depth n with
the particles on row 7 in the deterministic positions defined by x:

vn[(y(l), y(2)’ o y("))] - .

7 (1.2)

1 1 when x® =y » (=D o Lo ()
0 otherwise,

where Z,, > 0 is a normalisation constant. This measure, and the equivalent description
of Gelfand—Tsetlin patterns given above, induces a random point process on interlaced
configurations of particles in Z X {1,2,...,n}. In [8], we show that this process is
determinantal. See Johansson, [14], for an introduction to such processes. (1.3), below,
recalls our expression for the correlation kernel of this process, denoted K, : (Z x
{1,2,...,n})*> — C. Loosely speaking, K,, is a function on pairs of particle positions
which conveniently encodes the densities and correlations of the particles. K, was also,
independently, obtained by Petrov, [23].

As discussed in Sections 1.1 and 1.2 of Duse and Metcalfe, [8], our motivation for
studying these processes is that they are an equivalent description of uniform random
tilings of “half-hexagons” with lozenges, and of perfect matchings of dimer configurations
of honeycomb lattices. The set of “half-hexagons” is a class of polygons with quite general
boundaries. The boundary is determined by the (arbitrary) choice of the above x" € Z",
and particular choices of x™ recover well-studied models. For example, if we fix p, g, r €
Z*,andchoosen = p+rand x™ = (p+qg+r,p+qg+r—1,....p+qg+Lpp—1,...,1),
then we recover the uniform random tiling of a hexagon with sides of length p, g, 7, p, g, r.
Cohn et al., [5], studied the asymptotic shape of a “typical” such tiling as n — oo, under
the assumption that s and 9 converge. Analogous limit shapes for other random tilings
models have been studied, for example, in [17] and [16].
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Ficure 1.1. Left: A visualisation of a Gelfand—Tsetlin pattern of
depth 4. Right: {(x,n) € [a,b] X [0,1] : b > x = x +n—1 > a}.
Assumption 1.2 implies that the bulk of the rescaled particles of the
Gelfand-Tsetlin patterns lie asymptotically in this region as n — oo.

As we will discuss in more detail below, we rescale our systems by %, and examine the
asymptotic behaviour, as n — oo, under weak asymptotic assumptions: We assume that
the empirical distribution of %x(") converges weakly to a probability measure, y, with
compact support (Assumption 1.2), and that %x(”) otherwise satisfies only mild regulatory
restrictions (Assumptions 1.7 and 2.4). We avoid only that degenerate case where u is
Lebesgue measure on a single interval of length 1, and allow all other u which can be
obtained via the weak convergence. Note, as n — oo, the interlacing constraint implies
that the bulk of the rescaled particles of the Gelfand—Tsetlin patterns lie asymptotically in
the polygon shown on the right of Figure 1.1. The technicalities involved in studying the
asymptotic behaviours of these systems, under such weak asymptotic assumptions, are
unavoidable and extensive. A positive aspect of this is that we uncovered many unexpected
situations. Indeed, we have written 4 papers on these rich systems of models. Papers [8, 9]
explore the possible global asymptotic shapes, and this paper and [7] examine the local
asymptotic fluctuations of the particles in neighbourhoods of the possible edges. Paper [8]
examines “classic” global asymptotic shapes, and [9] finds novel global asymptotic
behaviours. Figure 1.2 depicts some example asymptotic shapes obtained using the results
of those papers. In [7], we find novel local asymptotic edge fluctuations.

In this paper, we examine universal local asymptotic fluctuations at “typical edge
points”. To do this, we must first find an appropriate scaling for the fluctuations of the
particles. We start with the explicit parameterisation of the asymptotic edge obtained in [8]
(see (1.15)), and a define a natural subset of the asymptotic edge called the set of typical
edge points (see Definition 1.5). This set is always non-empty, and the difference between
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it and the whole edge is either empty or discrete. Next, we use the parameterisation to
define an analogous non-asymptotic edge curve for each n, sometimes referred to in the
literature as the finite n-deterministic equivalent (see Definition 1.8). We fix a typical
edge point, denoted by (x, r7), and (for each n) we let (x,, n7,) denote the analogous point
on the non-asymptotic edge. Our asymptotic assumptions imply that (x,, 7,) — (x, 1) as
n — oo, but we have no control of the rate of convergence. Nevertheless, Theorems 1.10
and 1.11 essentially prove the following:

Theorem 1.1. Let {(u, rn) }ns1, {(Vis Sn) tns1 € ZX{1,2,...,n} be sequences of particle
positions chosen as follows: For all n sufficiently large, both %(un, rn) and %(vn, Sn)
Sfluctuate around (xn, ), with fluctuations of order O(n_-%) and O(n_%) respectively in
the tangent and normal directions of the non-asymptotic edge curve. Then the asymptotic
behaviour of n%Kn((un, ), (Wi, $n)) is governed by the extended Airy kernel as n — oo.

A steepest descent analysis of an equivalent contour integral expression for
K ((un, 1), (Vi 81)) (see (1.7), below) is used to prove the asymptotics in Theorems 1.10
and 1.11. The length of this paper reflects the extensive technicalities needed to do the
analysis rigorously under our weak assumptions. In Section 2, we examine the roots of the
derivatives of the appropriate steepest descent functions (see (1.8), (1.9) and (1.10)). In
Section 3, we perform the steepest descent analysis. In particular, we highlight Lemmas 3.5
and 3.6, which prove the existence of appropriate contours of descent/ascent. The proofs
of these are given in Section 4. This is, by far, the most difficult part of the paper. Indeed,
our weak assumptions necessitate that we need to prove existence of different contours
for 12 distinct cases (see Lemma 2.2).

Note, while convergence to the extended Airy kernel is the only case which we consider
rigorously in this paper, we will briefly discuss other natural asymptotic situations in
Section 1.5. We will discuss known results in the literature, and conjecture analogous
asymptotic results for this model. Unfortunately, the length of this paper necessitates that
we do not attempt to study these situations in greater detail here.

We end this section by comparing our result with analogous results in the literature.
Perhaps the closest result to ours is in Petrov, [23]. Theorem 8.1 of [23] proves a similar
asymptotic result for the special case where y is given by Lebesgue measure on a disjoint
union, [aj, 1] U [az, ba] U - - - U [ag, br ], where k > 2 and };(b; — a;) = 1. By contrast,
here, Assumption 1.2 avoids only that degenerate case where u is Lebesgue measure on
a single interval of length 1, and allows all other ¢ with compact support which can be
obtained via the weak convergence. Petrov further specialises by assuming that ’llx(’”
is essentially densely packed in the above disjoint union of intervals. By contrast, here,
Assumption 1.2 implies that the empirical distribution of %x(") converges weakly to p,
and Assumptions 1.7 and 2.4 otherwise impose only mild regulatory restrictions on %x(”).
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The stronger assumptions of Petrov give a fast rate of convergence, and indeed it can
be shown that (y,,7,) = (x,77) + O(n™") for all n sufficiently large under these. Petrov,
therefore, can ignore (y,,7,) (the non-asymptotic edge), and fluctuate simply around
(x. n) (the asymptotic edge). By contrast, we have no control of the rate of convergence.
The fast rate of convergence in [23] also allows Petrov to avoid many subtle technical
points.

Theorem 8.1 of [23] furthermore chooses a somewhat different scaling for the
sequences of particle positions: Petrov fixes parameters (11, o) € R? and (12, o) € R?,
and fluctuates around the asymptotic edge. For all n sufficiently large, the fluctuations have
order O(n‘%) and O(n‘%) respectively in the tangent direction (of the asymptotic edge)

and the direction (1, 0), 7; and 7, measure the size of the O(n‘%) fluctuations, and o — 712

2
and oy — 122 measure the size of the O(n™3) fluctuations. Petrov chooses this scaling to

ensure convergence to the form of the extended Airy kernel defined in [24], evaluated
at (11, 01) and (72, 072). A contour integral expression for that kernel was obtained in [2].
By contrast, here, we fix parameters (u,r) € RZ and (v, 5) € R2, and fluctuate around
the non-asymptotic edge. For all n sufficiently large, the fluctuations have order O(n‘%)
and O(n‘%) respectively in the tangent and normal directions of the non-asymptotic
edge, u and v measure the size of the O(n‘%) fluctuations, and » and s measure the size
of the O(n‘%) fluctuations (see (1.28), (1.29)). The scaling is thus naturally related to
the geometric behaviour of the edge. We use the scaling in Lemma 2.9 to show that
the relevant roots and derivatives of the steepest descent functions have well-behaved
asymptotic behaviours, and these result in simple Taylor expansions for the steepest
descent functions give in Corollary 3.3. We then use these in Theorems 1.10 and 1.11 to
prove convergence to the form of the extended Airy kernel given in (1.21), evaluated at
(u, r) and (v, 5). Note that this expression is simpler than that given in [23], but equivalent,
as can be seen via a change of variables and the removal of a conjugation factor.

Our results also have interesting connections with those of Kenyon et al., [17, 16].
Those papers study the global asymptotic shapes of random tilings of a class of polygons.
In papers [8, 9], we explore the global asymptotic shapes of random tilings of a more
restricted class of polygons, but we allow more general boundary/asymptotic conditions
which results in some important differences. For example, the asymptotic boundaries
in [17, 16] are shown to be algebraic, and this is not necessarily true in [8]. Moreover, in [9],
we find novel global asymptotic behaviours. Also, in [8, 9], we obtain parameterisations
of the boundaries. This enables us to prove the asymptotic fluctuations seen in this
paper and [7], in neighbourhoods of the edges. It is intuitively clear that these universal
fluctuations will also appear in the models of [17, 16], under analogous conditions. For
example, in Figure 1 of [16], the asymptotic frozen boundary of the polygon in seen to
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be a cardioid. In [7], we consider the asymptotic fluctuations in neighbourhoods of an
analogous cusp, and show that they are governed by a novel point process, which we call
the Cusp Airy process.

More generally, we believe that our techniques can be of use in other random tiling
models, or random perfect matchings, or systems of random non-intersecting paths, etc.,
that can equivalently be described as interacting particle systems. For example, [3] is a
recent work concerning the asymptotics of random domino tilings of rectangular Aztec
diamonds. In it, the authors find explicit parameterisations of the possible asymptotic
boundaries using almost identical methods to those that we used in [8], and find analogous
results. It is therefore reasonable to expect that the results we found in [9], this paper, and
in [7], also have natural analogues for random domino tilings, and the techniques of those
papers would be sufficient to prove these results. There has been significant interest in
related models. See, for example, [2, 4, 6, 12, 13].

Other closely connected models arise from random matrices. For each n > 1, let
A,, € C"™" be a random Hermitian matrix whose distribution is unitarily invariant. For
each r < n, let A”) € R” be the eigenvalues (in decreasing order) of the ™ principal
sub-matrix of A,, consisting of the first » rows and columns. The asymptotic behaviour of
A™ (the eigenvalues of A,) as n — oo has been studied for many different ensembles of
random matrices (i.e. for different choices of A,,), and universal behaviours have been
found. See, for example, [1, 22] for reviews of known results. See also the recent work
of Hachem et al., [10], which studies the asymptotic behaviour of the edge of 1" as
n — oo when A, is a complex correlated Wishart matrix. In [10], the model is shown to
be determinantal, the edge asymptotic behaviour is examined via a closely related saddle
point problem to that seen in this paper, and it is shown that this behaviour is governed by
the standard Airy kernel.

Note, for general Hermitian A,,, an elementary result from matrix analysis shows
that (/1(1), A9, /1(")) is a Gelfand-Tsetlin pattern of depth n, where now the particles
on each level take positions in R rather than Z. Such models often display a similar
determinantal structure to the discrete Gelfand—Tsetlin patterns of this paper. Perhaps
the best studied determinantal minor process is that of the Gaussian Unitary Ensemble
(GUE), where the entries of A,, are random independent Gaussians. See, for example,
Mehta, [18], and Johansson and Nordenstam, [15].

Perhaps the most similar minor process to ours is that studied by the author Metcalfe
in [19]. There, the eigenvalues of A,, are deterministic: A = x for some fixed x € R”
with xi") > xé") > -+ > x", and the eigenvalue minor process induces the uniform
probability distribution on the set of Gelfand-Tsetlin patterns of depth n with the particles
on the top row in the deterministic positions defined by x € R™. This is very similar
to the measure defined in (1.2). Metcalfe showed that the process is determinantal, and
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found a correlation kernel. This kernel can, in fact, be shown to be a limit of the kernel
in (1.3), below, where we scale the discrete particle positions on each level such that they
become continuous. In [19], Metcalfe proved universal bulk asymptotic behaviour under
the assumption that the empirical distribution of x"”) converges weakly to a probability
measure with compact support, similar to Assumption 1.2, below. The edge asymptotic
behaviour has not yet been studied. It is clear to the authors, however, that the techniques of
this paper would be sufficient to study this. Also, it is worth noting that there are interesting
asymptotic situations there that have no natural analogues here. In particular, the limit
measure may have atoms in [19], which is not possible here. The related asymptotic
situations have also not yet been studied, and we believe that our techniques would help
in studying these. More generally, we hope that our techniques would help to study the
determinantal minor processes of other ensembles of random matrices.

1.2. The determinantal structure of discrete Gelfand-Tsetlin patterns

As in the previous section, define interlacing as in (1.1), fix x € Z" with xi") > xé") >

- > xil ), and define v, as in (1.2). Recall that v,, induces a random point process

on interlaced configurations of particles in Z X {1,2,...,n}. In Section 4.1 of [8], we
showed that this process is determinantal, and we found an expression for a correlation
kernel, denoted by K, : (Z x {1,2,.. .,n})2 — C. Note, ignoring the deterministic
particles on row n, interlacing implies that we need only consider those particle positions,
(u,r),(v,s) e Zx{1,2,.. — 1}, which satisfy u > x( W yn—randv > x( n)
For all such (&, r), (v, s),

+n-—s.

Kn((uv I"), (V’ S)) = _¢r,s(u» V)

LR | (x(n) -j) & - x™
(n—s)! 1 J=u+r—n+1\"k ( i )
P ) v . | | — | (1.3)
MR wZ 0z 2 M srsmgut =) 4 L\ 0

[=v+s—n

where

0 whenv <uors <r,
brs(u,v) =141 whenv >uands=r+1, (1.4)

oo 1), HY Yy —u+s—-r—j) whenv>uands>r+1.
Note, correlation kernels are not uniquely defined. Indeed, K, : (Zx {1,2,...,n})*> —

C is an equivalent kernel if det [7( (i, i), (uj, r]))] ij=1 = det[ K, ((u;, 7), (u], N’ "l
for all m > 1, and for all particle positions {(u,71), - . ., (Um, rm)} CZX{1,2,...,n}. An
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equivalent kernel which will prove useful in our asymptotic analysis is the following:

7(71((”’ r)7 (V7 S)) = Kl’l((v’ S)’ (u7 r))Bn(s7 r)_lAl,n((V7 S)? (I/l, r))_l’ (15)
for all (u,r),(v,s) € Zx {1,2,...,n}, where ¢t € R is that fixed value in (1.18), A, :
(Z?)*> — R\ {0} is defined in Lemma 2.13, and B,, : Z2 — (0, +c0) is defined by,

(n—s)! .,

B,(r,s) := =) n

(1.6)

1.3. The asymptotic ‘“‘shape” of discrete Gelfand-Tsetlin patterns

In [8] and [9] we consider the asymptotic “shape” of the systems of Gelfand-Tsetlin
patterns of the previous sections, under some natural asymptotic assumptions. In this
section, we recall the relevant asymptotic assumptions, definitions, and results of those
papers. We state these without motivation or proof, and refer the interested reader to those
papers.

Assumption 1.2. Let u be a probability measure on R with u < A, where A is Lebesgue
measure. Assume that there is a compact interval [a, b] C R with b —a > 1, Supp(u) C
[a, b] and {a, b} C Supp(u). Moreover, assume that,

1 n
n 250 = B
i=1

as n — oo, in the sense of weak convergence of measures.

Then, rescaling the sides of the Gelfand—Tsetlin patterns by %, the bulk of the
rescaled particles asymptotically lie in the polygon on the right of Figure 1.1 as n —
o0, i.e., {(x,n) € [a,b] X [0,1] : b = x = x +n—1 > a}. The local asymptotic
behaviour of particles near a fixed point, (x, 77), in this polygon is studied by considering
K ((ttn, 1), (Y, 5p)) as n — o0, where {(utn, ) }n>1 C Z2 and {(vp, $p)}ns1 C Z2 satisfy
%(un, rm) — (x,n) and %(vn, sn) = (x,n) as n — oo. First note, (1.3) and the Residue
theorem give

Ku((un, 1), (Wi, 1)) = —Grp,sn (tn, Vi)

oy up—1 _ I Xi

" (n—s,)! n'n ." ! dw dznj:unJrrnfnJrl(Z .n) 1 - W_I- (7
(_ _1)1 2711)2 Vn J — X
n—ry . (7”) Cn Cn I_Ij:v,,Jrsnfn(w_z) w=z i=1 Z_T

x™) for simplicity,

for all n > 1. Here, we omit the superscript from x) = (x(ln) x

A s
C,, is any counter-clockwise simple closed contour which contains all of {%xj DXj 2 up)

but none of {%xj : xj < up +r, —n}, and ¢, is any counter-clockwise simple closed
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contour which contains %{vn +S, —nv, +s, —n+1,...,v,} and C,,. Next note, the
above integrand equals WL_Z exp(nf,(w) — nfy(z)), where

1 & ) 1 Vn .

Jaw) := - iz:lllog (w - %) - ;j_v;;n” log (w - %), (1.8)
. _ 1 n x; 1 up—1 ]

fn(Z) = ;l l:ZI IOg (Z - ;) - Zj_un;nﬂ 10g (Z - ;) , (19)

for all w,z € C\ R, and log denotes the principal logarithm. Finally note, since
%Ziéx,-/n — p weakly as n — oo, and %(um ) %(Vna sn) = (x,m) as n — oo, it
is natural to define the following asymptotic function:

b X
Soomw) = / log(w — x)u[dx] — / 1 log(w — x) dx, (1.10)
a xX+n—

forallw e C\ R.

Steepest descent analysis, and the above structure, intuitively suggests that the behaviour
of K,((un, ), (Vn, $)) as n — co depends on the roots of f(:\/’"). Recall that b > y >
X +1—1 > a, and (see Assumption 1.2) that u and A — y are positive measures. Thus,
for all w € C \ R, it is natural to write,

Joemw) (1.11)
- / log(w — x)udx] - / log(w — x)(1 — [dx] + / log(w — x)u[dx],
S S S3

where S; := S;(y,n) foralli € {1,2,3} are defined by:

Sy := Supp(ulpy,p1)s (1.12)
82 := Supp((4 = W|py+n-1,x1
S3 1= Supp(lja,y+n-11)-

Then, for allw € C \ R,

, _ [ opldx] [ (A— pldx] uldx]
fw,])(w)—/&w_x /52 — +/S3w_x. (1.13)

Thus fblv ) has a unique analytic extension to C \ S, where S := S} U S, U S3.
In [8, 9], we used the possible behaviours of the roots of fblv ) in the above domain to
examine the asymptotic shapes. First we defined:

Definition 1.3. The liquid region, £, is the set of all (x,n) € [a, b] X [0, 1] with
b>yzx+n-12>a, forwhichf(;n) has arootin H := {w € C : Im(w) > 0}.
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We showed that f(:v,n) has a unique root in H whenever (y,n) € £, and this root
is of multiplicity 1. Moreover, we showed that the resulting map from £ to H is a
homeomorphism, and so L is a non-empty, open, connected subset of the interior of the
polygon on the right of Figure 1.1. We used the homeomorphism to study d.L. In [8], we
obtained a complete parameterisation of £ for y in a broad class. In [9], we examined
the highly non-trivial behaviours of 0 £ that can occur when w is not restricted to this
class. £ and 9 L for some example measures, y, studied in [8, 9], are given in Figure 1.2.

For the purposes of this paper, we only need the results of [8], which we now recall in
more detail. We showed that the inverse of the above homeomorphism, from H to £, has
a unique continuous extension to a natural, non-empty, open subset of R which depends
on u. We denoted this set by R C R, and showed that the extension is an injective smooth
curve, parameterised over R. We defined the edge, denoted & C 9L, to be the image of
this curve, and referred to this curve as the edge curve, denoted

(xs(-1ne(-)):R—> ECHL.

In [8], we found an alternative definition of & which is analogous to that of £:

Definition 1.4. The edge, &, is the union & := 8; UEiu U 8; U &y U & U Ey, where

o &) isthesetofall (x,n) € [a,b] x [0, 1] withb > x > xy +n -1 > a, for which

fé\/ 7 has a repeated root in (y, +0) \ Supp(u).

o &, is the set of all (y, n) for which f(;( ) has a repeated rootin (y +7—1, x) \
Supp(d — p).

e &, is the set of all (x, n) for which f(/,v ) has a repeated root in (—oo, y + 17— 1)\
Supp(w).

e §)UE| U &, is the set of (y,n) for which f(;( ) has arootin {y, y +n — 1}.

For clarity, in [8], we state that we denoted &,, = 8;; U 8;. This decomposition is more
convenient here. Moreover, we defined &y and &; and &; exactly in [8], but do not do so
here for brevity. We showed that the above two definitions of & are equivalent: We started
with Definition 1.4, showed that the sets in this definition are mutually disjoint, féw]) has
a unique real-valued repeated root in R \ {)y, y + 7 — 1} when (x,n) € §; U &1, UE,,
and fé\m) has a unique root in { y, ¥ + 7 — 1} when (x,n) € & U E; U E,. We showed
that the resulting map from & to R is injective, has image space R, and has inverse equal
to the edge curve discussed above. Therefore the definitions are trivially equivalent. We
also showed that the multiplicity of the unique root determines the geometric behaviour
of the edge curve. Indeed, denoting the multiplicity by m = m(y, n) > 1, we showed that:
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e The edge curve behaves like a parabola in a neighbourhood of (y,n) when
(x-m € E;UEI L, UE, andm =2, and when (y,n) € EgUE UE and m = 1.

o The edge curve behaves like an algebraic cusp of first order in a neighbourhood
of (x,n) when (x,n) € ;U &1, U E, and m = 3, and when (x,n) € &1 U &
and m = 2.

For clarity we state that m takes no other values. Examples edge curves, with the above
sets clearly labelled, are depicted in Figure 1.2. Finally, we showed that & \ {(y,7n) €
8;; U&a—y U, : m=2}is either empty or discrete. We therefore now define:

Definition 1.5. The set of typical edge points is {(x,7) € &; U &1, UE, 1 m = 2}.

We now consider the subset &7 UE,-, UE, C &, inmore detail. Let C : C\Supp(u) —
C denote the Cauchy transform of y,

b
C(w) := / Hldx] (1.14)

’
w—-X

for all w € C\ Supp(u). In [8], we showed that:

Lemma 1.6. Recall that the edge curve, (xs(-),ns(+)) : R — &, is bijective. Define:
e R, :={t e R\ Supp(n) : C(t) > 0}.
® Ry =R\ Supp(d - p).
e R, :={t € R\ Supp(y): C(t) <0}
Then, these are disjoint open subsets of R, and the image spaces of these under the
bijection are (respectively) EY, Sapw 8;. Moreover, for all t € R;; URy, U R;,
eC) _1 (eC(t) _ 1)2
f)=t+——— and )=1+———.
xe(t) €O ne () COCT)

Finally, (x&(t),ns(t)) € (a,0) X (0,1) and b > xg(t) > xe(t) + ng(t) — 1 > a for all
t € RIUR)-, URy, ie, (xs(t),ng(t)) is in the interior of the polygon shown on the right
of Figure 1.1.

(1.15)

Note, (1.15) is well-defined whenever ¢ € R U R, since R; U R, C R\ Supp(u).
Indeed, (1.14) gives

b b
C(t):/ e C'(t)=—/ pld] (1.16)

r—x (t—x)¥
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Ficure 1.2. £ and 0 L for some example measures, y, with density
¢ : R — [0, 1]. Top left: p(x) = %Vx € [-1, 1], all points of & are in
&, withm = 2. Top right: ¢(x) = %Vx € [0, 1] U [2, 3], the cusps are in
&y with m = 3, all other points of & are in &, with m = 2. Lower left:
@(x) = 1Vx € [0, 3] U[L, 5] U[c,c + 1], where ¢ := 5(23 + V217),
the cusp is in &; with m = 2, all other points in & U &, have m = 1.
Lower right: ¢(x) = £2(x — 1)*(x + 1)*Vx € [-1, 1], the grey parts of
0L are not in & but follow from the analysis in [9]. For general y, there

is always an analogous lower convex part of & which is contained in
{(x,n) € &, : m = 2}, and the lower tangent point always equals

(% + fxy[dx], 0).

forallt € R; U R/;. Moreover, it is well-defined whenever ¢ € R;_,. Indeed, since u = 4
in Ry_, = R\ Supp(4 — u), Lemma 2.2 of [8] implies that e€) : C\R — Cand
C’(+) : C\ R — C have the following unique analytic extensions to R;_,:

cw) _ LR oy 1 1

e =e — and C't)y=C;(t) - — + ——, 1.17
(t—ﬁ) =60 t-t1 t—t (417

for all + € Ry_,, where I = (f,11) is any interval with t € I C Ry, and C;(¢t) :=

f[a b1 ”t[fj]. These expressions are independent of the choice of 1.
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Finally, as discussed above, the set of typical edge points is {(x,7) € &, UE1, UE, :
m = 2}, and the edge curve behaves like a parabola in a neighbourhood of each (y, r7) in
this set. Fix the corresponding points 7 € Ry UR -, UR, and (x,77) € E,UE -, UE, with
(1) = (xs(1), ns(1)). Define the (un-normalised) orthogonal vectors x(z) := (1, ¢€®)—1)
and y(r) := (€ — 1,-1). In [8], we show that x(r) and y(r) are (respectively) tangent
and normal to the edge curve at (y, n).

1.4. Motivation and statement of main results

In this paper, we consider the universal asymptotic behaviour, as n — oo, of the systems in-
troduced in the last section, in the neighbourhood of typical edge points (see Definition 1.5).
More specifically, we study the asymptotic behaviour of K, (1, 7), (Vi 1)) a8 n — o0,
where K,, is the correlation kernel of the system (see (1.3)), and {(u, 74)}n>1 € Z2 and
{(Vn, Su)}n>1 C Z? are sequence of particle positions which satisfy:

Fix the corresponding pointst € Rj; U Ry_, U R, and (x,n) € E;UE-, U E,
with (x,n) = (xs(t), ng(t)), where t is a root off(;( ) of multiplicity 2, and take,

(tn> rn) = n(x,n) + o(n) and (v, sy) =n(x,n) +o(n) as n — co. (1.18)

A steepest descent analysis of (1.7) for K,,((un, 1), (Vn, $1)) is used to consider the
asymptotic behaviour. Since ¢ is a root of fc,wz) of multiplicity 2, (1.7) and steepest
descent analysis intuitively imply that universal edge asymptotic behaviour should be
observed. The main results of this paper, Theorems 1.10 and 1.11, puts this intuition on a
rigorous footing. We show, under natural conditions, that the asymptotic behaviour of
n%Kn((un, rn), (Vs 5p)) is governed by the extended Airy kernel, K; : (R?)? :— R: First
define Ka; : (R?)? :— R by,

1.3
1 exp(wr +w?u + W)

~ 1
Kaal(wr), 0, 8)) 1= (i) [dw ./L dZW — 2 exp(zs + 22v + 123) ’ (119

for all (u, r), (v, s) € R?, where [ and L are the contours in Figure 1.3. Note that the above
integrals are finite since w3 = —|w|? and z> = |z| for all w on / and z on L respectively.
Next define @ : (R?)> — R by,

O((u,r), (v, ) := 1(u>v); exp (_1 (s =r)? ) , (1.20)
2+/m(u —v) 4 u-v
for all (u, r), (v, s) € R?. Finally define Ky; : (R?)? :— R by,
Kai := Kaj — ©. (1.21)
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LN e

Ficure 1.3. The contours / and L of (1.19). [ is the (straight) lines
from coe~'% t0 0, and from 0 to coe’ 3 . [ is the lines from coe~' %" to 0,
and from 0 to coe! ¥ .

We begin the analysis with a technical assumption that arises from steepest descent
considerations. First, for all n > 1, define

Pn = %{X[,Xz,...,xn} and Hn = %(Z\{xl,xz,...,xn}). (122)

Above, we again omit the superscript from x") = (xi"), xé"), -, x") for simplicity. P,

is referred to as the set of particles, and H,, as the set of holes. Note, an element of these
sets may act as a pole for the contour integral expression of (1.7), and so a problem may
arise in the steepest descent analysis if these are not eventually isolated from the root, ¢,
in (1.18). We therefore assume:

Assumption 1.7. Assume that d(P,, Supp(u)) — 0 and d(Hy, Supp(d — u)) — 0 as
n — oo, where d represents the Hausdorff distance.

To see that this assumption has the desired effect, recall that ¢ € R; URy U R;, a
union of mutually disjoint open sets. Thus there exists a fixed € > 0 for which:

Ri(e):={seR;:(s—€s+€) CR} whent € R}.
teYRyyle)i={se€Ri_,:(s—€s5s+€) CRy_,} whente€Ry_,. (1.23)
R(€):={seR,:(s—€es+€) CR,} whens € R,.

Also, since R; U R, C R\ Supp(u) and Ry, = R\ Supp(4 — p1), Assumption 1.7 implies
that P, ¢ R\ (R (€)UR,(€)) and H, C R\ Ry(e) for all n sufficiently large, as desired.
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Finally note that we can equivalently write,
Z
P,NRi(e)=0 and —NRy_,(e) C P, and P, NR,(e) =0, (1.24)
n

for all n sufficiently large. Indeed, the second part follows since H,, = % \ P, (see (1.22)),
and it implies that particles are eventually densely packed in R;_,(€).

Note, Assumption 1.7 imposes mild regulatory restrictions on x'"”. Our final assumption,
Assumption 2.4, similarly imposes mild regulatory restrictions on x"). Assumption 2.4 is
more subtle, however, and applies only in specific cases, and so we leave the statement of
this to Section 2.1. The regularity effect of Assumption 2.4 can be seen, for example, in
part (ii) in the proof of Lemma 3.9. For the relevant cases of Assumption 2.4, part (ii) is
not necessarily true if Assumption 2.4 does not hold. Note also, Assumptions 1.7 and 2.4
are sufficient for Theorems 1.10 and 1.11 to be satisfied for all typical edge points, i.e.,
for all corresponding points ¢ and (y, 77) chosen as in (1.18). Though we do not discuss
this further, weaker forms of these assumptions can be used if we are only interested in
specific edge points.

Next, we motivate the choice of the o(n) terms in (1.18). Note, since the convergence in
Assumption 1.2 is weak, there is no control of the rate of convergence. It is therefore not
natural to simply consider fluctuations of the particles around the asymptotic edge curve.
Instead, we consider fluctuations around analogous non-asymptotic edge curves. Intuitively,
we could define these by replacing all Cauchy transforms (see (1.14)) in (1.15) with the
following non-asymptotic analogue inspired by Assumption 1.2: w % 2 (w— %)“ =
% Yxep,(W— x)"! foralln > 1 and w € C\ R. However, since it is desirable that the
non-asymptotic edge curves and the asymptotic edge curve have approximately the same
domain of definition, we use a modified non-asymptotic Cauchy transform. First, fixing
€ > 0 as in (1.23), define a new non-asymptotic measure by,

1
o 1= D b+ Ak e (1.25)
X€P,:x¢R i (€)

forall n > 1. Assumption 1.2 and (1.22) then imply that u,, — u weakly as n — oo. Next,
let C,, : C\ Supp(u,) — C denote the Cauchy Transform of p,,:

Co(w) = > ! +/R dx (1.26)

9
w—X w—X
XEP,;x¢R i (€) a-u(e€)

forall n > 1 and w € C\ Supp(uy,). Note that R, (e)* U R,(e)~ < C\ Supp(un)
for all n sufficiently large, since P, N (R,(e)* U R,(e)”) = 0 (see (1.24)), and since
R, (e)* UR,(e)” and Ry_,(e) are disjoint (see (1.23)). Therefore C, is well-defined and

analytic in R, (e)* U R,(e)™. Also, since p,, = A in Ra_,(e) for all n sufficiently large,
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Lemma 2.2 of [8] shows that ¢€» and C,, have unique analytic extensions to R, (€).
Finally, inspired by (1.15), define:

Definition 1.8. Fix € > 0asin (1.23), and define C,, as in (1.26). Then, for all n sufficiently
large, the non-asymptotic edge curves, (y»(-), 7,(+)) : R;(e) U Ry-u(€) UR,(€) — R?,
are defined by,

eCnls) 1 (eCn(s) _ 1)2

)(n(S) =85+ m and Un(S) =1+ m,

forall s € R;(e) U Ry-u(€) U Ry (€). Moreover, we define (xn, 171) := (xa(1), 7n(2)).

Note, since p,, — u weakly as n — oo,

Cnls) (€.
Cl\(s) - C'(s), (1.27)
(xn(8), () = (xa(s), ne(s)),

forall s € Rj(€) U Ra—u(€) U R, (€). As observed above, however, we have no control of
the rate of convergence.

Remark 1.9. Note, the above definition depends on an arbitrary € > 0. Suppose €’ > 0
is any other value which also satisfies (1.23), and let (), 7,,) denote the analogous
non-asymptotic edge obtained using €’. Then, (1.23), (1.24), (1.26), Definition 1.8, and
Riemann sum approximations imply that (x;,7,,) = (Xn» 17x) + O(n™") for all n sufficiently
large. This error is absorbed into the errors of order O(1) in (1.28) and (1.29), below, and
possibly effects the asymptotic behaviour in Theorems 1.10 and 1.11 when (&, ) = (v, s).
The asymptotic behaviour when (u, r) # (v, s) is unaffected.

Next recall (see end of last section), that the asymptotic edge curve behaves like
a parabola in a neighbourhood of (y,n) with tangent vector x(z) := (1,¢¢® — 1) and
normal vector y(z) := (¢€® — 1, —1). This was proven in Lemma 2.9 of [8]. Proceeding
similarly for the non-asymptotic edge curves for all n sufficiently large, we can show that
these also behave like a parabola in a neighbourhood of (x;, 77,), with tangent vector
X, (1) 1= (1,e€"® — 1) and normal vector y,(¢) := (¢“»*) — 1, —1). Finally, we choose the
o(n) terms in (1.18) as follows: Fix (u,7) € R? and (v, s) € R?, and let {(up, ) }n>1 and
{(V, Sn)}n>1 be sequences in Z> which satisfy,

2 1
(un, ) = n(xns n) + R3MpXpu + 03 pry,r + O(1), (1.28)
Vi» Sn) = n(Xns i) + n%mnxnv + n%pnyns + 0(1), (1.29)
for all n sufficiently large, where {m, },>1 = {m,(t)}n>1 and {py}u>1 = {pPn()}n>1 are

those convergent sequences of real numbers with non-zero limits given in Definition 2.8.
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In words, (xyn, 7:) — (x,1n) as n — oo at an indeterminate rate, and {%(un, rn)}ns>1 and
{%(v,,, Sn)}n>1 fluctuate around (yy, 17, ). The fluctuations are of order O(n‘%) and O(n‘%)
respectively in the tangent and normal directions of the non-asymptotic edge curve, u and
v measure the size of the O(n_%) fluctuations, and r and s measure the size of the O(n‘%)
fluctuations.

We finally state the main results of this paper:

Theorem 1.10. Assume Assumptions 1.2 and 1.7. Fix any corresponding points t €
R;URyu UR, and (x,n) € &, U E1y U E, with (x,m) = (xe(t),ne(t)), where t is
a root of f(:(,n) of multiplicity 2. Assume Assumption 2.4 if one of the relevant cases is
satisfied, and choose {(un, rn)}ns1 and {(vn, sn)}n>1 as in (1.28) and (1.29). Additionally
assume that either (u,r) # (v, s), or (u,r) = (v, s) and r, = s, for all n sufficiently large.

Let K, be the equivalent correlation kernel defined in (1.5), and Kyu; be the extended
Airy kernel defined in (1.21). Define C’(t) as in (1.16), (1.17), note that C’(t) # 0 (see
Lemma 2.3, below), and define B(t) > 0 by B(t) := 2%|f&jn)(t)|_%|C’(t)|. Then, when
t€R;UR,,

13 B Koy (s ). Vs 5)) = Ki((1t 7). (v, 5)),

as n — oo. Moreover, when t € Ray,

n%ﬁ(t)_l(l(un:vn) = Kn((tn> 1), (Vs 50))) — Kai((w, 1), (v, 5)),

asn — oo,

In other words, we let (y,7n) be any typical edge point (see Definition 1.5), we
let (xn,nn) denote the analogous point on the non-asymptotic edge for each n (see
Definition 1.8), and we choose %(un, r,) and %(vn, sn) (the rescaled particle positions)
to fluctuate around (xy,, 17,,) as described by (1.28) and (1.29). Then, when ¢ € R; UR,,

Theorem 1.10 shows that n%Wn((un, ), (Vu, 8)) (the rescaled correlation kernel of the
particles) converges to the extended Airy kernel as n — co. Whent € R;_,,, Theorem 1.10
shows that n%(l(un:vn) — K (> 1), (Vi, Sn))) (the rescaled correlation kernel of the
“holes”) converges to the extended Airy kernel as n — oo.

Note that Theorem 1.10 does not give the asymptotic behaviour when (u, ) = (v, s) and
rm # Su. The following theorem completes the result by giving the asymptotic behaviour
for all cases. We prove the existence of a term, a,,, which has a well-defined asymptotic
behaviour for the cases of Theorem 1.10, but (possibly) has no well-defined asymptotic
behaviour when (&, r) = (v, s) and r;, # s,,. Theorem 1.10 is, in fact, a trivial corollary of
Theorem 1.11. We will prove Theorem 1.11, and leave the deduction of Theorem 1.10 to
the interested reader:
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Theorem 1.11. Assume Assumptions 1.2 and 1.7. Fix any corresponding points t €
R;URyu UR, and (x,n) € & U Eay U E, with (x,n) = (xe(t),ne(t)), where t is
a root of f(;(,n) of multiplicity 2. Assume Assumption 2.4 if one of the relevant cases is
satisfied, and choose {(un, ry)tn>1 and {(vy, sp)}ns1 as in (1.28) and (1.29).

Define Ky; : (R2)? :— R as in (1.19), A, : (Z%)? — R\ {0} as in Lemma 2.13,
B, : ZE — (0,+00) as in (1.6), B(t) > O as in Theorem 1.10, ¢, > 0 by ¢, :=
[Ar,n((Vies Sn)s (s 1)) | B (S 1), and ey 2 0 by,

l(un Zvn,r,,,>s,,)(un + 7y =V =Sy — 1)!

(rn = Sp = D)Wuy — vp)!

"
whent € Ru’

1 Lty > vt 410 <V +5msrn <50) (S = Tn)!
Cn (g = Vi)V + Sp — Uty — 1)!

—us

1(un+rn svn+s,,,r,,>sn)(vn —Up — 1)'

hent € R.
(rn = sn = D'y + 55—y — 1) yhen H

" _
Then, when 't € R’u U Rﬂ,

Fr((ttns ), (Vs $1)) = =t + 173 BOKai(1, 1), (v, 5)) + 0(n™3),

as n — oo. Moreover, whent € Ry_,,

Fr((tts ), (Vs $0)) =+t — 173 BOK (1, 1), (v, 5)) + 0(n™3),

as n — oo, Also, for all n sufficiently large, a,, = 0 when (u,r) = (v, s) and r,, = s, and
t € RTUR,, an = l(y,=y,) when (u,r) = (v,s) and r, = s, and t € Ry, and o, = O(1)
when (u,r) = (v, s) and r, # sy,. Finally,

@ = 15 1 BOD(, ), (v,9)) + 0(n™5),
as n — oo when (u,r) # (v, s), where ® : (R?)? :— R is defined in (1.20).

Note that Theorems 1.10 and 1.11 prove pointwise convergence. However, our methods
also give the following extension:

Theorem 1.12. Assume Assumptions 1.2 and 1.7. Fix any corresponding points t €
R;URy, UR, and (x,n) € &, U E1-y U E, with (x,n) = (xe(t),ns(t)), where t is
a root of f(;( ) of multiplicity 2. Assume Assumption 2.4 if one of the relevant cases is
satisfied. Finally, fix compact sets U, R, V,S C R. Then the convergence in Theorems 1.10
and 1.11 holds uniformly for (u,r) € U X R and (v,s) € V X §.

For clarity, we state that Theorem 1.12 follows simply by taking the appropriate
uniform bounds at every step of our proof. We do not attempt to prove Theorem 1.12
directly for the sake of readability.
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We end this section by stating that Theorem 1.12 does not truly prove edge universality:
It does not yet prove that the (rescaled) Gelfand—Tsetlin particle process at the edge
converges to the extended Airy kernel particle process. Convergence of the respective
Fredholm determinants of the processes remains to be shown. To do this, one could
attempt to find an additional uniform bound of | K, ((#,, 1), (Vi, $1))|, similar to that seen
in Lemma 3.1 of [13]. This step is often overlooked in the literature, and we do not attempt
to prove this here due to the length and complexity of the paper. Nevertheless, the results
of this paper are an important step towards proving edge universality for this broad class
of models.

1.5. Other asymptotic situations and conjectures

Recall the discussions given in Sections 1.1 and 1.3. Assume Assumption 1.2, fix
(x.n) in the polygon on the right of Figure 1.1, and fix sequences of particle positions,
{(tn, ) }n>1 and {(vy, Sp)}n>1, which satisfy %(um ra) = (x,n) and %(Vm sn) = (x-1m)
as n — oo. In (1.18), we fixed the corresponding points (y, 1) € 8;; U8 UE,, and
te R;; URy_, U RI;, where t is a root of féwz) of multiplicity 2 (m = 2). In this section,
instead of (1.18), we briefly discuss other natural asymptotic situations.

First, suppose that (y,n) € L, and let wy € H, denote the corresponding root of
fé\an) of multiplicity 1. In [8], for general u, we mapped £ to H by mapping to the
unique root, showed that this is a homeomorphism (indeed, a diffeomorphism), and
found an expression for the inverse of this map. In other words, we wrote (x,7) as an
explicit function of wy. Steepest descent analysis, combined with the above root behaviour
and (1.7), intuitively suggests that K, ((tts, 71,), (Vn, Sn)) should converge to the Sine kernel
as n — oo (see, for example, [11, 21]). When r,, = s,,, convergence to the standard Sine
kernel was shown in Metcalfe, [19], for the analogous interlaced particle system where
the particles on each row of the Gelfand-Tsetlin patterns take positions in R. To our
knowledge, this situation has not yet been studied in this new setting.

Next suppose that (x,7) € &; U Ex-, U E,, and the corresponding root, # € R U
Ry UR,, of fblwz) is of multiplicity 3 (m = 3). Recall that the set of all such points is
discrete, and they define algebraic cusps of first order in the edge curve. Examples are
shown in the top right of Figure 1.2. Steepest descent analysis, combined with the above
root behaviour and (1.7), intuitively suggests that K, ((u,, 1), (Vu, 5,)) should converge
to the Pearcey kernel as n — co (see, for example, Tracy and Widom, [25]). To our
knowledge, this situation has not yet been studied in this new setting.

Next suppose that (v, n7) € EgUE| UE;. Recall that the set of all such points is discrete,
m =1 when (y,n) € E, m =1 orm =2 when (y,n) € & U &, the edge curve behaves
like a parabola when m = 1, and the edge curve behaves like an algebraic cusp of first
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order when m = 2. Examples are shown in the lower left of Figure 1.2. In [7], we examined
the local asymptotic behaviour when (y,n) € & U &, and m = 2. Scaling {(up, Fn)}n>1
and {(vy, $,)}n>1 appropriately, we showed that K, (4, ,), (v, Sn)) converges to a novel
kernel which we called the Cusp-Airy kernel. To our knowledge, the situation when
(x-n) € & U EL U &, and m = 1 has not yet been studied. However, steepest descent
analysis, combined with the above root behaviour and (1.7), intuitively suggests a universal
asymptotic behaviour.

Finally suppose that (y, 1) lies on that grey part of 9L for the example depicted on
the bottom right of Figure 1.2. In [9], we showed that the behaviour of the roots of
f(;m) is identical for every point on these sections. Therefore these sections cannot be
parameterised by defining unique roots for each point, as we did for &. In [9], we instead
made heavy use of the theory of singular integrals to parameterise these sections. We
also examined similar, surprisingly subtle, situations. We now conjecture that the local
asymptotic behaviour of particles in neighbourhoods of (x, ), when (x, ) lies on such
sections of 0.L, are non-universal.

1.6. Notation and terminology

We end the introduction by discussing the notation and terminology that will be in use for
the rest of the paper. The arguments are quite technical, and we use these for simplicity,
and to avoid needless repetition. First recall (see (1.18)) than we fix the corresponding
points t € R; U Ry, U R, and (x,7n) € E; U &1, U E, with (x,17) = (x&(t), ns(t)).
From now on, we simply label f(, ,,) with ¢ instead of (,7), i.e., we define,

Ji = fe e ) = Joen)- (1.30)
Next, fix a € C, and a measure v on R. Also, foralln > 1, fixa,, € Cand b,, € C, and a
measure v, on R. Then:

e “a, — a” means “a,, > aasn — oo,

e “v, — v weakly” means “v,, — v as n — oo in the sense of weak convergence
of measures”.

3

e “a, = b,” means “a, = b, for all n sufficiently large”. In other words, if we do not
explicitly state those n > 1 for which a,, = b, then we implicitly understand that
the equality holds for all n sufficiently large. Similarly for any other expression
or statement involving n.

Next, for all n > 1, fix ¢,, € R with ¢;, > 0. Then:
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e “0(c,)” denotes a complex-number which is well-defined for all  sufficiently
large. Moreover, |o(c,)|/c, — 0asn — co.

e “O(cy)” denotes a complex-number which is well-defined for all » sufficiently
large. Moreover, there exists a C > 0 for which |O(c,)|/c, < C for all such n.

Next, fix ACC, f:C— C,andm > 1. Also, foralln > 1, fix A, cC, f, : C - Cand
gn : C — C. Then:

e “f has mroots in A” means “f has exactly m roots in A counting multiplicities”.
Similarly for “at least/most m roots”.

e “f, has mroots in A,,” means “f;, has exactly m roots in A,, for all n sufficiently
large and counting multiplicities’. Similarly for “at least/most m roots”.

e “f, — f uniformly in A” means “sup,,c4 |fu(W) — f(W)| = 0" asn — co.

o “|f,(w)| > ¢, uniformly for w € A” means “inf,,ca |f,(W)| > ¢, for all n
sufficiently large”.

o “fu(w) = gn(w) + o(c,) uniformly for w € A” means “sup, .4 |fu(w) —
gn(W)|/cn — 07 asn — oo,

o “f.(w) = gn(w) + O(cy) uniformly for w € A” means “there exists a C > 0 for
which sup,, .4 | (W) — gn(W)|/c, < C for all n sufficiently large”.

Finally, given B c C, and S C R bounded:
e cl(B) is the closure of B.

e S:=supSandS :=infS.

2. The roots of the steepest descent functions

In this section, we assume Assumptions 1.2 and 1.7, and that (1.18) is satisfied for some
fixedt € R, UR -, UR,, arootof f of multiplicity 2. We consider the behaviour of the
roots of f/, f,, and f,{ (see (1.8), (1.9), (1.10), (1.30)). This results of this section enable
us to perform the steepest descent analysis of Section 3.
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2.1. The roots of f/

In this section, we consider the behaviour of the roots of f;'. Recall the following basic
facts which we make use of throughout this section: Assumption 1.2 implies that u
is a probability measure on [a, b] with {a, b} € Supp(u) and p < A. (1.18) implies
thatr € R U Ry, U R, and (x,n) € &; U &y U &, are the corresponding points
with (x,n) = (xs(),ns(t)), and ¢ is a root of fb,v,n) of multiplicity 2. Also, since
(x>n) = (x&(t),ng(t)), Definition 1.4 and Lemma 1.6 imply thatt € R\ {y, x +n7— 1},
(x-n) € (a,b) x(0,1),and b > ¥ > y +n — 1 > a. Finally, (1.13) and (1.30) give

, dx A —)ldx dx
ft(w):/,u[ I [ @-pl ]+/,u[ ]’ @1
S]W_x S, w—-X S3W—X
forallw € C\ S, where S = S; U S, U S3, and Sy, S», S5 are defined in (1.12).
First, note the following:

S1#0,ulS1]1>0, S #0,(1—w[S]>0, S3#0,ulSs3]>0.
U8 = (A= @w[S2] + ulS3] = pla, bl = ALy +n— 1L, x] =1 € (0, 1).
b=S1>812x25>H>x+n-1285>S=a.

[S; — € Si1U[S;, S + €] C S; foralli € {1,2,3} and some € > 0.

2.2)

Above, Sy = inf S;, S_1 := sup S, etc. (see Section 1.6). The first part, above, follows
from part (a) of Corollary 3.2 of [8]. The second part follows since u is a probability
measure on [a, b] and 57 € (0, 1). The third part follows from the first part and (1.12) since
u < A, {a,b} € Supp(u), and b > y > y +n — 1 > a. Finally, the fourth part follows
since u < A and {a, b} € Supp(u).

Next note, (2.2) implies that C \ S, the domain of f;, can be partitioned as follows:

C\S=(C\R)UJUK, (2.3)
where J := U?:l Ji, K := Ule K@, and

e Ji :=(sup Sy, +c0).

Jy := (=00, inf S3).

J3 := (sup Sy, inf S7).

Jy := (sup S3,inf ).

K@ := [inf S;, sup S;] \ S; for all i € {1,2,3}.
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H

R - - --b4—m—m—F+----+ = ===- #—%777\777%—%777
a:Sz < ?3 <xy+np-1 < S < <X < S,

\/ H/_/ \/_/ 1 :\/

FIGURE 2.1. The sets of (2.3), with K = [inf S;, sup S;] \ S; for all i € {1,2,3}.

This partition is depicted in Figure 2.1. Note that J; and J, are non-empty, but that J3 = ()
when sup S, = inf Sy, J4 = @ when sup S3 = inf S, and K®) = @ when S; = [inf S;, sup S;]
for each K. Note also that y is contained in the domain of £ if and only if J; is non-
empty, in which case y € J3. Similarly y + n — 1 is contained in the domain of f; if and
only if Jy is non-empty, in which case y + 7 — 1 € J,. Finally note that each K is open,
and so can be partitioned as a set of pairwise disjoint open intervals, which is unique up
to order, and which is either empty or finite or countable. We denote this partition of
open intervals as {K”, K(l ...}, and we note that any 7 € {K, Kg), ...} must satisfy
{inf I,sup I} C S;.

Next note, since ¢ is real-valued root of f/, (2.3) implies thatr e R\ § = J U K. We
let L; ¢ R\ § = J UK denote that open interval for which,

3
tel, and L, e{Jy,JoJ5,Js} U U{K(’), kY. 2.4)
i=1
In other words, L, is the largest open sub-interval of R \ S = J U K which contains 7.

These observations, and Theorem 3.1 of [8], then immediately give the following, stated
without proof:

Lemma 2.1. Counting multiplicities:

(1) f/ has a root of multiplicity 2 at t € L;, has O roots in L, \ {t} Whe”.l L, €
{J1, J2, J3, 4}, and has at most 1 root in Ly \ {t} when L, € U?ZI{K('), Kél), b

(2) f{ has O roots in C\ R, and in each of {Ji, J2, J3, Ja} \ {L:+}.
(3) f{ has at most 1 root in each of U?zl{K(i>, Kéi), OV {L )
Next, we give the following useful result which describes the various situations of

Theorem 1.11 in explicit detail. A separate steepest descent analysis must be performed
for each case:
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Lemma 2.2. The following 12 cases exhaust all possibilities:
() teRi t>x L=y, f"() > 0.
@) teRt>x L e (K"K, £77() > 0.
1 1 nr
G) reRrt>x L e (KK, £70) <.
@ te R;;, t>xy, xe€L, L =03 /() <O0.
(5) te R/l—[,l’ te (/\/+77_ 19/\/)’ /\/ € Lt! Lt = J3) ﬁ/,/(t) < 0
6) 1€ Ryt ~1Ly), L € {K?, k% (1) < 0
() € A= G(X"'U 7/\/)’ Ie{l’ 2""})]2‘ ()<
7) t€ Rt ~1Ly), L € {kK?, k% (1) > 0
() € A= e(/\/""? 7/\/)’ Ie{]’ 2""}’f;‘ ()>
@) teRpyte(x+n-Lx), x+n—-1e€L, L =Js f"(t) >0.
O teR, t<y+n-1L x+n-1eL, L, =Js f/”(t) > 0.
(10) teR . t< _ (3) ) 77
, x+n-1 L e{K", K, ...}, f{"(t) > 0.
(1) teR, t < -1 ¥ g®
, x+n-1L e{K", K", ...}, f{" () <O0.
(12) teR, t<xy+n-1,L =1, ") <O.

Proof. First recall that r € R\ {y, x + n — 1}. Then, (2.2), (2.3), (2.4) imply that the
following exhaust all possibilities (see, also, Figure 2.1):

o 1> y,and L, = Jior L, € (K K", . Yor L, = 5.
ere(xy+n-1x)and L, = Jor L € (KK, .. Yor L, = Ju.
er<xy+n-l,andL, =Jyor L, e {KV, K, Jor L, = .
We will show:
(i) Case (1) is satisfied when ¢ > y and L; = J;.
(ii) Case (2) or (3) is satisfied whent > y and L, € {Kfl), Kél), o

(iii) Case (4) is satisfied when ¢t > y and L; = J3.
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Similarly it can be shown that:
@iv) (5)is satisfied whent e (y +n—1, y) and L; = J3.
(v) (6) or (7) is satisfied whent € (y +n—1, y) and L, € {Kfz), Kf), cooh
(vi) (8)is satisfied whenr e (y +n—1, xy) and L, = Js.
(vii) (9) is satisfied whent < y +p— 1 and L, = Jy.
(viii) (10) or (11) is satisfied whent < y +n— 1 and L, € {Kf), KES), Lot
(ix) (12)is satisfied whent < y +n— 1 and L, = J>.

The required result follows from (i)—(ix).

Consider (i). Recall that ¢+ > y and L, = J;. Also, since t > y and (y,n) =
(x&(t), ng(t)), Definition 1.4 and Lemma 1.6 imply that (x,77) € &, and t € Rj. It
thus remains to show that f;"”’(r) > 0. To see this, first note, (2.1) implies that (f,")|;, is
continuous and real-valued. Moreover, since L; = Ji, part (1) of Lemma 2.1 implies that
@O =f"1®=0,f"()#0,and f/(s) # Oforall s € J; \ {t} = (sup Sy, 1) U (¢, +0).
Therefore, it is sufficient to show that there exists an s; € (¢, +o0) with f/(s;) > 0. To see
this, note (2.1) gives

(M) e lda] [ ouddd) (1
f’(w)‘(/slT R +/& w)”)(w)’

for all w € C with |w| sufficiently large. Therefore f/(w) = (u[Si] — (2 — w)[S2] +
ulS3Dw= + 0(Jw|™2) = gw™! + O(|lw|™2) for all such w, where the last part follows
from (2.2). Therefore, since 7 > 0, there exists an s; € (t, +o0) with f/(s;) > 0. This
proves (i).

Consider (ii). Recall that r > y and L, € {K(l), Kél), ...}. Also, since t > y and
(x>m = (xe(t), ng(t)), Definition 1.4 and Lemma 1.6 imply that (x,7n) € &/ and f € R}}.
Finally recall that 7 is a root of f, of multiplicity 2, and so f,”’(t) # 0. This proves (ii).

Consider (iii). Recall that + > y and L, = J3. Also, since t > y and (y,n) =
(x&(t),ng(t)), Definition 1.4 and Lemma 1.6 imply that (y,n) € &, and t € Rj.
Moreover, (2.2) and (2.3) imply that y € J3(= L;) (see, also, Figure 2.1). It thus remains
to show that f;"”’(t) < 0. To see this, first note, (2.1) implies that (f,’)|;, is continuous and
real-valued. Moreover, since L, = J3, part (1) of Lemma 2.1 implies that f/(t) = f,(t) = 0,
f(@) #0,and f/(s) # O for all s € J3\ {t} = (sup S»,¢) U (¢, inf S;). Therefore, it is
sufficient to show that there exists an s; € (¢,inf S;) with f/(s;) < 0.
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To see the above, we use the notation and definitions and results of next section. This
is not a circular argument since the current lemma is not used in the next section. First, fix
¢ > 0asin Lemma 2.6, and fix s; € [r + &, inf S1). We have shown above that f;'(s;) # 0,
and so either f/'(s;) < 0 or f/(s;) > 0. Next note, (2.7) implies that (f,)|,,, is continuous
and real-valued. Moreover, since L,, = J3, (see (2.12)), part (1) of Lemma 2.6 implies
that f/(s) #O0forall s € J3, \ (t =&, 1+ &) = (Max Sy, t — €] U [t + &, min Sy ). Also,
(2.7) gives

lim '(s) = —oo.
seR,sTmin Sy, fn( )

The above observations imply that f;(s) < O for all s € [f + & min S ). In particular,
since min S ,, = inf S} + o(1) (see (2.12) and note that L, = J3, L, = J3 ,, inf S = sup J3,
min Sy, = supJ3,), and since s; € [t + &, inf Sy), this gives f,/(s;) < 0. Finally note,
(2.1), (2.7) and (2.8) give f,(s;) — f/(s¢). Therefore f/(s;) < 0, as required. This
proves (iii). ]

Next recall that ¢€() : C\ R — Cand C’(-) : C\ R — C have those unique analytic
extensions to R; URy-, U R; given in (1.16) and (1.17). We now consider some useful
properties of these extensions for cases (1)-(12) of Lemma 2.2:

Lemma 2.3. The following hold:
e ¢“® > 1and C'(t) < O whent € R, i.e., for cases (1)~(4).
o €W < 0and C'(t) > Owhent € Ry, i.e., for cases (5)—(8).
o ¢ €(0,1) and C'(t) < O when t € R, i.e., for cases (9)—(12).

Proof. First recall that C(-) : C\R — C and C’(-) : C\ R — C have those unique
analytic extensions to R \ Supp(x) given in (1.16). Moreover, Lemma 1.6 gives R =
{s € R\ Supp(y) : C(s) > 0} and R, = {s € R\ Supp(p) : C(s) < 0}. These easily give
e€® > 1 whent € R, e€® € (0,1) when 7 € R;, and C'(f) < O when ¢ € R, UR,.
Next recall that ¢“() : C\ R — C and C’(-) : C\ R — C have those unique analytic
extensions to Ry_, given in (1.17). These easily give €W <O whent e Ry Finally,
we showed in Lemma 2.2 of [8] that C’(¢) > O whent € Ry_,. O

We end this section with the final technical assumption of Theorem 1.11. First note the
following (see Lemma 2.2):

e For case (4), y < inf S; and r € (y,inf S;) C R\ Supp(u).

e For case (5),sup S, < y and ¢ € (sup Sy, x) € R\ Supp(2 — p).
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e Forcase (8), y+n—1<infS; andr € (y + 1 — 1,inf S;) c R\ Supp(d — p).
e Forcase (9), y +n—1>supSsandt € (supSs, y +n— 1) C R\ Supp(w).

We assume:

Assumption 2.4. If one of the cases (4), (5), (8) and (9) of Lemma 2.2 is satisfied, assume
the following:

e y & Supp(u) for case (4), i.e., [ x,inf S1) C R\ Supp(u).

o x ¢ Supp(d — p) for case (5), i.e., (sup Sy, x] € R\ Supp(2 — p).

o y+n—1¢ Supp(d — p) for case (8), i.e., [y +n — 1,inf ;) € R\ Supp(1 — w).
e y +n—1¢ Supp(u) for case (9), i.e., (sup S3, ¥ + 1 — 1] € R\ Supp(p).

Note, with the above assumption, (1.12) implies that y = sup S, for case (4), y = inf S|
for case (5), y +n — 1 = sup S3 for case (8), and y +n — 1 = inf S, for case (9). Another
effect of Assumption 2.4 can be seen, for example, in part (ii) in the proof of Lemma 3.9.
Part (ii) is not necessarily true if Assumption 2.4 does not hold.

2.2. The roots of f/ and f

In this section, we assume Assumptions 1.2 and 1.7, that (1.18) is satisfied for some fixed
te R; URy-u U R, (arootof f of multiplicity 2), and Assumption 2.4. We consider the
behaviour of the roots of f; and £ as n — co. We concentrate mainly on f;, since £/ has
a similar behaviour.

First note, (1.8) and (1.9) give

fu(w) = % Z log(w — x) — % Z log(w — x) + % Z log(w —x),  (2.5)

XGS]‘,, XGSz‘n XGS}V,I

Falw) = % Z log(w — x) — % Z log(w — x) + % Z logw —x),  (2.6)

xeSi xeSon x€eSs

where the branch cuts are either (—oo, 0] or [0, +0), and where:
® Sini= %{xi S X > vt
L S2,n = ,ll{vmvn -1L.., v+, —I’l} \ {X],)CQ,. . -’xn}-

o 83, = %{xi DX <V + Sy —nl.
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o Sini= %{xi:xi > Uupt.
o S, = %{un—l,un—2,...,un+rn—n+1}\{x1,x2,...,xn}.
o 83, = %{x,- cx; S up + 1y —nj.

Consider f,. First note, irrespective of the choices of the branches of the logarithm
in (2.5), that

1 1 1 1 1 1
(w)=— - — + - e 2.7
Jnw) nzw—x nzw—x nzw—x @D
X€S1n X€SHn X€ES3n
Also note, Assumption 1.2, (1.12) and (1.18) imply the following:
1
— Z dx — p|s, weakly,
n XGS]V,,
1
- D 6x = (A= s, weakly, 2.8)
X€ESHn
1
- Z 0x — p|s, weakly.
n x€S3yn

Moreover, Assumption 1.7, (2.2) and (2.8) imply the following:

Sin# 0, 3ISial = plSi]+0(1) = Ly, b] + o(1) > 0.

Son #0,  LSoal = -wIS2]+0(1) = (A -y +n-1x]+0(1)> 0.

Ssn 0, 1S3, = ulS3]+0(1) = pla, x +1 - 1]+ o(1) > 0. (2.9)
%xi")=m>h>$>&_ﬁ>§n>&= Lym,

Sin=S+o(1) and S5, =S;3+o0(l).

Next note that f,, extends analytically to C \ S,,, where S, := S1., U Sz, U S3.,,. Then,
in analogy with (2.3), partition the domain of f,, as follows:

C\S,=(C\R)U J,UK,, (2.10)
where J,, := U, Jin, Kn i= U2, K, and
o Ji, = (max Sy ,, +00).

o Jo, = (—oo,minS3 ).

o J3, = (max Sy ,, min Sy ).
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o Ji, = (max Sz, min Sy ).
. K,(f) := [min S; ,, max S; ,] \ S, foralli e {1,2,3}.

Note that each K,(f) is open, and so can be partitioned as a set of pairwise disjoint open
intervals, which is unique up to order. We denote this partition of open intervals as
{Kfle, Kgl, ...}, and we note that [, € {K(f;, ngu ...} if and only if inf ,, and sup I,, are
two consecutive elements of S; ;.

Next, recall (see (1.18), (2.1)) that € R\ S is aroot of f, and (see (2.4)) that L, C
R\S = JUK is thatinterval for which¢t € L; and L; € {J}, J3, J3, J4}UU?=1 KY), Kéi), co b
Therefore, for all ¢ > 0 sufficiently small,

(t—4& 1 +4€) C Ly, B(1,46) c C\ S, and 7 is the unique root of f in B(¢,4¢). (2.11)
Fix such an & > 0. Then:

Lemma 2.5. There exists an open interval, L, € {Jin, Jon, J3.n, Jan} U U?ZI{K}Z,
ngl, ...}, which satisfies,

sup L,, = sup L; + o(1) and inf L, = inf L, + o(1),

(t=2&1+28) C Ly, and B(t,2¢) c C\ Sy,

Ln=Jin & Ly = Ji foralli € {1,2,3,4}, (2.12)

Ly e (K KY). . } & L e (K"K, .. } forall i € {1,2,3}.
Proof. Throughout this proof, it is helpful to refer to Figure 2.1 to visualise the sets in
question. Recall the exhaustive cases (1)—-(12) of Lemma 2.2. We will prove the result
for cases (1), (2), (4) and (7). The proof for case (12) is similar to case (1), the proof for
cases (3), (10) and (11) are similar to case (2), the proof for case (6) is similar to case (7),
and the proof for cases (5), (8) and (9) are similar to case (4).

Forcase (1), recall that L, = J; = (sup S1, +), Ji,, = (max Sy, +), and max Sy, —
sup S7 (see Lemma 2.2, and (2.9) and (2.10)). The result for case (1) then follows
from (2.11).

For case (2), recall that L, € {K;l), Kél), ...}, Ly € R\ Supp(w), supS; > sup L,
and inf L, > y, {inf L;,sup L,;} C S1 = Supp(u|[,.»]), and S is entirely contained in
[sup L;, sup S;|U[ x, inf L;] (see Lemma 2.2, and (1.12), (2.2) and (2.3)). Moreover, recall
that Sy, = %{xi 1 X; > vy}, max Sy, — sup S and %" — y,and [, € {Ki,ly)v Kg)l, L)
if and only if inf 7,, and sup I,, are two consecutive elements of S, (see (1.18), (2.7) and
(2.10)). The result for case (2) then follows from Assumption 1.7 and (2.11).

For case (7), recall that L; € {K?), Kéz), ...}, Ly € R\ Supp(d — ), ¥ > sup L, and
infL; > y +n— 1, {inf L,sup L;} C S5 = Supp((A — w)|[y+57-1,¢])> and S is entirely
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contained in [sup Ly, ¥]U [y + 7 — 1,inf L] (see Lemma 2.2, and (1.12), (2.2) and (2.3)).
Moreover, recall that S, , = %{vn, V= Looovan sy —np\ {xi,x2, .. X0}, 2 o x
and 222t — y+p—1,and I, € {Kﬁ)l, K§2r)1’ ...} if and only if inf I,, and sup I,, are
two consecutive elements of S, (see (1.18), (2.7) and (2.10)). The result for case (2)
then follows from Assumption 1.7 and (2.11).

For case (4), recall that L, = J3 = (sup S, inf S1), sup L; € S1 = Supp(ul[y,»1), and
inf L; € S = Supp((Ad = p)|[y+n-1,4]) (see Lemma 2.2, and (1.12), (2.2) and (2.3)).
Moreover, Assumption 2.4 implies that sup S, = y, i.e., that inf L; = y, and [y, inf §}) C
R \ Supp(u). Therefore (y — 6, inf S; — §) € R\ Supp(u) for all § > O sufficiently small.
Then, for all such § > 0, Assumption 1.7 implies that there exists an n(5) > 1 for
which (y — 6,inf S} —§) N (%{xl, X2, ...,Xy}) = 0 for all n > n(6). Finally recall that
J3.n = (max Sy, min Sy ), Si.p = %{x,- txi >vptand S = %{vn, V=1, ..., v+, —
n}\ {x1,x2,...,x,},and 2 — y (see (1.18), (2.7) and (2.10)). The above observations
imply that sup J3, = min Sy, > inf S| — 6 and inf J3,, = max S, = V;" for all n > n(5).
Then, letting 6 | 0, the result for case (4) follows from (2.11). m]

Moreover:

Lemma 2.6. The following hold:

(1) £ has 2 roots in B(t,£), has O roots in L, \ (t — &, + &) when Ly, € {J1.n, Jo.n,
J3,ns Jan}, and has 1 rootin Ly \ (t — &t + &) when L, € \3_, (kD g

o Ko g
(2) f, has O roots in C\ (RU B(t,¢)), and in each of {J1,n, Jo.n J3,n, Jan} \ {Ln}-
(3) f! has 1 root in each of U?zl {K?ZL, Kéizl, 3\ {L. )
Next, denote the roots of f, in B(t,&) by {ti.n, t2,n}, with the understanding that t1 , = ta
means that t1 , is a root of multiplicity 2. Then we can always choose the labelling such
that one of the following possibilities is satisfied:
(a) tl,n € (t _f,l‘f' ‘f) and tl,n = t2,n-

®) {timtony CH=Et+E)andty, > th,.

(c) t1,n € B(t,&) NH and tp,, is the complex conjugate of t p.
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Proof. Consider (1)-(3). We will show that:
(i) f;has 57 1K}, K3)

Ln 2,0

..} +2rootsinC\ S, =(C\R)UJ, UK,.

(ii) f,; an odd number of roots in each of U?Zl {Kfle, ngl, co b

(iii) f,, has 2 roots in B(t, £). Moreover, either both are in (f — &, 7 + £), or both are in

B(t,&)\ (1 = &1+ 8).

Next recall (see (2.12)) that either L,, € {J1,n, J2.n, J3.0, Ja.n } for all n sufficiently large, or
L, e U?:l K fl;, ngw ...} for all n sufficiently large. We consider both cases separately.
First suppose that L,, € {J1 n, J2.n, J3.n, Ja.n}. Recall (see (2.12)) that B(t, £) € (C\R)UL,.
Then parts (i), (ii) and (iii) and a simple counting argument imply that the following is
satisfied: f,, has 2 roots in (C \ R) U L, 0 roots in {J1 n, J2.n, J3.n, Jan} \ {Ln}, and 1
root in each of U?:] {Kﬁ, Kgl, ...}. Moreover, since B(t,¢) ¢ (C\ R) U L, part (iii)
implies that the 2 roots in (C \ R) U L,, must be in B(z, £). This proves (1)—(3) when
L, € {J1.n,J2.n, 3.1, Jan}. Next suppose that L, € U?:]{K{fi, Kg;, ...}. Recall that
B(t,¢) c (C\R) U L,,. Then parts (i), (ii) and (iii) and a simple counting argument imply
that the following is satisfied: f,, has 3 roots in (C\R)U L,,, O roots in {J », J2.n, J3.n, Jan },
and 1 root in each of U?zl{KYzl, ngl, ...} \ {L,}. Moreover, since B(t,¢) c (C\R)U L,,
parts (ii) and (iii) imply that 2 of the roots in (C \ R) U L, must be in B(t, &), and 1 of the
roots must be in L, \ (t — &, ¢ + &). This proves (1)-(3) when L,, € U?:] {Kile, Kgl, S

Consider (i). First recall, (see (2.9)) that S, = S1,, U Sz, U S3.,, Where {S1,, 2.2, S3.1}
are mutually disjoint, each set is non-empty and composed of singletons, and min Sy , >
max Sy, and min S, > maxS3,. Note, for all w € C\ §,, (2.7) gives f,(w) =

%(ers,, ﬁ)Qn(w), where Q,, is the polynomial,

o= (1 e-»)- 3 [] e-»)
X€S81,,US3n “yeSu\{x} X€S2,n ‘yeS,\{x}
Note that Q,, is a polynomial of degree |S,| — 1. Also note that Q,, has no roots in S,,, and
so the roots of O, and f,, coincide. Therefore f; has |S,| — 1 roots in C \ S,,. Finally recall

(see (2.10) and the subsequent remarks) that U?Zl{K (© Kéi;, ...} is a set of pairwise

1,n’
disjoint open intervals, and that [,, € {K(le, Ké’l, ...} if and only if inf 7,, and sup I, are
two consecutive elements of S; ,,. Therefore |S,| = Z?:l |{Kfle, ngl, ...} + 3, which
proves (i).
Consider (ii). Fix i € {1,2, 3}, and any interval I, € {Kff?l, Kg:l, ...}, and recall that
inf I,, and sup I,, are consecutive elements of S; ,,. Note, when i = 1, (2.7) gives

lim (W) = —c0 and lim "(w) = +o0.
weR,wTsup I, fn( ) weR,w linf I, fn( )
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Thus £,/ has an odd number of roots in 7,,. Similarly whenever i € {2, 3}. This proves (ii).

Consider (iii). First note, part (1) of Lemma 2.1 and (2.11) imply that f;/ has 2
roots in B(t,£¢). Next note, (2.7) implies that non-real roots of f, occur in complex
conjugate pairs. Part (iii) thus follows from Rouché’s theorem if, we can show that
| W) > |f/(w) = f,/(w)| for all w € dB(t, ¢). We shall show:

inf  |ff(w)]>0 and lim  sup |ff(w)— f,(w)| =0.
wedB(t,£) =90 ecl(B(t,£))

The first part follows from the extreme value theorem, since f;’ is analytic in B(t, 2£)
(see (2.11)). We prove the second part via contradiction: Assume that the second part
does not hold. Then there exists a & > 0 for which, for all n > 1, there exists some p,, > n
and z, € cl(B(1, £)) with 6 < |f/(zn) = [}, (zn)|- Choosing {2z, }n>1 to be convergent, and
denoting the limit by z, the triangle inequality gives

0 < |f @) = K @I+ 1/ (@) = fp, @1 + 1, () = /5, @0l (2.13)

Note, | f/(zn) — f/(z)] = Osince z, = z, {z, 21,22 ...} C cl(B(z,£)), and f/ is analytic in
B(t,2¢). Also, since z € cl(B(t, £)), and B(t,2¢) € C\ S and B(t,2£) € C\ S, (see (2.11),
(2.12)), (2.1), (2.7) and (2.8)) imply that | f;'(z) — f, (z)| — 0. Finally, (2.7) implies that,

1
—X Zn_-x

()= 7 (1]

PR ASED) (51500 o
This implies that |} (z) = f5, (za)] = 0, since z, — z, {z.21.22...} C cl(B(t,€)),
B(t,2¢6) ¢ C\ S,,,, and p%llSi’pnl = O(1) for all i € {1,2,3} (see (2.9)). The above

observations contradict (2.13), and so our assumption is false. This proves (iii).
Finally, we show that one of the possibilities, (a), (b) or (c), must be satisfied. First
recall, part (1) implies that f,, has 2 roots in B(t, £). Next note, (2.7) implies that non-real
roots of f, occur in complex conjugate pairs. Possibilities (a), (b) and (c) easily follow. O

2.3. The rates of convergence

In the previous sections, we assumed Assumptions 1.2 and 1.7, and that (1.18) is satisfied
for some fixed ¢ € R; U Ry, UR, arootof f of multiplicity 2, and we considered the
behaviour of the roots of f;’ and £, and f,,. We saw that 2 roots of f, (and f,) converge to
t as n — oco. We did not, however, discuss the rate of convergence.

In this section we assume the above, and additionally assume that the sequences of
particle positions, {(it, 7x)}ns1 C Z* and {(vp, $p)}ns1 C Z2, are chosen as in (1.28)
and (1.29). Recall that these are defined in terms of sequences, {m,},>1 C R and
{Pn}n>1 C R, which we have yet to define. In this section, we define these in a natural way
such that the rate of convergence of the roots is sufficiently fast to allow a steepest descent
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analysis of the correlation kernel. The sequences are defined in Definition 2.8, and the
rate of convergence of the roots is given in part (4) of Lemma 2.9. In that lemma, we also
examine the asymptotic behaviour of f£/(r) and f/(z), and their higher order derivatives.
We concentrate mainly on f;, since f has a similar behaviour.

We begin by writing convenient expressions for f, in neighbourhoods of ¢. First recall
that u < A (see Assumption 1.2), and (x, 1) = (x&(?), ns(t)) where t € Rj U Ry UR,,
(see (1.18)). Next recall (see Definition 1.4 and Lemma 1.6) that r € (y, +o0) \ Supp(u)
whent € R, t € (x +17—1, x) \ Supp(d — ) whent € Ry, and t € (=00, y + 77— 1)\
Supp() when 7 € R,. Thus the following are satisfied for all £ > 0 sufficiently small:

:ul(l‘—4§,t+4§) = 0’ (t - 4§7t + 45) Cc (X, +OO) When re R;
Ul(r—ag,r4a8) = Ar-dg,rvde) (t —4Et +4E) C (x +n—1, x) whent € Ry . (2.14)
lul(l‘—4§,t+4§) = 0’ (t - 465 I+ 46) C (—OO, X + n- 1) Whent € R;

Then, fixing such an ¢ > 0, (1.10) and (1.30) imply the following, which are well-defined
and analytic for all w € B(t,4¢): Whent € Rj UR,,,

b X
fl(w) = / pldx] / dx (2.15)
a X

w—x 1 W—X
—us

1-4¢ b t-4&
f/(w) = [/ +/ ]“[dx] - / +/X } dr (2.16)
a t+4g W — X x+n-1 t+4g [W— X

Now, we use the above to inspire the definition of natural non-asymptotic functions
which have a similar root behaviour in B(z, 4¢). First, fix € > 0 sufficiently small such
that (1.23) is satisfied, and recall that Rjj(€) = {s € R, : (s — €, s + €) C R}, etc.. Next,
fix the above & > 0 sufficiently small such that the following are also satisfied:

When t € R,

Ri(e)  whent€Rj.
(t—4&t+48) C YRy_u(€) whent € Ry,. (2.17)
R, (€) whent € R,.
Next, define p, as in (1.25), and recall that u,, — u weakly. Note that Supp(u,) C
P, Ucl(Ry—u(€)), where P, = %{xl, ..., Xn }. Therefore Supp(u,) C (a — €, b + €), since
Supp(u) C [a, b] (see Assumption 1.2), since d(P,, Supp(u)) — 0 (see Assumption 1.7),
and since R _,(€) C (a, b) (indeed, Ry, (€) € Ry, = R\ Supp(d — p) € Supp(u)° C
(a, b)). Next, define (xn,n,) as in Definition 1.8, and recall that (y,,7,) — (x,n)
(see (1.27)). Finally, inspired by (2.15) and (2.16), define: When ¢ € R;j UR,,

b+e n
ft:n(w) = / M — /X d_x (2.18)
a X

e W—X =l W — X
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Whent € Ry,

t—-4& b+e t-4¢ Xn
, Hn[dx]
fla(w) = [/ +/ ]"— - +

a—e t+4¢ | W— X Xn+1n—1 t+4&

The function f;, is unimportant and left unspecified. Note that these functions are
well-defined and analytic in B(t, 4¢). Indeed, when ¢ € R;;, the second term on the RHS
of (2.18) is well-defined and analytic since (xn, 7,) — (x,7n7) and (r—4¢, t+4¢€) C (y, +00)
(see (2.14)). Moreover, when ¢t € R, note that (t — 4&,1 + 4£) € R\ Supp(u,), since
Supp(tn) € P U cl(Ry_y(€)), since (t — 4&,t + 4¢) C R;(e) c R\ P, (see (1.24) and
(2.17)), and since (t —4&,t +4¢&) C R;(e) C R\ cl(Ry—y(€)) (see (1.23) and (2.17)). Thus
the first term on the RHS of (2.18) is also well-defined and analytic in B(z, 4¢). Similarly
the terms on the RHS of (2.18) are well-defined and analytic in B(t, 4¢) when ¢t € R;,, and
the terms on the RHS of (2.19) are well-defined and analytic in B(#,4¢) whent € Ry_,,.
Moreover:

dx

w—x

(2.19)

Lemma 2.7. f/ (1) = f/,,(t) = 0. Moreover, f//(t) — f/"(t), where f/"(t) # 0

,n

(see (1.18)). Finally, t is the unique root of f/,, in B(t, £).

Proof. First suppose that ¢t € R;;. Recall, Definition 1.8 gives

ecn(t) -1 ecn(t) -1
e d a1z t+ 1
Xn ecn(’)C,’,(t) an Xn t1n cr )

where C,, is the Cauchy transform of y, given in (1.26). Recall that (x,, 7,) — (x, 7).
(2.14) thus gives (t—4¢, 1 +4€) C (xn, +0). (1.26) and (2.18) then give £, (w) = Cp(w)+
log(w — xn) —log(w — xn —nn + 1) for all w € B(t, 4¢), where the logarithms use (—co, 0)
as the branch cut. Finally, taking w = ¢, the above expressions give f, (1) = f/,(t) = 0.
Moreover, recalling that p, — p weakly and (xy,17,) — (x. 1), (2.15) and (2.18) give

in(t) — f”(t) # 0. Finally, using those equations, we can proceed as in part (iii) in the
proof of Lemma 2.6 to show that £, has 2 roots in B(z, ). Thus  is the unique root of
fin in B(2,&). This proves the result when 7 € R}.

Next suppose that t € R;_,,. Note that the above expressions for y, and y, + 1, — 1
also hold in this case, where now ¢€»(*) and C/(r) are defined by analytic extensions.
More exactly, since u,, = Ain (t — 4&,t + 4¢) (see (1.25) and (2.17)), Lemma 2.2 of [8]
gives

—-t+4 ! !
eCnW) _ oBn(w) wott+ag , Ch(w) =B (w) - + ’
w—t—4§ W—[—4§ W—t+4§
n d
forall w € B(z, 4£), where B, (w) = f[u,b]\(t_4§,,+4g) /‘W[_;‘].Recall that (xn, 17,) = (x, 7).

(2.14) thus gives (t — 4&,t +4€) C (xn + N — 1, xn)- (2.19) then gives f/,(w) =
B,(w) + log(w — x) — log(w — t = 2&) + log(w — t + 2¢) — log(w — xp —nn + 1) for all
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w € B(t,2¢), where the first and second logarithms use (0, +o0) as the branch cut, and
the third and fourth logarithms use (—oo, 0) as the branch cut. Finally, taking w = ¢, the
above expressions give f/,(t) = f/},(t) = 0. Moreover, recalling that u, — p weakly
and (xu, 7n) — (x>1), (2.16) and (2.19) give f/}/(t) — f/”(¢) # 0. Finally, using those
equations, we can proceed as in part (iii) in the proof of Lemma 2.6 to show that f;’,, has
2 roots in B(t, &). Thus # is the unique root of £, in B(z, £). This proves the result when

1 € Ry—y. Similarly when 7 € R;,. O

Next, we write similar convenient expressions for f,. Recall the definition for f, given
in (1.8). Note, (1.22), (1.24) and (2.17) give P, = %{xl,xz, ce s Xp ), (1—4E,1+4ENP, =0
when t € R U R, and (t — 46, +4£) N % C P, when t € Ry_,. Next define V, :=
%{vn + 85, —mv, +s, —n+1,...,v,}. Then, since %(vn, sn) — (x,m) (see (1.18)),
(2.14) gives (1 —4£,1 +4£) NV, = O when 1 € R URy, and (1 — 4&,1 +46) N 2 C V,
when t € R;y_,,. Finally, (1.8) and the above observations imply the following, which are
well-defined and analytic for all w € B(,4¢): Whent € Ry UR,,

, 1 11 1
R ) D (2.20)
n w—=X n w—-X
xeP, xX€V,
Whent € Ry,
, 1 11 1
== > ——ea 2.21)
n w—-Xx n w—-Xx
X€EP,;x¢(t—4&,1+4E) X €V x¢(t—4&,1+4E)

Finally recall that the sequences {(i,, 7n)}ns1 € Z% and {(vy, $4)}n>1 C Z2 of (1.28)
and (1.29), depend on sequences {n,},>1 € R? and {p,}»>1 C R which we have yet to
define. We now define these, along with some other useful sequences:

Definition 2.8. First, recall that f/}/(t) — f/”(t) # O (see Lemma 2.7), and define
gn = qn(t) such that,
éqfl t/;{(t) = %

Next, define g1, := q1.,(t) and g2, := ¢2,,(¢) such that,

qnqi,n = %qﬁqh =1
Finally, recall that e“»(*) — ¢€®) ¢ {0, 1} (see (1.27) and Lemma 2.3), and y, — x # ¢
(see (1.27)), and define m,, := my(¢) and p, := p,(¢) such that,

Pal(eSn 0 = 1) + 1) (0 — 1)
(t- Xn)eC"(t) (t- Xn)2eC"(t) .

Note that each {m,}n>1, {Pntn>1s {gninz1, {@intn>1, {q2n}n>1, are convergent
sequences of real-numbers with non-zero limits. Moreover:

qdin = and qo.n =

109



E. Duse & A. Metcalfe

Lemma 2.9. Assume that {(un, rn)}ns1 C Z* and {(vn, Sp)}ns1 C Z? are chosen as
in (1.28) and (1.29). Then:

) fi@) = n’%sql,n +0n™ ") and f,{(t) = n’%rql,n +0(n™").
2) fr@) = n’%qu,n + O(n’%) and f'(t) = n’%uqz,n + O(n’%).

G) f(6) = £ + O3 ) and f1"(1) = f1(1) + O(n™5).

n
@) t=tip+0n3)=thn+O0m 3)andt =Ty + On"3) = Hp + O 3).

Above, u, v, r, s are the parameters in (1.28) and (1.29), {t1n, t2.n} denotes the set of roots
of f! in B(t,&) (see Lemma 2.6), and {f1 ,, b.n} denotes the analogous roots of f,.

Proof. We prove the results for f,,, and state that the results for f;, follow similarly.
Consider (1), (2) and (3) when ¢ € R;;. First note, (1.25), (2.18) and (2.20) give

) , dx 1 1
R A - B Y
Ra—u(e) XEP,;xER _(€)

AXn dx 1 1
: I
il W= X 1 w—x

xev,

forallw € B(t,4¢), where V,, = }l{vn+sn—n, Vatsy—n+1, ..., v, }. Nextrecall (see (2.17))

that (r — 4&,t + 4¢) C R;;(e) C R\ Ry, (€), and (see (1.24)) that % NRy_,(e) C Py
Riemann approximations thus give

Yn

n Xn
Frnw) = f1w) = / v _ / & om,
Xi

mysn_g WX o e

Yn

finw) = f7(w) = - / -9 / " )
Xi

Yoy sn_| (w = x)? -1 (w — x)?

n

Yn

W) — £ () = / v 2dx /X" 24 o,
X

| (w - x)? wtign—1 (W= x)3

n
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uniformly for w € B(t, &). Recall that %(vn, sn) — (x,n) and (xyn,m) — (x,n), and
t € (x, +o0). Therefore,

r— Pt 3y |
Jin@® = f5(t) = —log | +log [ ——"——+0(n"),
’ = Xn = Xn—1n+1

= Xn
(t = xn)(t = *2)
. el (e
(t = Xn =1 + Dt =2 =22 +1)
(= xn)((t = xn) + (£ = *2))
(t = xn)*(t = 22)?
(22— =) (1= X =7+ 1) + (1 =22 =22 4 1))

on(0) = f (1) = =

+0(n™"),

in() =" (1) =

- + 0™,
(t_)(n_nn"'l)z(t_‘%_%n"'l)z )
where log now represents the natural logarithm. (1.29) thus gives
1 2
, , N3y + 173 pys(eCr® — 1) + 0(n")
Jon(®) = fu(1) = —log (1 - - -
= Xn
_1L _2 -
+bg@_”“Ww@m+nww@“m—b+0mlu+mfﬂ
t=xn—Nn+1

2
n_%mnv +0(n73)

(t = xu)((1 = xn) + O(n™%))

-4 Ca®) 4 O(n~3
N n-3imy,ve o(n~3) + o™,

1
(t=xn=—mn+ D= xn—1u+1)+0(n73))
244 244 -1
t,n(t) ~Jn (1) =0(n73),
The third equation gives (3) when t € Rjj. Also note, that  — x, =1, + 1 = (t = xn)e
(see Definition 1.8). The first and second equations thus give

on() = f (6) = =

Cn(t)

*% -2 Cn(t) -1
£ (0= 1) = —log (1 _nTimpy nTipas(e ) +0(n‘1))
’ L= Xn = Xn
-1 *% Cn(t) -2
+10g(1 _mmay npaste c ) + O(n_l)) +0(n™,
= Xn (t = xn)eCn®
1 1
o) = ) = -2 o),

+
(t- /\,/n)2 (t- Xn)zeC"(z)
Then, since f;,() = 0 (see Lemma 2.7) the second equation and Definition 2.8 give (2)
when ¢ € R;. Also, since f,’ () = 0 (see Lemma 2.7) the first equation, Definition 2.8
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and a Taylor expansion give (1) when ¢ € R;;. We can similarly prove (1), (2) and (3)
whenz € R,.

Consider (1), (2) and (3) when ¢t € R,_,. First recall (see (1.24) and (2.17)) that
(t—4¢,t+4¢) C Ry—y(e) and % N Ry, (€) C P,. Also, recall (see (2.14)) that (r — 4¢, ¢ +
4¢) € (x+n—1, x), and that X (v, 54) = (x.7) and (xu. 7a) — (x. 7). Next note, (1.25),
(2.19) and (2.21) give

dx 1 1
iae) = 51000 = [ - —
Ra-p(€\(t-48,1+48) XEP, xR ()\(t—4E,1+4E)
/ dx 1 1
— + — s
Dt —Lxn \e—4&,1+45) W — X 11 XEVy i xg(t—4€,t+48) WX
for all w € B(t,4¢), where V,, = %{vn + S, — v, +s, —n+1,...,v,}. Riemann
approximations thus give
dx
i) = 1) = - [
[Xn"”]n_I’Xrll\(t_4§st+4§) w—=x
dx
+ / +0(n™"), (2.23)
[+3n 1 Y \(1—dg,r445) W — X

uniformly for w € B(t, £). We can then proceed similarly to above to prove (1), (2) and (3)
whent € Ry_,.

Consider (4). First recall, that f; and f, are well-defined and analytic in B(z, 4£).
Also, Lemma 2.7 implies that 7 is a root of f;',, of multiplicity 2, and ¢ is the unique root
of f, in B(t,£). We will show that there exists constants cy, c; > 0 for which, given any
{&ntnz1 with &, | 0,

. ’ 2
inf w)| > ci&;,
TN AR

¢ ’ -1 2 (2.24)
Sup 1) = £ < caEun™ + 073
wecl(B(t,&n))

For clarity we state that ¢y, ¢, are independent of the choice of {&,},,>1. Thus there
exists a choice of {&,},>1 with &, ~ O(n’%) for which, for all n sufficiently large,
LW > 1 f,(w) = f,(w)]| for all w € dB(t,&,). Part (4) then follows from Rouché’s
theorem.
Fix {&}n>1 with &, | 0. Recall, Lemma 2.7 implies that f/, () = f/,(t) = 0, and
(1) — f/"(1) # 0. Also note, (2.18) and (2.19) give | £+ ()| = O(1) uniformly for

w € B(t, ). Taylor’s theorem thus gives f/, (w) = 5(w — £)? £7/(1) + O(&]) uniformly for

n
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w € cl(B(w, &,)). Therefore,

’ 1 ; - "
Flnw) = £15€2 8D 110 + O(E),
uniformly for w € dB(t, &,). This proves the first part of (2.24).
Consider the second part of (2.24) when ¢ € R;. Note, (2.22) and Taylor’s theorem
give

- =

)= g = tog (8 ) g ()

Vn

S
+0(|W_t|/\/n +|W_t|77n_;n

+ n]),

uniformly for w € B(t, £), where log now represents the natural logarithm. Proceeding
similarly to part (1) then gives

finW) = f(w) =0 (Iw — 73 + n—%),
uniformly for w € B(t, £). This proves the second part of (2.24) when 7 € R};. Similarly

when 7 € R,,. Finally, the second part of (2.24) when ¢ € R;_, can be shown using similar
arguments and (2.23). O

2.4. The asymptotic behaviour of f, — 7,

In this section, we assume Assumptions 1.2 and 1.7, that (1.18) is satisfied for some fixed
t € R; UR i, UR, (aroot of f of multiplicity 2), and that {(un, ) }n>1 C 7% and
{(Vs, Su)}n=1 C Z2 are chosen as in (1.28) and (1.29). Define,

F,:= fo— fa. (2.25)

This function will be useful for the steepest descent analysis. In this section, we examine

the roots of F,,, and the asymptotic behaviour of F}, as n — oo. Note, since much of the

analysis of this section is similar to that of the previous two sections, we do not go into as
much detail here.

First, it is useful to examine the following functions: Define G;, G;, : C\ R — C as,

G;(w) := —log(w — x) + e“Dlog(w — y —n + 1),

(2.26)

Grn(w) := —log(w — xn) + € log(w = xu = 0y + 1),

for all w € C\ R, where C and C, are defined in (1.14) and (1.26) respectively,

(-1 = (xe), ne(t)) and (xn, 1) = (xu(t), 74 (1)) (see (1.18) and Definition 1.8), and
the branch cuts are chosen as follows:

e For cases (1)—(4) of Lemma 2.2, all branch cuts are (—oo, 0].
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e For cases (5)—(8) of Lemma 2.2, the branch cut in the 1st terms on the RHS is
[0, +00), and branch cut in the 2nd terms is (—oo, 0].

e For cases (9)—(12) of Lemma 2.2, all branch cuts are [0, +c0).

Recall that e“») — ¢€@) and (y,, 7,) — (x.7) (see (1.27)). The above choices for the
branches, Lemma 2.2 and (2.14), imply that G, and G, , both extend analytically to
(CAR)U(r —2&,1 +28).

Next note, irrespective of the choices of the branches of the logarithms,

eC® 55
G/ = — =+ N . 7
09 =~ e 2.27)
1 ecn(t)
G (W) = - + (2.28)

W=Xn W= Xn—Tn+1
for all w € (C\R) U (r — 2&,1 + 2£). Therefore, G; and Gy, extend analytically to
C\{x,x +n—1}and C\ {xu, xn + 17n — 1}, respectively. Moreover:

Lemma 2.10. G has a root of multiplicity 1 at t, and no other roots in C\ { y, y +n—1}.
Moreover, G, ,, has a root of multiplicity 1 at t, and no other roots in C\ { xn, Xn + 1, — 1}.
Finally, G{',(t) — G{ (1)

Proof. Consider Gj. Note, since (y,n7) = (xg(t), 75(t)), (1.15) and (2.27) imply that ¢ is
the only root of G, in C\ { )y, y + n — 1}. These also give
. eC(t)c/ t 2
G/(1) = eCT—(l)'
Lemma 2.3 then implies that G,’() # 0.

Consider Gy ,,. Note, since (xu,7n) = (xn(?), 72(?)), Definition 1.8 and (2.28) imply
that ¢ is the only root of G; ,, in C\ {xu, ¥ + 17n — 1}. These also give

Cn() 7 (1)2
e C/(t
G0 = St
’ e n(t) —_ 1
(1.27) then gives G/, (1) — G/'(t) # 0. O
Next consider F,,. Define, for convenience,
U, = %{un+rn—n+ Lu, +rp—n+2,...,u, — 1},
X (2.29)
V= o{vn+sp—mvp +sp—n+ 1., v}

Thus, since 7 € (0,1) and yll(”m rm) — (x,n) and ,ll(vn, sn) — (x.1n) (see (1.18)),
min{u, — 1,v,} > max{u, +r, —n+ 1,v, + s, — n}. Moreover,

Vo \ Uy = (VU™) U (VU ) and U, \V, = (UV™)U(UV,), (2.30)
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where we define:

o VU™ .= %{un, up +1,...,v,} whenv, > u,.

o UV .= %{vn+1,v,,+2,...,un—l}whenvn+1 <u,-1.

o VUy = %{vn+sn—n,vn+sn—n+1,...,un+rn—n}whenvn+sn < Uy +ry,.

o UV = %{un+rn—n+1,u,,+rn—n+2,...,vn+sn—n—1}whenvn+sn—1 >
Uy + 1, + 1.

Note, implicit in the above definitions is that VU ) .= ( when v, < Uy, etc. Finally, fixing
& > 0 sufficiently small such that (2.11), (2.14) and (2.17) are satisfied, and such that
x —4E> xy +n—-1+4¢£,(1.18) gives:

VU™ c (x —26, x +26) and VU C(x +n—1-2& x +17—1+26). (2.31)
Similarly for UV and UV,,). Finally note that (1.8), (1.9), (2.25), (2.29) and (2.30) give

nFn(W)=(1(v,,+1<u,,—1) Z 1, 2w Z )log(w—x)

xeuvm xevum)

+(1<vn+s,,_12u,l+rn+n > sz D )log(w—x>, (2.32)

XEUV(n) XEVU(,L)

for all w € C \ R, where the branch cuts are chosen as follows:
e For cases (1)—(4) of Lemma 2.2, all branch cuts are (—oo, 0].

e For cases (5)—(8) of Lemma 2.2, the branch cuts in the 1st and 2nd sums on the
RHS are all [0, +c0), and the branch cuts in the 3rd and 4th sums are all (—co, 0].

e For cases (9)—(12) of Lemma 2.2, all branch cuts are [0, +c0).

Note, the above branch cut choices are consistent with those made in (1.8) and (1.9) (see
the discussion given before Lemma 3.1). Also note, Lemma 2.2, and (2.11), (2.14), (2.17)
and (2.31), imply that F}, extends analytically to (C \ R) U (¢t — 2&, ¢ + 2£).

Note, irrespective of the choices of the branches of the logarithms,

1
nF}"l(w) = (I(V,,+lSun]) Z _l(VnZMn) Z )W —x

xeyuvm) xevVum

1
+(1(vn+sn—1>un+rn+1) Z _l(Vn+Sn£un+rn) Z )—W—x, (233)

XEUV(,,) xEVU(,,)
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forall (C\R)U(r—-2¢, t+2¢&). Therefore F,, extends analytically to C\ ((V,, \Upn)U(Up \ Vir))-
Next we investigate the relationships between Gy, G; ,, and F; in B(t, £):

Lemma 2.11. Fix ¢ > 0 as above. Then:

(1) G, (w) = G{(w) + o(1) uniformly for w € B(t,£). Similarly for G/’

t,n

"
Gy

Next, fix {(tun, ) tns1, {Vns 1) Ins1, {Mntns1, u, v as in (1.28) and (1.29). Additionally
assume that u # v. Then:

2) n%F,:(w) = mu(v —u)Gy ,(w) + O(n_%) uniformly for w € B(t,&). Similarly for
G/, F.
Proof. Consider (1). We will prove (1) only for G; ,,, G;. Part (1) for G/,,, G, follows
similarly. First note, (2.27) and (2.28) give

’ Xn— X
G;,,w)=G,(w) - —————
o ! w = X)W = xn)
eCnlD) — €10 e“O(n + 10— x = 1)

+

W dn T+ 1 (0= X0+ DOV~ X~ + 1)

for all w € B(t, ). Recall (see (1.27)) that ¢“»®) — € and (y,,, 7,) — (x, 7). Also
recall (see (2.14)) that |w— x| > 3¢ and [w— y —n+1| > 3¢ forall w € B(t, ¢). Combined,
the above prove (1) for G7 ,, G;.

Consider (2). Note, since u # v, (1.28), (1.29) and (2.30) imply that either VU™ 0
and UV™ = 0 for all n sufficiently large, or VU™ = ¢ and UV # 0 for all n sufficiently
large. Similarly for VU, and UV,,). Moreover, these sets contain at least 2 distinct
elements, whenever they are non-empty.

First suppose that UV™ # ( and VU # 0 and UV, = VU™ = 0. For this case,

(2.33) gives
, 1 1
nEy(w) = Z w—x Z w—x

xeUvn) X xeVUy,)
for all w € B(t, £). We write this as,

’ — 1 - Xn =
nF,,(W) = Z (W - Xn (W - )(n)(w - x))

xeuvm

B Z ( 1 B Xntma—1-x
xeVU, W_/\,/n_nn+1 (W_Xn_nn"‘l)(w_x)

forallw € B(t, &). Note, (1.27) and (2.14) imply that |w— y,,| > £and |w— x,, —n,+1| > &
uniformly for w € B(t, £). Also note, (2.14) and (2.31) imply that |w — x| > & uniformly
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forw € B(t,&) and x € UV™, and |w — x| > & uniformly for w € B(t,&) and x € VU
Moreover, since u # v, (1.28), (1.29) and (2.30), imply the following:

® Yp—Xx= O(n‘%) uniformly for x € UV,
o Yntp—1l—-x= O(n"3) uniformly for x € VUy,).
o [UV™| = 0(n3)and [VU| = O(n3).

Combined, the above give

1 1 1
nFiw)= - ) ——————+0m),
erV(") w- Xn xEVU(n) w- X'l - 77” + 1

uniformly for w € B(t,&). Finally note, (1.28), (1.29) and (2.30) give |[UV™| =
n3mu(u —v) + O(n’) and VU = 13 mueCr®(u — v) + O(n%). Therefore,

n%mn(u -v) n%mnecn(’)(u -v)

1
nF’(w) = +0(n?),
) W= Xn W= Xn—1Tn + 1 =)
uniformly for w € B(t,£). (2.28) finally proves (2) for F,, G, ,, when U vV % @ and
VU # 0and UV, = VU () = . Part (2) for the other cases follows similarly. ]

Next we use the previous lemmas to investigate the roots of F,, when u # v.

Lemma 2.12. Fix ¢ > 0 as above, and assume that u # v. Then:
(1) F, has 1 rootin (t — &,t + &).
(2) F; has 0 roots in C\ R.

(3) F, has 1 root in each interval of the form (x,y), when x and y are any two
consecutive elements of either VU™ or UV or VU or UVy).

(4) F, has no other roots in R excluding those listed in parts (1,3).
) w,=t+ O(n‘%), where w,, denotes the root in part (1), above.

Proof. Consider (1). First, recall that u # v, and let m; # 0 denote the non-zero limit of
the sequence {m,, },,> of real-numbers (see Definition 2.8). Next recall (see Lemma 2.10)
that ¢ is the only root of G/ in B(t, ¢). The extremal value theorem thus gives

inf - G, > 0.
Weég(t’g)KV wm; Gy (w)|
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Next note, parts (1) and (2) of Lemma 2.11 give n%F,’l(w) = (v —wm,G,(w) + o(1)
uniformly for w € B(t, ¢£). Combined, the above imply that [(v — u)m,G;(w)| > |(v —
wm;G,(w) — n%F,:(w)| for all w € dB(t, ¢). Rouché’s theorem thus implies that G; and
F;, have the same number of roots in B(t, ¢). Lemma 2.10 thus implies that F;, has 1 root
in B(t, £). This root is necessarily real-valued since non-real roots of ¥, occur in complex
conjugate pairs (see (2.33)). This proves (1).

Consider (2)—(4). As in the proof of part (2) of Lemma 2.11, we will prove these only
when UV®™ # (0 and VU # 0 and UV,) = VU™ = (. Part (2-4) for the other cases
follows similarly. Note, for the above case, (2.33) gives

= Y Lo > L (234)

xeyvn X XGVU(n)

forallw € C\ (UV™)u (VUy)). Recall, since u # v, that Uv®™ and VU(y) both contain
at least 2 elements. Also recall (see (2.14) and (2.31)) that (r = &, + &) and U v and
VU, are mutually disjoint. We will show:

(i) F} has [UV™] +|VU,| - 1 roots in C \ (UV™) U (VUn)).

(if) F) has at least 1 root in each interval of the form (x, y), where x and y are any
two consecutive elements of either UV™ or VU.

Finally recall (see part (1)) that F,, has 1 root in (f — &, + &). Combined, the above imply
that F, has 1 root in (r — &, ¢ + &), 1 in each of the intervals listed in part (ii), and no other
roots. This proves parts (2)—(4) in this case.

Consider (i). First note (2.34) gives

1 1
O I s LA
n w—y

yE(UV)U(VU )

forallw € C\ (UV™)u (VUy)), where P, is the polynomial,

Paw)= ( 1 (w—y))

xeUvm y e((uv(n))\ {x})UVU(n))

erU(,,)

(w- y))-

YEUVO)U((VU)\{x})

Note that P, has degree at most |UV™| + |VU,| — 1. Moreover, since UV and VU,
are disjoint, P, has no roots in (UV™) U (VU). Therefore the roots of P, and F,
coincide. This proves (i).
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Consider (ii). Let x and y denote any two consecutive elements of UV, (2.34) then
implies that F), is a real-valued continuous function on (x, y), and
lim F/(w)= -0 and lim  F,(w) = +oo.
we(x,y),wly we(x,y)wlx
The intermediate value theorem thus implies that F,, has a root in (x, y). Similarly F;,
has a root in (x, y), when x and y denote any two consecutive elements of VUj,). This
proves (ii).

Consider (5). First recall (see Lemma 2.10) that G; ,, has a root of multiplicity 1 at ¢,
and no other roots in C \ {xp, xn + 1, — 1}, and G/, (1) — G/'(¢) # 0. Next, recall that
v —u # 0 (by assumption) and that {m, }, > is a convergent sequence of real-numbers
with a non-zero limit (see Definition 2.8). Then, using part (2) of Lemma 2.11, we
can proceed similarly to the proof of part (4) of Lemma 2.9 to show the following:
There exists a sequence {&,},>1 of positive numbers for which &, = O(n‘%) and
(v — wm, Gy ,(w)| > |(v — wym, Gy, (w) — n%F,:(w)| for all w € AB(t,&,). Rouché’s
theorem thus implies that F,, and G, have the same number of roots in B(t, &,) for this
choice of &,, i.e., 1 root. Thus the root w,, of F,, discovered in part (1), must satisfy
wy, € B(t,&,). This proves (5). O

We end this section by examining the asymptotic behaviour, as n — oo, of F,(t):

Lemma 2.13. We have,

At,n((“m rn)7 (Vm Sn))
(t _Xn)(t —Xn—Tnt 1)

where A, : (Z*)* — R\ {0} is defined by:

exp(nFy(t)) = exp(O(n”3)),

Acn((U,R), (V,8)) := (1 = xu) VUt = o — 1 + 1)VFSTUR

n(% _)(n)2_ % _)(n)z n(% _/\/n)3 _(% _Xn)3
xexp | = + =
2 t= Xn 6 (t = xn)?
_E(%""%_Xn_nn)z_(%"'%_)(n_nn)z
2 t—Xn—1n+1
_E(%+%_Xn_7]n)3_(%+§_)(n_77n)3
6 (t=Xn—1n + 1) '

forall (U,R),(V,S) € Z>.

Proof. We will prove this result when VU™ # 0 and VU # 0 and UV™ = UV, = 0,
and state that the result for the other cases follows from similar considerations.
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Assume the above case. Then, irrespective of the choices of the branches of the
logarithms, (2.30) and (2.32) give

Vn -1 Up+rp—n -1
exp(nky(t)) = [ ]_[(t— ﬁ')} [ ]_[ (r- %)} : (2.35)
J=un

k=v,+s,—n

To examine this, first write,

v = L-x
I — (s Vi —lp+1 _n n
[ === wreet [ (1- 222,

J=un J=un

Note that ﬁ - Xn = O(n‘%) uniformly for j € {u,, u, + 1,...,v,} (see (1.28) and (1.29))
and that |t — y,| > 2¢ > 0 (see (2.14), and recall that y,, — x). Thus, we can write,

Vn Vn J
] _ nAn
| |I—L =(t - Vi —Un+1 E 1 1= ,
j:un( n) (= P [ ; Og( L= Xn )]

J=Un

where log denotes the natural logarithm. Moreover, Taylor’s theorem gives

J J J 2
[ L - 1 P A
log (1 _n Xn) __n Xn _(n Xn)2 +0(n_1),
= Xn = Xn 2 (t—xn)
uniformly for j € {u,,u, + 1,...,v,}. Therefore, since v, = ny, + O(ng) and u, =
nxn + O(n%) (see (1.28) and (1.29)),
Vi Vi o_ L2 (Un )2
[T= £ = (¢~ oot exp | - 2 =) Z Gl 2
n 2 t— Xn

J=un
_ E(% _/\,/n)3 _(l% _Xn)3

_1
5 =) + 0 3)|.

Similarly we can show that,

Up+rp—n

1_[ (t- ﬁ) =({t—Xn—1Tn + 1)u,.+r,,—v,,—sn+1

k=v,+s,—n

n (MTn"' % _Xn_77n)2 - (‘%"‘% _)(n_77n)2

Xe - =
P 2 = Xn—Tn+1
n n 3 n n 3
B E(%"‘%‘Xn_nn) _(v?+s7_/\/n_77n) +0(n_%) .
6 ([_Xn_nn"'l)z
(2.35) then gives the required result. O

120



Universal edge fluctuations

3. Steepest descent analysis

In this section we prove Theorem 1.11 via steepest descent analysis. Assume the
conditions of that theorem: Assume Assumptions 1.2 and 1.7, that (1.18) is satisfied for
some fixed ¢ € R; U Rp-u U R, (arootof f;" of multiplicity 2), Assumption 2.4, and that
{(n, ) Ins1 € Z% and {(vy, $p)}ns1 C Z2 are chosen as in (1.28) and (1.29).

3.1. Local asymptotic behaviour

In this section we examine the local behaviour of f;, f, and f, in neighbourhoods of 7.
We begin by using Lemma 2.2, which describes the various situations of Theorem 1.11 in
explicit detail, to choose the branches of the logarithms in (1.11) and (2.5) so that both
f: and f;, are well-defined and analytic in convenient open subsets of C which contain
t. We similarly choose the branches of the logarithms in (2.6), for f,. Recall (see (2.3))
that C\ § = (C\R)U J UK, is the domain of f/, S = S U S, US3 C R (see (1.12)),
J = U?:l J, K = U?:l K®, K® is partitioned as {KY), Kéi), ...}foralli € {1,2,3}, and
{J1,J2, J3, J4} U U?:] {K(i), Kéi), ...} is a set of pairwise disjoint open intervals. These
sets are depicted in Figure 2.1, and properties of Sy, S, S5 are discussed in (2.2). Also
recall (see (2.4)) that L, € {Jy, Jo, J3, J4} U U?:l {K(i), K;i), ...} denotes that open interval
with t € L;. We write (see (1.11) and (1.30)),

i) = [ togow —outdx] = [ toglw = n)a = oldx] + [ togt = xula]
1 2 3
+ [ togtw —xulax] = [ togw =1~ wlaa] + [ togtw = ulex]
Sy Sy S5
for all w € C\ R, where S = S; N [sup L;, +o0) and S, = §; N (—oo,inf L;]. Thus f; is
analytic in (C \ R) U L, if we choose the branch cuts of all the logarithms in the first three
terms on the RHS to be [0, +o0), and the branch cuts of all the logarithms in the last three
terms to be (—oo, 0]. Next, define L, c R\ S, as in (2.12). Then we can similarly choose

the branches of the logarithms in (2.5) such that f;, is well-defined and analytic in C \ L,,.
Finally, fix £ > O sufficiently small such that (2.11) is satisfied, and define

Ce :={weC:inf L, + 26 < Re(w) < sup L; — 2¢ or [Im(w)| > &4 (3.1

The use of §4, above, is a choice of convenience which will simplify some calculations
later. Note, (2.11) and (3.1) imply that B(¢, 2¢) c Cg. Also note that C¢, ¢ (C\R) U L,
and so f; is well-defined and analytic in C¢. Also, (2.12) implies that C¢ € (C\R) U L,,,
and so f, is well-defined and analytic in C,. Similarly for fu. Moreover:
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Lemma 3.1. Fix & > 0 as above, fix r > 0, and fix an integer k > 0. Then:

(1) Then there exists a positive constant, C = C(t, &, k,r), for which

k k
sup  [fPw)<Cand sup |fPw) <C.
weCgNB(0,r) weCgNB(0,r)

) f,Ek) — I(k) uniformly in C¢ N B(O, r).

Similarly for f,.

Proof. Consider (1). First recall that S,, = S;, U Sy, U S3.,, and %|S,~,n| = 0(1) for all
i € {1,2,3} (see (2.5) and (2.9)). (2.5) then implies that there exists a constant, ¢ > 0, for
which

sup | fuw)| < ¢ sup [log(w — x)|.
weCgNB(0,r) (w,x)€(CeNB(0,r))xS,

Next note, (2.9) gives
sup |lw — x| < r + 2max{]| inf S3|, | sup S1|}.
(W,x)€(CNB(0,7))xSy

Moreover,

inf w — x| > min{&, &*}.
(w,x)€(CeNB(0,7))xS, | I {‘f § }

Indeed, the above follows since either | Im(w — x)| > &* (see (3.1)) or |[Re(w — x)| >
min{(inf L, + 2&) — inf L,, sup L, — (sup L, — 2&)} (see (2.12) and (3.1)) and note that
L, c R\ S, and {sup L,,inf L,} C S,), and since sup L,, = sup L; + o(1) and inf L,, =
inf L; + o(1) (see (2.12)). Combined, the above three inequalities prove part (1) for f;,.
Part (1) for f,fk) for all k£ > 1 follows similarly. Also, part (1) for f,(k) and f:fk) for all
k > 0 follows similarly.

Consider (2). First note, for all £ > 0, (1.11), (1.30), (2.5) and (2.8) imply that f,gk) —
ft(k) pointwise in C¢. Moreover, for all k > 0, part (1) implies that { ft(k), l(k), z(k), .
are equicontinuous in Cz N B(0, r). Part (2) trivially follows. O

Next we examine the Taylor expansions of f; and f, and f, in neighbourhoods of ¢:

Lemma 3.2. Fix & > 0 as above, {¢,}n>1 C R as in Definition 2.8, and {&,}n>1 C R
such that \&nqn| < & for all n. Recall that f)/(t) — f”'(t) # 0 (see Lemma 2.7), and let

n

u,r,v, s be the parameters in (1.28) and (1.29). Then, uniformly for a € (-n, n]:
(1) fit +Engne™) = fi(1) + 3635 + OUEP S (0) = £ (O] + 1€al®),

2) fn(t + gnqneia) = fn(t) + n—%gneius + n—%§'2162iav + %63183[.&
2 1
+ 0(n_1|§n| +n3 |§n|2 +n73 |§n|3 + |§n|4)’
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(3) fult + Engne'®) = fu(t) +n—§§nemr +n—§§3ezmu i %§2e3m
2 1
+ 0(n‘1|§n| +ns3 |§n|2 +n’3 |§n|3 + |§n|4)

Proof. Consider (1). First recall that f/'(r) = f(r) = 0 and f;”’(¢) # 0. Taylor’s theorem
and part (1) of Lemma 3.1 then give

filt + Engne™™) = fi(D) + LE2q e £ (1) + O(€ngnl®),

uniformly for @ € (-, n]. Therefore,

St + annem) = fi(H) + éfﬁ qn€ 3mftm(t) + 0(|§n51n| |fzm(t) ftm(t)l + |§nQn| ),

uniformly for @ € (—n, 7). Finally recall (see Definition 2.8), 6qn f,"’(t) %, and {q, }n>1

is a convergent sequence with a non-zero limit. This proves (1).
Consider (2). Note, Taylor’s theorem and part (1) of Lemma 3.1 give

Falt + Engne™) = fult) + Engue™® £(0) + 36005 £ (1)
53 3 3laf///([)+0(|§nqn| )
uniformly for @ € (—n, 7). Parts (1)~(3) of Lemma 2.9 then give
Fult + Egn€®) = fult) + 173 Engnesqrn + In “$e242 k0, 4 LEd 3 prr(y)

_ _2 _1
+0(n l|‘fn‘]n| +n 3 |§n‘]n| +n 3 |‘fn¢1n| + |§n‘]n| ).
Part (2) then follows from Definition 2.8. (3) follows similarly. O

A useful corollary is the following:

Corollary 3.3. Fix {g,}n>1 C R as in Definition 2.8. Also fix ¢ > 0 and 6 € (4, 3) Then,
uniformly in the appropriate sets:

(1) fuw) = fut) + O™ for w € B(t, cn™%).
Q) fulz) = fu(t) + O(n™") for z € B, cn‘.%).
() nflt +173Guw) = nfu(t) + ws +w?v + 3w + 00" ~4) for w € cl(B(0,n7~7)).

@) nfy(t +n3qnz) = nfolt) + zr + 22u + 123+ 0(n'=*9) for z € cl(B(0, n3=o)).

Proof. First recall (see Definition 2.8) that {¢, },>1 C R is a convergent sequence with a
non-zero limit. Then, (1) and (2) follow from parts (2) and (3) of Lemma 3.2 by choosing

1 .
&, := cn"3|q,|7". Next, choose &, := n~?. Part (2) of Lemma 3.2 then gives
nfn(t +n qn ta) — nfn([) + n3 E’elafs +n3 -260 21(1/ v+ %n1—36’63ia
+O(n_9+n3 0 1 330 +n!™40),
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uniformly for @ € (—n, n]. Finally recall that 6 € (}—1, %) Therefore —0 < % -20 <
2-30<1-40<0,andso O(n™? + n3720 4 p3=30 4 p1=49) = O(»1=49). This proves (3).

Similarly, (4) follows from part (3) of Lemma 3.2. O

3.2. Contours of descent/ascent

The main results of this section, Lemmas 3.5 and 3.6, prove the existence of appropriate
contours of descent/ascent. These proofs are the most difficult part of the paper, and will
be given in Section 4.

First we consider contours of steepest descent/ascent for f;, f, and f,. We do not
define these rigorously, and refer the interested reader to [20], for example, for more
information. We consider these for f; and for f;, for some fixed n, and state that f, can be
treated similarly to f;,. Note, irrespective of the choices of the branches of the logarithms
in (1.11) and (2.5), that the real-parts of f; and f;, have unique continuous extensions to
C\ S and C\ S, respectively, denoted by R, and R, and given by,

R, (w) :—‘/Slog|w—x|,u[dx]—/slog|w—x|(/1—,u)[dx]+‘/s10g|w—x|,u[dx], (3.2)

1 2 3
1 1 1
- g 1 —x| - - E 1 - - g 1 - x|, 3.3
" og|w — x| . oglw — x| + " og|w — x| (3.3)

XESI,,,,, xESz’n X€S3,y,,

R,(w) :

where log now represents natural logarithm. Then:

Lemma 3.4. Fixn > 1 and z € C\ S, and let D, A,, C C\ S,, denote contours of steepest

descent and ascent (respectively) for f, which pass through z. Also, let m,, := m,(z)

denote the multiplicity of z as a root of f, (with the understanding that m, = 0 means

fi(2) #0), and let ay, := a,(z) € (—n, 7] denote the principal value of the argument of
(mn(w)+1) .

Jn (z). Then:

(1) Ry, strictly decreases along D,,, and strictly increases along A,,.
(2) The imaginary-part of f, is constant along both D,, and A,,.

(3) There are my, + 1 possible directions for both D,, and A,, at z, given by ((2i + 1) —
apn)/(my, + 1) and 2in — a,,)/(m,, + 1) respectively for eachi € {0, 1,...,m,}.

(4) D, is bounded, i.e., there exists a C > 0 for which D,, C B(0,C).

(5) Forall x € S, there exists a c(x) > 0 for which D,, does not intersect B(x, c(x))
when x € Sy, and A, does not intersect B(x, c(x)) when x € S1,, U S3 .
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The equivalent objects for f;, denoted Dy, A;, my, a;, also satisfy parts (1)—(4).

Proof. Parts (1)-(3) follow from general considerations about contours of steepest
descent/ascent. Consider (4) for D,,. First recall that [Sy | — [S2,,] + |53,2] > O (indeed,
(2.2) and (2.9) give 1[Sy | + 1183, = 1182, — 1 > 0). (3.3) thus gives R,(w) ~
%(|S1,n| —|S2.n| +1S83.n]) log |w| forall w € C\ S,, with |w| sufficiently large. Then, letting
t, € C\ S, be the initial point of D,,, there exists a C > 0 for which R,(w) > R,(t,) for
all w € C\ S,, with |w| = C. Also, part (1) gives R,(w) < R, (t,) for all w on D,,. Part (4)
for D, easily follows. Part (4) for D, follows similarly.

Consider (5). Fix x € S,. (3.3) gives R,,(w) ~ s(x)% log |w — x| forallw € C\ §,, with
|w — x| sufficiently small, where s(x) = —1 whenever x € S, and s(x) = 1 whenever
x € 81, U S35, Thus, whenever x € S, ,, letting 7, € C\ S, be the initial point of D,,,
there exists a ¢(x) > 0 for which R,(w) > R,(t,) for all w € C\ S,, with |w — x| < c(x).
Also, part (1) gives R,,(w) < Ry(t,,) for all w on D,,. Part (5) for D,, easily follows. Part (5)
for A, follows similarly. O

We now discuss natural extensions of the real and imaginary parts of f; and f,, from
H={w e C: Im(w) > 0}, to R\ S and R \ S, respectively. Our motivation is the
following: In Section 4 we will be examining contours of steepest descent/ascent which
are contained in H except (possibly) for the end-points. Part (2) of the previous lemma
thus show that these extensions are natural to examine. First note, irrespective of the
choices of the branches of the logarithms in (1.30) and (2.5), that

Im(f; (w) = /S Arg(w—x)pdx] - /S Arg(w—x)(1—p)ldx] + /S Arg(w—x)uldx],
1 2 3 (3.4)
Im(f,,(w)) = 1 Z Arg(w — x) — % Z Arg(w — x) + % Z Arg(w — x),

n
X€S]Y,l xESzyn x€S3,n

for all w € H, where Arg represents the principal value of the argument. Note that these
has unique extensions from H to R, denoted by I, and I, respectively and given by,

L(s) :=nu[{xeS:x>s}—m(A-w[{xeS : x>s}]+nu[{xeS;: x>s}], (3.5
In(s) = %|{x € Sinix> s} - %|{x € San x> s} + %|{x €S3n:x> s}, (3.6)

for all s € R. Note, since u < A (see Assumption 1.2), that I, : R — R is continuous.
Also, (2.2) and (2.3) imply that I; : R — R is constant in sub-intervals of R\ § = JUK, is
strictly decreasing in the interior of S; and S3, and is strictly increasing in the interior of S;.
Similarly, (2.10) implies that I,, : R — R, is constant in sub-intervals of R\ S,, = J,, UK,,.
Finally note that each discrete element of S, acts as a point of discontinuity for 7,,: I,
decreases by % at each point of Sy, and S3 ,, and increases by % at each point of S, ,,.
These sets, and the above extensions, are depicted in Figure 3.1.
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nny = w(u[S1] = (A = p)[S2] + u[S3]) ulSi]

inf S3 supSy inf S

0

I I
supS3  inf S, sup Sy
non-increasing Jy non-decreasing J3 non-increasing
ZUSLnl = [Sy,n |+ 1S3, 1) Z1S1,nl
-/ —
I I I
I I I
I I I
‘ ‘ﬁ 2USLAl = 1S2,n 1) o : : S
min S5, = 7X£In) : : ﬁ ﬁ \ max Sy, minSj , : lﬁ
Lom o oo 1 <n) } -
w¥nor ! —
L | | 1 <n) }
nXn-2 | | |
max Sz, minS; , %xﬁ . max S,
J2,n J4,n J3.n -Il,n

Ficure 3.1. The functions given in (3.5) and (3.6), with /; on the top
and [, on the bottom. The identity n = u[S;] — (1 — w)[S2] + w[S3] is
given in (2.2). All jumps in 1, are of size 7.

Next note, (3.2) and (3.3) give
Ri(s) = / log |s — x|ldx] - / log |s — x|(A - w[dx] + / log |s — x|[dx],
S S» S3

1 1 1
Ras) =~ Z log s x| - Z log s x| + Z log |s — x|,

xesl,n xeSZ,n XEngn

forall s e R\ S and s € R\ S, respectively. Thus the restrictions are real-valued, and we
can regard them as functions fromR\ S =J UK and R\ S,, = J, U K,, (respectively) to
R. Moreover, note that,

(Relr\s)" = (f)r\s and  (Ruln\s,)” = (fi)lr\s,.» (3.7
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and similarly for the higher order derivatives. Above, the functions on the LHSs are the
“real-derivative” of the real-valued restrictions, and the functions on the RHSs are those
given in (2.1) and (2.7) (respectively) restricted to R \ S and toR \ S,,.

We now state the main results of this section, which will be proven in Section 4. Recall
that L, is the largest open sub-interval of R \ § which contains ¢ (see (2.4)). Also recall
that Lemma 2.2 splits the conditions of Theorem 1.11 into 12 exhaustive cases. These
lemmas prove the existence of appropriate contours of descent/ascent for each case:

Lemma 3.5. Fix 0 € (1, 1), and & > 0 sufficiently small such that (2.11), (2.14), (2.17)
and (2.31) are satisfied. Then (t — 4&,t + 4€) € L,, and B(t,n"%|q,|) € B(t, &), where
{gn}n>1 C R is given in Definition 2.8. Moreover, in each of the cases of Lemma 2.2,
there exists simply contours as shown in Figure 3.2 with the following properties:

(1) y{, andT7, bothstart att, end in the interior of the intervals shown in Figure 3.2,
are otherwise contained in H, do not intersect except at t, and are independent of
n outside cl(B(t, £)). yzn and l"zn either start in (t + &, sup Ly) or in (inf Ly, t — &)
as shown in Figure 3.2, end in the interior of the intervals shown, are otherwise
contained in H, do not intersect y{  orI'{ or cl(B(t,&)), and are independent
n n
of n everywhere.

() v{, N B, n~%qn|) and Iy, NB(, 1% q,|) are straight lines from t to points
din € 0B(t,n % |q,|) and d,,, € OB(t,n"%\qy|) (respectively) for which, letting
Arg(-) be the principal value of the argument, Arg(d,, —1t) = 5 + O(n‘%”')
and Arg(d,, —t) = 2?” + 0(n_%+9) in cases (1,2,7,8,9,10), and Arg(di,, —t) =
2 4 O(n5%%) and Arg(arn — 1) = £ + O(n"5*%) in cases (3,4,5,6,11,12).

(3) Re(fu(w)) < Re(fu(dy,n)) forall w € y{, \ B(t, n=%g,|) and w € Y30

@) Re(fu(2) 2 Re(fn(@r,p)) forall z € T}, \ B(t,n™%|q,|) and z € T3 .

(5) |w - z|™' = 0(n?) uniformly for w € Y1, and w € v, and uniformly for
z eI \ B, n%qul) and z € . Iw- ZI™' = 0(n?) uniformly for w €

yin \ B(t,n7 % gp|) and w € yzn, and uniformly for z € l"lfn and 7 € 1"2*’”.

6) |7tn| =0(1) and |Ftn = O(1), where | - | represents length.
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Ficure 3.2. The contours described in Lemma 3.5, for the exhaustive
cases (1)—(12) of Lemma 2.2. Above, §; := inf Sy, S) = sup Si, etc..
The smaller circles represent B(t, n~?|q,|), the larger circles represent

B(,£).

Lemma 3.6. Define F, as in (2.25). Assume that v > u. Fix 0 € (%, %), and &€ > 0
sufficiently small such that (2.11), (2.14), (2.17) and (2.31) are satisfied. Then, in each of
the cases of Lemma 2.2, there exists a simple contour as shown in Figure 3.3 with the
following properties:

o k! starts at t, ends in the interior of the intervals shown in Figure 3.3, is otherwise
contained in H, and is independent of n outside cl(B(t, ¢)).
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il R r
x+n-1-2¢ T R ) 3 ) t T x+n-1+2&
x+n-1+28 7 T xy+p-1-2¢

Ficure 3.3. The contours described in Lemma 3.6 for the exhaustive
cases (1)—(12) of Lemma 2.2, when v > u. The smaller circles represent
B(t,n7%|gy,|), the larger circles represent B(t, £).

o " N B(t,n%qy|) is a straight line from t to Dy, € 0B(t,n"%|q,|) for which
Arg(Dyp, —t) =5 + O(n_-%w).

o Re(F,(w)) < Re(F,(Dy,,)) forallw € &} \ B(t, n7qn)).

o |k} = O(1), where | - | represents length.

3.3. Alternative contour integral expressions

The main results of the previous section, Lemmas 3.5 and 3.6, prove the existence of
appropriate contours of descent/ascent for the cases (1)-(12) of Lemma 2.2. In this
section, we will use these contours to find alternative contour integral expressions for the
correlation kernel than that given in (1.7). These new expressions will allow us to perform
a steepest descent analysis for each case. First, using Lemmas 3.5 and 3.6, we define:

Definition 3.7. For cases (1)—(12) of Lemma 2.2, define vy, , to be the following simple
closed contour with counter-clockwise orientation: y; , := ytn + Y where Yin i the
reflection of yin in R. Similarly define vy, ,, I' », I'2,,. Similarly define «, when v > u.
Finally, define y,, := y1,, when y, , does not exist, and vy, := 1, + Y2, Wwhen y, , exists.
Similarly define I,.

The main result of this section is then:
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Lemma 3.8. Assume the conditions of Theorem 1.11. Recall that one of the cases (1)—(12)
of Lemma 2.2 must be satisfied. Then,

Jn =@ for (H)—(4),
Jo+®,  for(5)and (6),
—Jn—©, for (7)and (8),
—Jy +®, for (9)-(12),

(1 BnKn((n, 1), (Vs Sp)) =

where we define:
(n—rn=D! i,

P = (n—s,)! ’
and
/ / J un+rn—n+1(z_£) 1 ﬁ(w_%)
2 j _ _Xi )’
(Zm) ] v,,+sn—n( - %) w-z. 4 \z=3
and

(Vn+Sp—ttn=rn=D! B for (1)—(4),

L, 210, 8,>7) Sn—rn=D)!(Vp—ttn)!

s etsyiBa for (5) and (6)

1(vn >Up, Vi +Sn SUp+Tn,Sn <rp) n—tt) (U +rn—Vn—5p)!

Com sl g for (7) and (8),

L, 214, v+ <tt 7,50 <) Op =ty W+ =V —Sp)]

(=1)sn—rn- l(un_vn_l)!
1(Vn+sn5“n+”m5n>"n)(sn—rn—l)!(u,,+rn—vn—s,,)!'6" Jor (9)-(12).
Moreover, when (u,r) # (v, s),

n_l ]
| Mot =1
(2) q)n — 1(V>M)_/ dw J=up+rp—n+l .n .
2w Jy,

v J
I]J.Zvn,"'sn_”(M/ - ;)

We will prove the above using a number of sub-results. First, we examine J,, using the
Residue theorem. Note that J,, can be written as follows:

[Iyev,(z=y) 1 [liep,(w—x)
L s 3.8
<zm>2/ / Moy, W= w2 Ten, G —) :8)

where:
o Ppi= LW XD MY (asiin (1.22)).
o Upi=Y{uy+r—n+Luy+ra—n+2,...,u, — 1} (asin (2.29)).
oV, = %{vn +Sp—mvy+s,—n+1,...,v,} (as in (2.29)).
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Also note, the above definitions, and (2.5) and (2.6), give

Sin={yePy:y>"} and S5, ={y€P,:y< ity (3.9
P \U,=8,US;, and Vo \ Py = So.n. (3.10)

Finally recall the decomposition, V,, \ U, = (VU™) U (VU(n)), given in (2.30). Then:

Lemma 3.9. Assume the conditions of Theorem 1.11. Define Uy, V,,, Py, vu®™, VU
as above. Let A € {1,2,...,12} denote that case of Lemma 2.2 which is satisfied. Then,
for cases (1)—(6),

e ¥ Myev, 07 =9 Ty = %)
" HxEVn\x’(x, - x) I_IyeP,,,\y’(y’ - y)

y'Gg]vn X'€So,n
Z [Tyev, ' =)

Pl acm) Mo,y 07 =)
xeVu\y’

Yy e(VUM)NP,

— L, zun) l(a=6)

Z [Iyev, ' =)

Y e(VUMN\P, [xev, 1y (0" = %)

Moreover, for cases (7T)—(12),

e 3 Myev, (= 3) Teep, iy (® =)
" anVn\x’(x, - x) nyePn\y’(y' - y)

y,egln X'ESZ,,,
Z nyeU,,(y, -)

+ 1w, s, <un+ra) L(Ac(10,11,12}) m
xeVu\y’

y'E(VU("))ﬁPn
[lyev, ' =)
erV,, \y’(y’ - x) .

- l(v,, +Sp SuUp+ry) 1(A:7)
Y €(VUmn)\Pn

Proof. In this lemma, we let vy, and I',, respectively denote the interiors of v, and I5,.
Note, in (3.8), we perform the I',, integral first, and so we consider the w € y,, in the
integrand to be fixed. Also note that w ¢ P, since y,, can always be chosen so that it does
not intersect P, (see Remark 4.5), and that each element of P, is distinct. The integrand
of (3.8) thus has a simple pole at each distinct element of P, \ U,, = §1,n U 5’3,,! (see (3.10)),
a simple pole or removable singularity at w, and no other singularities. Therefore, the
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Residue theorem gives

1 /dw Z 1 [lyev,'=y) 1 Tliep,(w—x)
py=n ’ r;)l ’ ’
27 Jy, O T ey, (W =) w—y [Iyep,\y('=Y)

y/egl,nugln

nyeU,, (w-y) erPn (w—x)

In

- dwlyere
2ni J,, (weTy,) erv,,,(W - X) HyePn(W -y)
’ (3.11)
Z 1 1 / dw [yeu, 0" =) Hxep,\y (W = x)
- O'eln)5— :
3 €81.,US3. i Jy, [Tiev, (W =x) [Tyep,\y (' = ¥)
[lyev,(w—y)
_2_ dwl(wer;)ye—.
i Yn erVn (W - X)

Consider the first term on the RHS, above. Recall that y’ € P, is fixed, and (see (3.10))
Vo \ Py = So.5. Therefore V,, = S5, U (V, N {y'}) U (Vu, N (Py \ {y’}), a disjoint union.
The integrand thus has a simple pole at each distinct element of S» ,, U (V,, N {y’}), and
no other singularities. The Residue theorem thus implies that the first term equals,

>, ! [ 2! [yev, " =) Tlxep,\y (" = %)
rers, ey, , ’
0’eln) ey )anVn\x’(x - )C) HyePn\y’(y - y)

y’GS]YnUggvn x/ESZ.n

1 [Tyev, ' =¥) Tliep,\y ' = x)

! an ! ;L ’ 12

OV e 07 = 2) Tlyepy O = )
nyEUn(y/ - y) nxePn\y’(x, - x)

= Z lyrers) Z 1(x'ey;;)n

y/ES] nUSg Y X' €Sy XEVn\x’('xl - x) I_IyEPn\y’(yl - y)

Z HyEUn(y’ -)

+ l(yrey;’,mrz)m.
XEVn\Y

yl E(Sl,rt U§3,n)ﬁVn

Next consider the second term on the RHS of (3.11). Note, Definition 3.7 and Figure 3.2
imply that I',, contains 7y, and none of y;, for cases (6) and (7), and I',, contains no
parts of y,, for all other cases. Therefore, the second term equals,

HyeU (w-y) HyeU O -y
= liaeie7 / dw————"—"==~l(ac(67 lyey yom—————.
(ActeTh Yon HxEV,, (w—-1x) (Aet67h) y'E;AUn O erVn\y’()" - x)
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where A € {1,2,...,12} denotes that particular case of Lemma 2.2 which is satisfied.
Combined the above give

[yev, " =) Tliep,\y(x" = x)
Jn = Z lyrers) Z 1<x'eyz)n

y’€§1nU§3n X' €Sy xEVn\x’(x,_'x) nyEPn\y’(y/ _y)

[Tyev, " =)
+ > lyeysm /o
¥ €(S81,nUS3,0)NVs ey (7 =)

[Tyeu, " =)
— lae67y Z et

1()7/670 ) ’ :
v €V \Un zn HxEV,,\y’(y —X)

Finally recall that V;, \ U, = (VU™) U (VUj,)) (see (2.30)), and S; , NV, = (VU™) N P,
and §3,n NV, = (VUw) N P, (see (2.29), (2.30) and (3.9)). The required result thus
follows if we can show that:

(1) {x" € 820 : x" € yy} equals Sy, for all cases (1)-(12) of Lemma 2.2.
(i) {y’' €81, VS5, :y €T3} equals Sy, for (1)~(6), and equals S; , for (7)—(12).

(i) {y" € $1.,US5,) NV, :y €y2 NI} equals (VU™) N P, for (1)~(3) and (6)
when v, > u,, equals (VU,) N P, for (7) and (10)-(12) when v, +s,, < u,, +ry,
and is empty otherwise.

(iv) {y" € Vu \ U, : y' € v5,} equals VU™ for (6) when v, > u,, equals VU
for (7) when v, + s, < u, + ry, is empty for (6) when u,, > v,, and is empty
for (7) when v,, + s,, > u, + ry,.

We will prove (i) only for cases (1)—(6). The proof of (i) for case (12) is similar to case (1),
the proof of (i) for case (11) is similar to case (2), etc. We will prove (ii) only for case (4).
The proof of (ii) for all other cases follows from similar considerations. We will not
prove (iii) and (iv), but we state that their proofs also follow from similar considerations.

Consider (i) for cases (1)—(4). Recall (see (2.5)) that S, , C %{vn +S, =V, +S,—n+
1,...,vy}. Thus, fixing 6 > 0, (1.18) implies that S» ,, € (y +17—1—-0, y + ). Next recall
(see Lemma 2.2 and (2.2)) thatt > y > y +n—1 > S5. Definition 3.7 and Figure 3.2
thus imply that we can choose the above ¢ > 0 such that y, contains (y +n—1-4, y +9).
This proves (i) for cases (1)-(4).

Consider (i) for case (6). First recall (see Lemma 2.2) that r € L, € R\ Supp(d — w).
Thus, fixing § > O such that L, =6 > 1 > L, + 6, (1.24) gives Z N (L, + 6, L; — ) C P,.
Next recall that S, = %{vn + Sy —mvy +S,—n+1,...,v,} \ P, (see (2.5)), that
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%{vn +Sp—mvp+sp—n+1,...,vytC(x+n—1-=6, y +6) (see (1.18)). Therefore
Son C(x+m—1-06,L +6]U [L; - 6, x + 6). Next recall (see Lemma 2.2 and (2.2))
that §; > y > L>t>L > x+n—-12 Ss. Definition 3.7 and Figure 3.2 thus imply
that we can choose the above § > 0 such that Y1.» contains (x +n—1-6, L, + 6] and
2,n contains [L, -6, x + 6). This proves (i) for case (6).

Consider (i) for case (5). First recall (see Lemma 2.2) that 7 € (S5, x) € R\ Supp(1— ).
Also recall (see Assumption 2.4) that y € R\ Supp(4d — u). Thus we can fix a ¢ > 0 such
that 7 > S, + 6 and (S> + 6, y + 6) C R\ Supp(A — ). Then we can proceed similarly to
case (0), above, to show that S, ,, Cc (y +n—1-6, S_2 + 6]. Moreover, Definition 3.7 and
Figure 3.2 imply that we can choose the § > 0 such that y,, contains (y +17 — 1 -8, S + d].
This proves (i) for case (5).

Consider (ii) for case (4). We must show that I, contains all of S'l,n and none of
S3.,. First recall (see Lemma 2.2) that ¢ € (y,S;) € R\ Supp(u). Also recall (see
Assumption 2.4) that y € R\ Supp(u). Thus we can fix ad > O such thatt < Sy — &
and (y — 6,81 — 6) € R\ Supp(u). (1.24) thus gives P, N (x — 6,51 — 0) = 0.(_1.18)
and (3.9) then give S}, = {y e P, : y > S1 — 6} (2.9) then gives Sin C [S1 - 5,81 +96).
Next recall (see (3.9)) that 83, = {y € P, : y < “52=1} (1.18) and (2.9) then
give S5, C (§3 — 0, x + 1 — 1+ 6). Finally recall (see Lemma 2.2 and (2.2)) that
81 > 1> x > x +n— 1. Definition 3.7 and Figure 3.2 thus imply that we can choose the
above § > 0 such that T, contains all of [S; — &, S| + &) and none of (S3=6, x +n—1+0).
This proves (ii) for case (4). o ]

Next we prove the following technical result:

Lemma 3.10. Fix k,i > 1. Then, for all x € Z,
] il ik .
Zk: H}:1(x Fi-)) ) e Hj:](x Jj) whenk < i,

ey — =
1=0 Hf:O,jil(l =)

when k = i,

0 when k > 1.

Next, fix and a, b € Z. Then, for all x € Z with x + b,x + a > 0,

k
@ Z(x+b+l)! 1
1=0

(x+a+1)! [ =)
I (x+Db)!

:(b_a)(b_a_1)"'(b_a_k+1)ﬂ(x+a+k)!'
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Proof. First note, letting g : Z — R be any function, and letting A denote the finite
difference operator (i.e., (Ag)(x) := g(x + 1) — g(x), (A%g)(x) := (A(Ag))(x) = g(x +2) —
2g(x + 1) + g(x), etc.), then

k
(A*g)(x) = Z(—l)k-’( )g(x +1) = k! Z L”,, (3.12)
1=0 =0 j O]:tl(l 7

for all x € Z. Above, the first step follows by induction, and the second step follows since
(=D k=) = n?:o,#z(l — j)foralll € {0,..., k}. We will use the above identity
to prove (1) and (2).

Consider (1). In this case, take

s = [ -
j=1

for all x € Z. Then, induction gives

(=3 k)l H; 1(x Jj) whenk < i,
(A*g)(x) = { k! when k =i,
0 when k > i,

Moreover, (3.12) gives

KT (e + 1= )
Ak =k Y =
=0 jzojwm( =)
for all x € Z. Combined, the above prove (1).
Consider (2). In this case take,
. (x + b)!
g(x) = (x+a)
for all x € Z with x + b, x + a > 0. Then, induction gives
(x + b)!
A¥ =(b-a)b-a-1)...b—a-k+1)—————,
(W) =b-ab-a=1)...(b-a-k+ D=t
for all x € Z with x + b, x + a > 0. Moreover, (3.12) gives

k
AK Sy ErbE D 1 ,
(A%g)(x) 'IZ(; (rta+ DTS (=)

for all x € Z with x + b, x + a > 0. Combined, the above prove (2). O

Next we examine K, ((ttn, 1), (Vi, Sn)):
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Lemma 3.11. Assume the conditions of Theorem 1.11. Define the sets U, V,,, P,, VU (W
VU as above. Also define B, as in Lemma 3.8. Then,

(1) BuKn((tn, 1), (Vs S0))

Z Z HyEUn(y y) l_[xEPn\y (X’ - x)
HXEV \x’ X - X) HyeP,,\y (y - y)

v’ €Sy X' €S2,n

+ I(Vn 2Un,Sn <)

Z nyeU,,(y,_y)

’_
V' e(VUMNP, Hx eV, \y’ (y )C)

Z HyeUn(yl =)
erV,,\y’(yl - x) .

- l(Vn 2Up,Sn>Tn)
Yy e(VUM)\P,

Moreover,

) BnKu((tn, 14), (i, Sn))
- Z HyEUn(y’ - y) erPn\y’(xl - x)
HxEVn\x’(xl - )C) HyePn\y’(y, - y)

y’€§3,n x’ eSZ,n

- 1(v,,+sn SUp+rp,Sp<rp)

Z [Tyeu, ' =)

V' €(VUm)NPy, HXEVn\y’(yl - )C)

[Tyeu, ' =)

+ 1(vn+sn<un+rn Sp>rn) .
< s ’
’ - X
¥ €(VUu)\Pn erV,,\y (y )

Proof. First note, (1.3) and the expression for 3, (see statement of Lemma 3.8) give

.BnKn((um rn)’ (vns sn)) = _ﬂn(brn,sn (”n, Vn)

(n) .
n Vn H”n_l (XL _ L n I _ Xi’n)
J=un+rp—n+1% n n n n
S, L | [ ety |
(" 2un) 1 (L -1 X
k=1 I=v,+s,—n J=Vntsp—njElNn n’! i=li+k /rcl _ IT

(3.8) and (3.9) then give

BnKn((n, 1), Vi, Sn)) = —Bubr,.sn (tn, Vi)
yeU 0=y erPn\y (x" = x)
> A e =0 Thep 07 =0

(3.13)
y ES
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First, we will show:

-1 .
Bn ﬂj:, " (=t +Sn—rn—J)

HyeUn(y/ -y) (sp—rn—1)!

when s, > r, + 1,

() _— = h = 1
VeV, HxEVn\y’(y/ - X) WhED §p =Tn T L
" 0 when s, < 7.
Then, we will use this to show:
.. I1 eU, o' -y
(@ Bt v0) = Nozunsion) ), oy

yevum

Next, recalling that S» ,, C V,, (see (3.10)), we will show:

Z Z HyGUn O -y erPn\y’(xl - x)

(iif) : :
HxEV,,\x'(x - -x) HyePn\y'(y - y)

v €81 5 X' €Vn\So,n
Hy eU, (y, - Y)
[Teev, (" = %)

= l(vn 2up)
ye(VU™)NP,

Thus, since S»,, C V;,, (3.13), and parts (ii) and (iii) prove (1). Next we will show:

@iv)

Z [lyev, (' =) Tliep,\y(x"—x)

y,€§1 ,lng i X' €V, HXEV,,,\x’(x, - x) nyEPn\y’(y, - y)

[lyev, 0 =)
= l(VnZMns5n>rn) Z ye—

yevum erV,l\y’(y’ - x)

[Tyeu, ' =)
+ Ly, 450 <ttntrpssn>rn) Z 7 :
V' VU Meev, (=0

Finally we will show:

Z HyGU,l(y’ -y) erP,l\y’(x/ - Xx)

) Meevw @ =0 e, =)

y’€§3,,, xlevn\SZ,n
HyeUn (yl - }’)
I_IXEV,, \y’(y, - x) ’

=1 (Vn+Sn <up+rp)
y E(VU(n))ﬂPn

Thus, since S, C V;, (3.13) and parts (ii), (iv) and (v) prove (2).
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Consider (i). Note, taking k :=n—s, andi :=n—r, — land x := v,, —u, + s, — ',
part (1) of Lemma 3.10 gives
"i‘:n ;;f"il(vn —Up+Sp—Tn+1— )
n—sn .
1=0 Mg =)
T T 0 =t + 50 =0 = ) When s, > 1 + 1,
=131 when s, =r, + 1,
0 when s, <r, + 1.

Shifting the dummy variables implies that the above LHS equals,
R | N ()

J=Un+Tn
Vn N
I=v,+s,—n Hj:Vn+S:1—n,j¢l(l ‘])

(3.8) and the expression for 3, (see statement of Lemma 3.8) then prove (i).
Consider (ii). First note, (i), (1.4), and the expression for 3, (see statement of

Lemma 3.8) prove the following:
HyGUn (y, - )’)

Uy, vy) =1 _
ﬂn@brn,an( n n) (vn>un,sn>rn)y;/n ervn\y’(y, _x)

Therefore,
l_[yGUn (y/ - )’)

:Bn¢rn,sn (un, Vn) = l(vn >Up,Sn>Tn) = .,
v €V \Up HxEVn\y’(y - X)

Next note, (2.30) implies that V,, \ U, = (VU"™) U (VUy). Finally note, (2.30) also

implies that VU™ £ @ and VU = 0 when vy, > u,, and s, > rp,. This proves (ii).
Consider (iii). Recall (see (3.9) and (3.10)) that S’Ln C Pyand Sy, =V, \ Py. Thus, for

all y’ € Sy ,, Vi, equals the disjoint union S5, U (V, N {y"}) U (V, N (P, \ y’)). Therefore,

Z [Tyev, 0" =y) Ilxep,\y(x" = x)
V€81 ¥ €Vi\San HxEVn\x’(xl - )C) HyePn\y’(y/ - Y)
_ HyeU,,(y’ _y) HxEPn\y'(y,_x)
[Teev,\y " = %) Tyep,\y (V' = ¥)

y Eg]vnﬁVn
~ [Tyew, (" =)

- Z erV,,\y’(yl _x)-

y es“l,n N(Vn\Un)

Note that (2.30) and (3.8) give S}, N (V,, \ U,) = (VU™) N P, when v, > u,, and
S’Ln NV, \ U,) = 0 when v,, < uy,. This proves (iii). (v) follows similarly.
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Consider (iv). First recall (see (3.10)) that P, \ U, = S;,, U 53,,!, a disjoint union.
Therefore,
Z HyEUn(y,_y) I_I-XEPn\y’('x’_x)
erVn\x’(x, - )C) HyEPn \y’(y’ - y)

y ES‘]J, U5‘3’" x' €V,

) Myev, 0" =) Teeppy(® =)
- yZP A heer o & =0 Tepy 07 =)
Thus, since P, and U, are sets of distinct points, and since |U,| < |P,| (see (3.8)),
Lagrange interpolation gives
[yev, V' =¥ Tliep,\y ("= %) [yev, (" =)
Z [Teev\w (X = %) [Tyep, (' —¥) B [Trev, \w&x" = x)

¥/ €81,,US3,, X' €Vn x'€Vy

(i) then implies (iv) when s, < r,. To see part (iv) when s, > r,, first note the above
equation gives
Z [lyev, ' =) Tliep, (" —x) [Tyev, (x" =)
Mecv, a8 = ) Tyepy 07 — ) Meey, (@ —2)°

v/ €81 nUSs ,, X €V x' €V, \Upn

Next note, (2.30) implies that V,, \ U, = (VU™) U (VU(,)). Finally note, (2.30) also
implies the following:

e VU™ % 0 and VU = 0 when s, > rp and v, > up,.
e VU™ = and VU = 0 when s, > 1 and vy, < uy and vy, + 8, > Uy + 7.
e VU™ =0 and VU # 0 when s, > rp and vy, + 8, <ty + 1.

The above exhaust all possibilities when s, > r,,. This proves (iv). O
Next we examine @,;:

Lemma 3.12. Assume the conditions of Theorem 1.11. Define the sets U,, V,, Pp,
VU™, VU as above. Also define @, and 3, as in Lemma 3.8. Recall that one of the
cases (1)—(12) of Lemma 2.2 must be satisfied. Then:

L sttmsnor) yrevo Loy for cases (1-(4)
o, = | 10nzunsszr Tyevuo %(  forcases (91-46)

o St 1 <) SVt Ty for cases (T)~(8),

Lo st srmser) Dy vty Ty for cases 9)~(12).
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Proof. We will prove the result for cases (5) and (6) of Lemma 2.2. The other cases
follow from similar considerations.

Assume that (5) or (6) is satisfied. First note, the definition of ®@,, given in the statement
of Lemma 3.8 gives ®,, = 0 when v,, < u,, or s, > r,,. This proves the result for these
cases. Next note, the definition also gives ®,, = 0 when v, > u, and s, < r, and
vy + 8 > u, + . Thus, in this case, it is necessary to show that,

[Tyeu, ' =)

=0.
erVn\y’(yl - X)

yevum
To see this, first note that (2.29) and (2.30) give

up—1 :
HyGUn(y/_y) — pintl=sn i 1—Ij=un+rn—n+1(l_1)
HXEV,, \y’(y/ - x) l_l;ivnﬂn_n,j#(l - ])

yevum I=u,

Therefore, since v,, + s, > Uy, + 1y,

n—1 .
HyEUn(y/ - y) _ nrn+1_sn i I_I]"‘t:un+rn_n+1(l - .])
erVn\y’(y, - Xx) H})Zanrs,,fn,thl(l - J)

y/evU(n) I=v,+sp—n

Finally, since s,, < r,, we can proceed as in (i) in the proof of Lemma 3.11 to show
that the above RHS equals 0. This proves the result when v, > u, and s, < r, and
Vi + Sp > uy, + ry. It thus remains to prove the result when v,, > u, and s, < r,, and
Vpt+ Sy S Uy +ry.

Suppose first that v, = u,, and s, < r,, and v, + s, < uy, + ry,. Then, (2.29) and (2.30)
give

’ n u,—1 .
Hy eU, (y - y) _ n”n"'l_sn MZ nj:unJrrn—nJrl (l J)
HxEVn \y’(y, - )C) I=u, H;'l:un+sn —n,j#l(l - .])

yevu®
up—1 .
= p/ntl=sn szuwrnfnﬂ (n = )
B -1 N
Huf (g — )
J=up+sp—n
Thus, since s, < 1y,
’
[yeu, ¥ =) T 1
Up+ry—n .
yevum [Txev,\yy (0" = x) [ G = )
— nr,,+l—s,,y (n —rn— 1)'
(}’l - Sn)!

The definitions of ®,, and 3, in the statement of Lemma 3.8 then prove the result when
Vvp=upands, <r,and v, + s, < u, + r,.
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Finally suppose that v, > u,, and s, < r, and v,, +s, < u, +r,. Then, (2.29) and (2.30)
give

u,—1 .
[lyev, ' -y ratisn VZ [} N ()]
ervn\y,(yl - x) I=u, n;lvn+sn—n,jil(l - ‘])

\%

2 1 1
:nrn+l Sn _ —.

Z [ (= I, =)

l=u,
Note that / — j > Oforall [ € {up,u, +1,...,vytand j € {v, + s, —m, v, + s, —n +
1,...,u, + ry, —n} (indeed, (1.18) gives [ — j = n(1 — n) + o(n) uniformly for /, j). We
can thus write,

HyeU,l(yl n’ +1-s Z (Mn+rn_n+l))' 1

ervn\y (y - x) (l - (Vn + 85 — n))' ;nu jil( )

Vi —Un

_ o rptl-s, (Vn—}’l+ 1))' 1
- Z (- (Vn — Uy + Sy —n))! nvn_unl(l - ])

J=0,j#
The last part, above, is obtained by 51mply shifting the dummy variables. The above, part (2)
of Lemma 3.10 (take k := v, —u, and x :=nand b := —r, — 1l and a := u,, — v,, — sp),
and the definition of 3, in the statement of Lemma 3.8 give

[Iyev, ' =) Sn=r)n—=rn+1)...(vp+spn—up—rp,—1)

= Bn-
HxGVn\y’(yl - x) (Vn - un)'
The definition of @,, in the statement of Lemma 3.8 then proves the result when v,, > u,
and s, <r,andv, + s, < u, +ry,. O

Next we prove the following technical result:

Lemma 3.13. Fix (u,r) € R? and (v, s) € R?, and define {(itn, ) }n>1 and {(vy, $p) }ns1

as in (1.28) and (1.29). Recall that one of the cases (1)—(12) of Lemma 2.2 must be

satisfied. Fix & > O sufficiently small such that (2.11), (2.14), (2.17) and (2.31) are

satisfied. Assume that (u,r) # (v, §), i.e., that either v > u, orv < u, orv=uand s # r.
When v > u, the following are satisfied:

o For cases (1)~(4), vy, > uy (and so VU™ % 0) and v, + s, > un + 1y (and
so VU = 0) and s, > r, + 1. Moreover, t —2& > y +2¢ > max(VU™) >
min(VU™) > y —=2& > y +7—1+2¢.

o For cases (5)—(8), v > uy (and so VU™ # 0) and v, + s, < tty + 1y, (and so
VU # 0) and s, < r, + 1. Moreover, min(VU™) > y =2& > t+42& > 1 -2 >
x +1n—=1+2¢>max(VUy)) > min(VUy,)) > x +7—-1-2¢.
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o For cases (9)—(12), vy < up (and so VU™ = 0) and vy, + sp < Un + ry (and so
VU@ # 0) and s, > r, + 1. Moreover, y —2¢ > x +n—1+2¢ > max(VU)) >
min(VU) > x +1—1-2€ >t +2¢.

Moreover, when v < u:
e Forcases (1)-(4), v, < uy, and vy, + s, < up +ry,and s, <r, + 1.
e For cases (5)—(8), v, < un and v, + s, > u, +rpand s, > r, + 1.
e For cases (9)—(12), v, > u, and v, + s, > uy, +rpand s, <r, + 1.
Finally, whenv =uand s + r:
e For cases (1)-(4), v,, — u,, and s, — (r, + 1) have opposite signs.

e For cases (5)—(12), vy, —u,, and s, — (rp + 1) and (v, + s,) — (up, + ry,) have the
same sign.

Proof. First note, (1.28) and (1.29) give
Vo = Uy = 13 (v — 1) + 13 pu(eSD = 1)(s = 1) + O(1),
Sn =1 = 1= n3my (€@ = 1)(v = u) + n3 pu(=1)(s — r) + O(1),
Vi + Sy — Uy — Ty = n%mnec”(”(v —u)+ n%pn(ec"(’) -2)(s—7)+O0(1),

where {m,, },>1 and {p, },>1 are those convergent sequences of real numbers with non-zero
limits given in Definition 2.8. Note that this definition also gives m,,(¢“»®) —1)/¢C»®) > 0,
and so m,, and (¢€»") — 1)/e€») have the same sign. Next recall (see Lemma 2.2 and 2.3)
that ¢€® > 1 for cases (1)—(4), e€¥) < 0 for cases (5)—(8), and ¢€¥) e (0,1) for
cases (9)—(12). Also recall that e€»() — ¢€) (see (1.27)).

Consider cases (1)—(4) with v > u. The above observations then imply that {m,, },,>1
is a convergent sequence of real numbers with a positive limit, and that v,, > u, and
Vi + Sy > Uy + 1y and s, > 1, + 1.(2.30) then implies that VU™ # @ and VU = 0.
Next note, since ¢+ > y (see cases (1)—(4) of Lemma 2.2), (2.14) and (2.31) give
t=2¢ > y +2& > max(VU™) > min(VU™) > y —2& > y +n— 1 +2&. We have
thus shown the required result for cases (1)—(4) when v > u. The other cases follow
similarly. O

Finally, we prove Lemma 3.8:
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Proof of Lemma 3.8. We will prove part (1) for cases (1)—(4) of Lemma 2.2, and part (2)
for cases (1)—(4) and (7)—(8). Parts (1) and (2) for the remaining cases follow from similar
considerations.

Part (1) for cases (1)-(3) of Lemma 2.2 easily follows from Lemmas 3.9 and 3.11
and 3.12. Consider part (1) for case (4) of Lemma 2.2. Note, Lemmas 3.9 and 3.11 give

HyGUn(y, - Y)

B ((ttns 1), s $2)) = I+ L zusnzr) D) Meev, (' — %)
x€Vy,\y -

y’E(VU("))ﬂPn
[Tyev, " =)
HxEVn\y/(yl - x) .

- l(Vn 2Up,Sn>Tn)
Y e(VUM)\P,

Lemma 3.12 thus implies that the result for case (4) follows if (VU myn P, = 0. To see
this, fix § > 0 such that (y — 9, x +6) € R\ Supp(u) (see Assumption 2.4). Assumption 1.7
and (1.24) then give (y — 6, ¥ + 6) N P, = 0. Finally recall (see (1.18) and (2.30)) that
VU™ c (y -6, y + 6). Therefore (VU™) N P, = 0, as required.

Consider part (2) for cases (1)—(4) of Lemma 2.2. First recall (see Lemma 3.12) that,

HyGUn (y, - }’)
erVn\y’(y, - X) .

D, = 1(\/" >Up,Sp>Tn)
y'evu®

Next recall (see statement of Lemma 3.8) that (i, r) # (v, s), i.e., that either v > u, or
v <u,orv=uands # r. Moreover, Lemma 3.13 implies that 1, >4,,s,>r,) = 1 when
v > u, 1, su,s0>r) = 0 When v < u, and 1y, >4, 5,5r,) = 0 whenv = uand s # r.
Therefore,

[lyev, ' =)
Op = loy p,

yevum nern\y’(y, - )C) )
It thus remains to show that,

[yev, "=y 1 Wnﬁww—w
yevum erv,,\y'()" - X) 2mi Kn HxEV,,(W - X),
when v > u. To see the above, first note that the integrand on the RHS has a simple
pole at each distinct element of V,, \ U,,. Next note, since v > u and one of cases (1)—(4)
is satisfied, (2.30) and Lemma 3.13 imply that V,, \ U, = VU™ c (y — 2¢, y + 2¢).
Finally, Lemma 3.6 and Definition 3.7 and Figure 3.3 clearly imply that «, contains
(x —2¢, x +2£). The above equation thus follows from the Residue theorem. This proves
part (2) for cases (1)—(4) of Lemma 2.2.
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Consider part (2) for cases (7) and (8) of Lemma 2.2. First recall (see Lemma 3.12)
that,

[Iyev, " =)
(Dn = 1(v,,+sn <Up+rn,Sn <rp) ; .
y’GVU(n) erv" \y’(y - x)

Next recall (see statement of Lemma 3.8) that (u, ) # (v, s), i.e., that either v > u, or
v <u,orv=uands # r. Moreover, Lemma 3.13 implies that 1(,, +s,, <u,+r,5,<rn) = 1
when v > u, and 1(,,, +5, <up+rp,5, <rn) = 0 When v < u. Finally, when v = u and s # r,
Lemma 3.13 implies that either of the following is satisfied:

® v, +s, >u,+ry,ands, >r, +1andv, > u, for all n sufficiently large. In this

case 1(v,,+xn SUp+Fp,Sp<rn) = 0.

® v, +s, <u,+ryands, <r,+1andv, < u, for all n sufficiently large. In this
case (2.30) gives V,, \ U,, = VUjy), and part (i) in the proof of Lemma 3.11 gives
Hy eU, (y, - )’)

=0.
¥ €VU erV,,y\y’(y - )C)

Combined, the above observations give

[lyeu, ' =)
Oy = 1vsu) Z o T

PR
¥ VU erV,, \y'(y )C)

We can then proceed similar to above to prove part (2) for cases (7) and (8) of Lem-
ma 2.2. O

3.4. Proof of Theorem 1.11

In this section we finally prove Theorem 1.11 using the results of the previous sections.
We will prove the result only when t € R}, i.e, when one of cases (1)—(4) of Lemma 2.2
is satisfied. The results when ¢ € Ry_, (cases (5)—(8)), and when ¢ € R, (cases (9)—(12)),
follow from similar considerations.

Assume the conditions of Theorem 1.11. Additionally assume that one of cases (1)—(4)
of Lemma 2.2 is satisfied. Lemma 3.8 thus gives

BuKy((ttn, 1), Vi, Sn)) = I — @y, (3.14)

We begin by using a steepest descent argument to examine the asymptotic behaviour of
Jn. First, fix 8 € (}P %), and {gn}n>1 C R as in Definition 2.8. Next, using Lemma 3.5
and Definition 3.7, we partition y,, as follows:

Y =y 440 and r,=r%4+r", (3.15)
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where yﬁf) and F,(f) are (respectively) those local sections of vy, and T, inside B(t, n™?|g,|),
and 7 and T are (respectively) the remaining sections of v, and T, outside
B(t,n7%q,|). Then, the definition of J, in the statement of Lemma 3.8 gives

Ty = JUD 4 gy g g (3.16)

where

u,—1 _ i n .
g .1 / dw/ dznj=un+rn—n+1(z 2o i (w— %)
" (2mi)?2 J,o R w-1y w2z z-%

J=vn+sp—n
The other three terms on the RHS of (3.16) are defined analogously. As we shall see in
the following lemmas, the asymptotic behaviour of J,(f’l) dominates the other three terms:

Lemma 3.14. Assume the conditions of Theorem 1.11. Additionally assume that one of
cases (1)—(4) of Lemma 2.2 is satisfied. Fix 0 € (zlt’ %), and {qn }n>1 C Ras in Definition 2.8.
Define J"" as in (3.16), Ky; : (R2)> > Ras in (1.19), and Ay, : (Z2)? — R\ {0} as in
Lemma 2.13. Then,

1
nilQnrl(I - /\,/n)(t —Xn—Th+ 1)J(l,l)
At,n((una rn)’ (Vn’ Sn)) "
Proof. First note, (1.8), (1.9) and (3.16) give

wn _ 1 exp(nfy(w) = nfu(2))
Jn _W/y;[)dw'/r‘(n”dz .

w—2Zz

i EA,’((V, S)7 (M’ V))

Define d; , and d; , as in Lemma 3.5. Also define,

Arg(d;, —1t) for cases (1) and (2) of Lemma 2.2,
a, =
Arg(d;, —t) for cases (3) and (4) of Lemma 2.2,
(3.17)

ln =

Arg(d,, —t) forcases (1) and (2) of Lemma 2.2,
Arg(d;, —t) for cases (3) and (4) of Lemma 2.2,

where Arg represents the principal value of the argument, and note that part (2) of
Lemma 3.5 gives @, = § + O(n’%*e) and ¢, = ZT” + O(n’%”)). Recall that yg) and l"f,l)
are (respectively) those sections of y,, and I, inside B(t, n=%|q,|) (see (3.15)), and y,, and
I',, are counter-clockwise (see Definition 3.7). Lemma 3.5 and Figure 3.2 then imply, for
cases (1) and (2) of Lemma 2.2, that:

. yﬁl) is the lines from ¢ + n=|g, e to t, and from ¢ to t + n=%|q,,|e*".

o TV s the lines from ¢ + n~%|g,|e~"%" to ¢, and from ¢ to £ + n~0|g|e'%n.
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Moreover, for cases (3) and (4):

. ’yfll) is the lines from ¢ + n=%|g,|e"%" to t, and from  to t + n=?|q,|e%".

. l"ﬁ,l) is the lines from 7 + n%|g,|e!?" to ¢, and from ¢ to ¢ + n=%|g,|e .

For cases (1) and (2), a change of variables thus gives
JuD _ |61n| / / 4, SXPfulr + s anIW) — nflt + 173 9ul2))
n )
(2m)2 —z

where:

1 . 1 .
o 1, is the lines from 13 %¢~@ to0 0, and from 0 to n3~%¢in.
: . 1g -ig 19 iz
e H, is the lines from n3 %e™'4" to 0, and from O to n3"e'on,

These contours are shown on the left of Figure 3.4. Similarly, for cases (3) and (4),
~ _1
J(l,l) n 3 |qn| / / CXP(”fn t—n" |inw) — nfu(t —n"3|qnlz))
" (2711)2 . W=z ’
where h,, and H,, are defined as above.

Next recall that ¢g;,, > O for cases (1) and (2) of Lemma 2.2, and ¢, < O for cases (3)
and (4) (see Definition 2.8 and Lemma 2.2). Therefore, for cases (1)—(4),

1 e _1
J(l l) |qn| / / exp(nfn(t +n3 CInW) - nfn(t +ns CInZ))
h .
(27n)2 . w=—z
Parts (3) and (4) of Corollary 3.3 then give
I = 073 gal exp(nfu(t) = nfu(e) + O =),
for cases (1)—(4), where
exp(ws + w?v + lw3)

/ / dz

(27rz)2 — 2 exp(zr + 2u+1z3)

(2.25) and Lemma 2.13 then give

1
@0 _ N 31gnlAen((n, rn), (Vn, 50)) _1 1-46
Jy = exp(O(n™3 +n L.
=t 1) OO )
Next, recall that @, = ¥ + O(n~3*%) and ¢, = Z 4 O(n~3*%) for cases (1)=(4), and
define:

s 1 s
o [, is the lines from n3~?¢~'5 to 0, and from 0 to n3~%¢'5. ¢, is the smallest arcs

1 1 - 1 .
of B(0,n5%) from n3~%e~i to n3~0¢~'% and from n3~%¢'% to n3~feitn,

1
iog
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1_ 1_
B(0,n379) B(0,n379)
1, 1g .
n3 Veidn n3 Yeian
H
H, hn
R
0
H, hy
1 . 1 ) 1 ) 1 ;
n3 %e-ién n3 0c-ian njfgeﬂTn 11§79e7'%

Ficure 3.4. Left: The contours &, and H,,. Recall 0 € (%, %), a, =
3+ O(n‘%w) and/, = 27” +0(n‘%+9) (see (3.17)). Right: The contours
hI’L’ Hn, ln’ an Cn’ Cn~

0 . 227

1 2n 1
o L, isthelines fromn3~?¢™3 to 0, and from 0ton3~%¢'3 . C,, is the smallest arcs
iz

. Lo .

of 3B(0,n379) from n3~%e~in to n3~%e~% , and from n3~%e % to n3~feién,
These contours are shown on the right of Figure 3.4. Then, noting that &,, and ¢,, + [,
have the same initial and final points, and similarly for H,, and C,, + L,,,

In = Il,n + I2,n + I3,n + I4,na

1 1 exp(ws + w?v + L3
I]’n = —2/ dW/ dz p( 2 13 3 ),
(2ni)* Ji, . W—2Z exp(zr + 22u+ 32%)

1 1 exp(ws + w2v + lw3)
12,,, = —2/ dW/ dz P 13 5
@2mi)* Ji, c, W2 exp(zr + 22u + 32%)

1 1 exp(ws +w?v + w3
13’,1 = —2/ dW/ dz P 13 )’
(2ni)* Je, W W Zoexp(zr + 22u + 323)

1 1 exp(ws + w2y + %w3)
14’,, = —2/ dW/ dZ 5 1.3
Q2ni)? Je, . W2 oexp(zr + 22u+ 323)

where

(3.18)

Finally, we will show that,
(i) I — Kai((v, ), (u, 7).

(ii)) I, = 0and 3, —» Oand Is,, — 0.
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Thus, since 8 € (}1, %), the required result follows from parts (i,ii) and the above expression
of J&D.
Consider (i). First define:

-0 -0 ,i% iz

. . iz 1
e r, is the lines from coe ™5 to n3 %e~'% andfromn% e'3 toooe's.

4

. . _jm 1 g _j2x 1_
e R, is the lines from coe™'3 to n3~%¢~3 , and from n3~?

iz iz
e 3 toooe 3.

It thus follows from Figures 1.3 and 3.4 that/ = [,, + r,, and L = L,, + R,,. (1.19) and the
definition of I; ,, above, thus give

Kai(,s), (wr) = Ip + 1], + 1, + 1}

1,n°
where
, 1 1 exp(ws+ w2y + lw3)
I, = 2‘/dw‘/ dz — 33
(27i) z exp(zr + 22u + 32°%)
3
exp(ws + w?v + 1w
I, = 2/ dw/ i W) (3.19)
(27i) . —Z exp(zr + 2u+ 3 z3)
o / / exp(ws + w?v + —w3)
Tin (Zm)2 ., -2 exp(zr + Z2u+ 12%)
Part (i) thus follows if we can show that I’ = o(1), Il”n =0(1), and I”’ =o(1).

Consider Iy, 7 defined in (3.19). The contours in this expression are glven in Figure 3.5.
Note that,

1 1 2
< — =—, (3.20)
lw—z| = ,3-9 cos(%) n3s~?
uniformly for w on [, and z on R,,. Also,
exp(ws + w?v + 1w3) exp(Re(ws +wv + %w3))
exp(zr + 22u + 12%) exp(Re(zr + 22u + 123))
for all w on I, and z on R,,. Moreover, | Arg(w)| = 5 and | Arg(z)| = 2” for all w on [,
and z on R,, and so Re(w?) = —|w/|® and Re(z?) = |z|3. Therefore,
exp(ws + w?v + %w3) exp(|wls| + [w|*|v] - %|w|3) 321
exp(zr + 22u+ 323) |~ exp(=lzl|r| — |zl?|ul + %|Z|3)’ .

for all w on [, and z on R,,.(3.19), (3.20) and (3.21) then give

o o 2 1,3
1 2 & s| + vl - 2
rol<a— [Cay [ ay p(yilsl + yilvl = 357) .
b (2n)? 19 2 1.3
0 0 n3=9 exp(=ya2|r| — y5lul + 33)
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U B(O,n379)

. :L.\)lbl W[y

s
P75 to
) 127r
e '3,

Ficure 3.5. The contours I, and R,,. I, is the lines from né
. 1
0, and from 0to n3 0% R is the lines from ocoe —i% to n3

and from n3 0’ % to coe' ¥ .

The above integral converges, and so I}, = O(n’(%’g)). Similarly it can be shown
that I}’ = O(n~G-9) and 1" = O(n~=9). Finally, since 6 € (4. 1), it follows that
1], =o(l)and Il’:n = o(1) and 11”;1 = o(1). This proves (i).

Consider (ii). Recall that I, , is defined in (3.18). The contours in this expression are
given in Figure 3.6. Also recall that £, = %’r + O(n‘%+9). It thus follows that | Arg(w)| = 5
for all w on [,,, and | Arg(z)| = 2?” + O(n‘%”’) uniformly for z on C,. Moreover,

1 1 4
< — <—, (3.22)
W=zl = 30 cos(Z +0(1)) n3?

uniformly for w on [, and z on C,,. Also,

exp(ws + w?v + 1w3) exp(Re(ws +wlv + lw3))

exp(zr + 22u + 32%) exp(Re(zr + z2u + 3 z3))

for all w on I, and z on C,. Moreover, | Arg(w)| = 5 and | Arg(z)| = 5 + O(n~ 3+9)
uniformly for w on I, and z on C,, and so Re(w?) = |w|3 and Re(z3) > 2lz|? for all
such w, z. Therefore,

exp(ws + w?v + 1w) exp(|w||s| + Wiyl = $wl?)

exp(zr + 22u + 32°) eXp(—IZIlrI — |2lPlul + §1z1)
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1 g
n3 %etén 1
H 1y 21 _}7/
n '3 K Cy
ln
; “— B(0,n377)
R :
B 0
n%*(i —i 2;’ —>\En -
\1 -
1 T n?iaei'%
n3 %e-itn

1 ¥
FiGure 3.6. The contours /,, and C,. [, is the lines from n3 ¢~ to

0, and from 0 to n%“’ i%.C, is the smallest arcs of BB(O, n3=9) from

1_ _: 1_ i .
n5=0e=ién to n3=%¢1%F  and from ni 0! ¥ to n3~eién,

Finally, note that |z| = n3=9 for all z on C,, and that n3% - oo since 6§ € (4, 3)-
Therefore,

exp(ws + w?v + %WS) exp(|wl|s| + |w|?|v| - %|w|3)
; ; , (3.23)
exp(zr + 22u + 323) exp(5n'=39)
uniformly for w on [, and z on C,,. (3.18), (3.22) and (3.23) then give
1 o0 m 4 exp(nls| +yilvl - 5 )
|12,n| <4_2/ dy]/ n%—Qdy2 , Py1 1y1 3y1
2m)* Jo 0 n3i—? exp(—n1 30)
The above integral converges, and so I, = O(exp(— n'=39)). Therefore I, , = o(1) since

0 € ( , ). Similarly, we can show that I3 , = o(1) and 14, = o(1). This proves (ii). O
Next we examine the asymptotic behaviour of the remaining terms of (3.16):

Lemma 3.15. Assume the conditions of Theorem 1.11. Additionally assume that one
of cases (1)—(4) of Lemma 2.2 is satisfied. Fix 0 € (‘1—‘, %), and {qn}n>1 C R as in
Definition 2.8. Define ],ﬁl’r), J,(,r’l), J,(lr’r) as in (3.16), and A, ,, : (Z*)*> — R\ {0} as in
Lemma 2.13. Then,

1
njlqnl_llt_/\/nnt_)(n_nn+1| @,r) 1 1 13
|| = Oln3exp| — —n .
At Ty O sl " I™12

Similarly for I and &7,
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Proof. We prove the result for J,(,l'r) for cases (1) and (2) of Lemma 2.2, and state that the
remaining results follow similarly.

Assume that case (1) or (2) of Lemma 2.2 is satisfied. Lemma 2.2 and Definition 2.8
then imply that g, converges to a positive constant as n — oo. Next note, (1.8), (1.9)
and (3.16) give

exp(1/u(w) = nfu(2)|

w—2

(Lr) 1 D)
J, < T su
[ 2n) [yn 1105 (E))

(w.2)eyy xIy)
Recall (see (3.15)) that yf,l) is that section of vy,, inside B(t,n"%g,). Therefore Iyﬁll) | =
2n%g, (see part (2) of Lemma 3.5 and Definition 3.7). Thus, since g, converges to a
positive constant as n — oo, |yff )| = O(n~?). Next recall (see (3.15)) that Fﬁ,” is that part
of T',, outside B(t,n~¢g,,). Definition 3.7 and parts (4)—(6) of Lemma 3.5 thus give

I < € sup |exp(nfu(w) = nfi(@na)l,

w E’}’E,ll)

where d; , C 0B(t, n~%g,) is defined in part (2) of Lemma 3.5, and where C > 0 is some
fixed constant. Recall that g, converges to a positive constantas n — oo, y,(,” c B(t,n%,)
and dy , € 0B(t,n"%q,). Also recall (see previous lemma), since one of cases (1) and (2)
of Lemma 2.2 is satisfied, | Arg(w —1)| = § + O(n’%”’) uniformly for w on yﬁf), and

Arg(Gy, —t) = 27” + O(n~3*9). Therefore,

"1 < C sup {exp(nfu(t +n73quw) = nfult + 15 guza)|,
wehy,
where h,, C B(0, n%‘(’) is defined as on the left of Figure 3.4, and z,, ¢ dB(0, n%‘e) is
defined by z,, := n3g; ' (d,, —t). Note, | Arg(w)| = Z+ O(n~3*%) uniformly for w on /,,
and Arg(z,) = 27” + O(n‘%’rg). Also note, parts (3) and (4) of Corollary 3.3 give
- exp(ws + w2y + +w?
D) < Clexp(nfu(t) - nfiu(e) + O] sup |—— )

wehy,

exp(zar + (zn)*u + %(Zn)3)

Lemma 2.13 then gives

|At,n((un’ rn)v (Vm Sn))|

1
exp(O(n~3 +n'™9))
|t_/\/n||t_/\/n —MNn + 1|

17 < ¢

exp(ws + w?v + %w3)
X sup
weh,

exp(zar + (zn)*u + %(Zn)S)
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Finally recall that 8 € (}1, %) Therefore we can choose the constant C > 0 such that,

|At,n((um rn)a (Vs Sn) u
|t = xullt = xn =10 + 1 wehy,

2 13)

exp(ws + wv + 3w

exp(znr + (20)2u + 3(20)%) .

< (3.24)

Next note that,

exp(ws + w?v + 1w?) exp(Re(ws + w?v + 1w?))

exp(znr + (z0)2u + 3(z0)%) " exp(Re(zur + (zn)u + 5@

for all w on h,,. Recall that | Arg(w)| = 5 + O(n‘%”’) uniformly for w on h,,. Therefore
Re(w?) < 0 for all w on h,,. Moreover, recall that Arg(z,) = 2?” + O(n‘%”’). Therefore
Re((24)*) > $|za/*. Combine the above to get,

exp(ws + w?v + 3w’) exp(|wls| + [w|*|v| + 0)

< 7 )
exp(=|znllr| = |znl?lul + glzal?)

exp(zar + (zn)*u + %(Zn)g))

for all w on /. Finally recall that |w| < n3=¢ for all w on Ay, (since h, C B(0,n37?)),

22| = n39 (since z, € dB(0,n379)), and n3~¢ — oo (since 6 € (4, 3)). Therefore,

exp(ws + w?v + w?) exp(O(n%’z"))

sup <
weh, |€Xp(znt + (20)%u + %(Zn)S) exp(O(n%_zg) + %nl‘w)
1
- eXp(l]—2n1‘39).
Substitute into (3.24) to get the required result. O

(3.16), and the above two lemmas, give the asymptotic behaviour of J,. It remains to
consider the asymptotic behaviour of ®@,, (see (3.14)). Since many of the arguments of the
following lemma are similar to those used in the proofs of Lemmas 3.14 and 3.15, we do
not go into as much detail here:

Lemma 3.16. Assume the conditions of Theorem 1.11. Additionally assume that one of
cases (1)—(4) of Lemma 2.2 is satisfied. Fix 0 € (le’ %), and {qy }n>1 C Ras in Definition 2.8.
Define ®,, as in Lemma 3.8, ® : (R*)?> — R as in (1.20), and A, , : (Z*)*> — R\ {0} as
in Lemma 2.13. Then, when the parameters of (1.28) and (1.29) satisfy (u,r) # (v, s),

1
n§|Qn|71(t = Xu)(t = Xn =10 + 1)
At,n((una rn)v (Vm Sn))
Proof. First note, since (u, r) # (v, s), part (2) of Lemma 3.8 gives
1 H}Zz;,:wn—nﬂ(w - ﬁ)
o, = 1(v>u)T dw " 7o
G/ | w=2)

J=vn+sp—n

D, — 1(v>u)(D((V» S)’ (u’ r))
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This proves the result when v < u, and when v = 1 and s # r. It thus remains to show the
result when v > u. Assuming this, partition «, (see Definition 3.7 and Lemma 3.6) as
Kn = KSLZ )+ Kﬁ,r), where Ki,l ) is that local section of k, inside B(t,n"?|q,|), and Kf,l) is the

remaining section of k, outside B(t, n"?|g,|). Therefore ®,, = (I)E,l) + q)ﬁ,”, where

2mi

u,—1 J
1 / Hj:u +7, 7n+l(w - 2)
dW n n
(0
Kn

o) = — - -,
s n =30

and @E{) is defined analogously. We will show that:

1 _ 1 (s—r)2
(i) ns IQn| l(t - /\,/n)(t —Xn—Tn+t 1) () N eXp(_Z v—u )
Arn((Uns 1)y (Vis ) " 2+/(v — u) '
1 —
@) P lgnl 0~ X~ den =+ D gy

At,n((uns rn)’ (Vn, Sn))

Parts (i) and (ii) and (1.20) then give the required result.
Consider part (i). First note, (1.8), (1.9) and (2.25) give

1
Kn

2mi

Define D, ,, as in Lemma 3.6. Also define, ¥, := Arg(D; , —t), and note that Lemma 3.6

gives Y, = 5 + O(n~3*9). Recall that «\ is that section of «,, inside B(t, n=?|gy|), and

Ky is counter-clockwise (see Definition 3.7). Lemma 3.6 and Figure 3.3 then imply that
« is the lines from  + n~%|g,|e~ " to ¢, and from  to t + n~%|gu|e¥. A change of
variables thus gives

1
3
off =01 [ g expiury - gnbo
27i kn

where k,, is the lines from n3~%¢~%n t0 0, and from 0 to n3 %%~ . Thus, since g, > 0
for cases (1) and (2) of Lemma 2.2, and ¢,, < O for cases (3) and (4),

15 |l
5 qn / dw exp(nFn(l + n_%qnw)) for cases (1) and (2),
i k,
o =4
3
n : |C.In| / dw exp(nF,(t — n"3guw))  for cases (3) and (4).
i ky,

(2.25) and parts (3) and (4) of Corollary 3.3 then give

l —_
(Dg) = n"3|qn| exp(nF,(t) + O(i’l1 46))¢n,
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where

5l dw exp(w(s — r) + w?(v — u)) for cases (1) and (2),
Tl kn

¢n =
% / dw exp((-w)(s — r) + (-w)*(v —u))  for cases (3) and (4).
kn

Lemma 2.13 then gives

1
o _n3 |qn| A n((Un, 70), (Vis Sn)) _1 1-40
o, = exp(O(n™3 +n .
Tt —xn—mn + 1) PO N

11

Note that exp(O(n‘% +n'7%9)) - I since 6 € (1, 1). Also, since v > uand 6 € (7>3)

3
we can proceed similarly to Lemma 3.14 to show that,

1 roo . .
b= 5z [ div)exslis(s =) + (90 - w)
for cases (1) and (2). The RHS is integrable since v > u, and integrating gives

1 ( 1(s— r)2)
- ————exp|[—-— .
24/n(v — u) 4 v-u
for cases (1) and (2). This proves part (i) for cases (1) and (2). Similarly for cases (3)
and (4).
Consider part (ii). First note, (1.8), (1.9) and (2.25) give

1
o) = — / dw exp(nF,(w)),
2ni J, o

(
n

$n

where Kf,r) is that section of «,, outside B(t, n?|g,|). Therefore,

r 1 r
(@] < 5-1%] sup | exp(nF,(w)| < Clexp(nFy(Dyn))l.

wex™

where C > 0 is some fixed constant, and the second part above follows from Lemma 3.6.
We can then proceed similarly to the proof of Lemma 3.15 to prove part (ii). O

We are finally ready to prove the main result of this section:

Proof of Theorem 1.11 when't € R;. In this proof, for brevity, denote a,, := (t — x,)(t —
Xn — NIn + 1). First recall that ¢ € R;; if and only if one of cases (1)—(4) of Lemma 2.2 is
satisfied. Then, (1.6) and (3.14), and the expression for 8, in the statement of Lemma 3.8
give

n Ku((un, rn), Vi, Sn)) _

J, — D,
n—ry Bn(rn’ Sn) " "
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(1.5) then gives

n—ry, Jp— D,
Wn((vm Sn)’ (Mm rn)) B n At,n((um rn)a (Vna sn)) .

Then, (3.16), and Lemmas 3.14 and 3.15 give

(Vi 500, (s 1) = 175 |ty Btn (Kai((v, ), (u, 7)) + o(1))
n—ry, D,
n Arn((n, 1), (Vs )
Moreover, since one of cases (1)-(4) is satisfied, the expression for @, in part (1) of
Lemma 3.8 gives

(3.25)

n—ry o,
n Ay a((Uns Tn), (Vs Sn))
o Jezusesr) Ot sp—tp—ra =D (n=ry)!
B At,n((un’ ) (Vi Sn)) (Sp =70 — 1)!(Vn —up)! (n—sp)!

Alternatively, when (u, r) # (v, s), Lemma 3.16 gives

(3.26)

n—ry o,
n o Apn((tn, 1n), (Vs Sn))

_1 _
= n"%|gala,’

n—rn

(Lw>uy®((v, 5), (, 7)) + o(1)). (3.27)

n

Recall, for cases (1)—(4), that f/"’(¢) # 0, e€W > 1, and C’'(¢) < 0 (see Lemma 2.3).
Moreover, defining f/, as in (2.18), recall (see Lemma 2.7) that f/}/(t) — f/"(t) as
n — oo. Definition 2.8 then gives

Ly -1 Ly e -1
lgnl = 231 fi7 (O3 = 23157073,
a non-zero constant. Also, recalling that a,, = (t — x,,)(t — xn —1n + 1), and (xn, 7n) =
(xn(t), 1y (1)), Definition 1.8 gives

(eCn(t) _ 1)2
TG C

Moreover, (1.28) and Definition 1.8 give

1 —n”n =1-n,+ O(n_%) = _—(:CC’:((:))C%(It))Z + 0(71_%).

Thus, since e©n") — ¢€® ¢ {0,1}, and C/(t) — C’(¢) # 0 (see (1.27)),
(e€® - 1)? n—ry (€€ —1)2
“cnome M Th T T ooy
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non-zero constants. Combined, the above give

|gulay = — 25| £7()] 75 C (1) = 23| £ (1) 73 IC ()] = B@), (3.28)

where the second part follows since C’(¢) < 0, the last part follows from the definition of
B(1) in the statement of Theorem 1.10.
Note, (3.25) and (3.28) give

Ko (Vs S (s 7)) = 173 (B(0) + 0(1)(Kai(v, 9), (1, 7)) + 0(1)
n—ry, (O
o At 1), (Vs 5))
Recall that t > y, > xn + n, — 1 for cases (1)-(4) of Lemma 2.2, and so
A n((Un, Tn), (Wi, 80)) > O (see Lemma 2.13). (1.6) and (3.26) then give

n—ry 0,
n At,n((“n’ rn): (Vm Sn))

_ I(Vnzun,sn>rn) (Vn+sn_un_rn_ l)'
|At,n((un’ rn)’ (Vn’ Sn))lB(rna Sn) (sn —In — 1)'(Vn - un)' '
Moreover, when (i, ) # (v, s), (3.27) and (3.28) alternatively give

n—ry o,
n At,n((um rn), (Vns Sn))
Swap (uy, rn,) and (v, s,,) in the above expressions to get the required result for cases (1)—(4)
of Lemma 2.2, i.e., when r € R;. O

= n73(B() + o(1) (Lo (v, 5). (1, 7)) + o(1)).

4. Existence of appropriate contours of descent/ascent

We finally prove Lemmas 3.5 and 3.6.

4.1. Lemma 3.5 for case (1) of Lemma 2.2

Assume the conditions of Lemma 3.5. Additionally assume that case (1) of Lemma 2.2
is satisfied. Fix & > O sufficiently small such that (2.11), (2.14), (2.17) and (2.31) are
satisfied.

We begin by considering the roots of the functions f;, f, and f,{ in this case. We
consider f, and state that fn’ can be treated similarly. Recall the definitions given in (1.12),
(2.3),(2.4), (2.5), (2.10) and (2.12), and the properties discussed in (2.2) and (2.9). Recall
that ﬁ := inf Sy, S_1 := sup S, etc. (see Section 1.6). Then:

Lemma 4.1. Assume the above conditions. Then, t € J| = (S_l, +00). Moreover:
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(1) f/(s)>0forallse (S, 1), f(@)=f"@) =0and f/"(t) > 0, and f/(s) > 0 for
all s € (t, +00).

(2) f{ has O roots in each of {C\' R, Ja, J3, J4}.

(3) f{ has at most 1 root in each of U?zl{Kfi), Kéi), .

Next note that t € Jy,, = (Si., +00). Indeed, fixing & > 0 as above, we have t —4& > Sy
and t — 26 > Si,. Also f! has 2 roots in B(t,&). We denote these by {t| ,,t2.,} as in

Lemma 2.6, and we recall that one of the possibilities (a)—(c) discussed in that lemma
must be satisfied. Then, whenever possibility (a) is satisfied:

@l) t1, € (t =&t + &) and ty, = t,. Moreover f(s) > O for all s € (S t1.0),
Fitin) = f/(tin) = 0and £ (t1,n) > 0, and f,)(s) > 0 for all s € (t1 p, +0).

(a2) f,, has 0 roots in each of {C\' R, Jo,n, J3.1, Ja.n}-

(a3) f, has 1 root in each of UEZI{K(i) K9 }

L " 2n )

Moreover, whenever possibility (b) is satisfied:

(bl) {tinton} C(E—& t+&) andty , > to,. Moreover f)(s) > Oforall s € (m, to.n)s

fiton) = 0and f)(t2,n,) <0, f,/(s) < Oforall s € (toyn, t1,n), f(t1,n) = 0 and
S (tn) > 0, and f,/(s) > 0 for all s € (1, +0).

(b2) f, has O roots in each of {C\ R, Jo.n, J3.n, Jan}-
(b3) f, has 1 root in each of U?:l {K}izl, Kg:l, ..

Finally, whenever possibility (c) is satisfied:

(cl) t1,n € B(t,¢€) NH and t,,,, is the complex conjugate of t| ,. Moreover, f,/(s) > 0
forall s € (S1,n, +0).

(c2) f, has O roots in each of {C\ (R U {t1n, t2.n}), J2.ns J3.10s Jan }

(c3) f,! has 1 root in each of U?=1{K(i) k' }

L Do eI

Proof. Consider f/. Note, (2.3), (2.4), and case (1) of Lemma 2.2, give t € L; =

Ji = (81, +o0). Also, (1.18) gives f/(t) = f’(t) = 0, and case (1) of Lemma 2.2 gives
() > 0. Parts (1)—(3) then follow from Lemma 2.1.
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H
R boeeee] P | *
S5 < 5% s S o< 5 < So< <-4
B(t,&). -
(a) R-o e X @ o X & X @ o X @ X @ | %
S < S5, < Swn < 5, < Sin < §,<t-2 " fn
B(t,&).-
H P
N n
(b) R-e o X @ o X @ X @ o X @ X -® | XXt
S < S35, < Swn < 5, < S < §,<t-2" f2.n
B(t,&). -
H SoXtyn
(c) R® X o X ® o X @ X @ o X @ X @ | :
Sin < S5m < S < 5, < Sin < Sip<t-2¢ - Xn

Ficure 4.1. Top: T;, the set of roots of f, as described by Lemma 4.1.
Note, for each i € {1,2,3}, S; does not necessarily equal [S;, S:], and

subintervals of [S;, S:1\ S; contain at most 1 root. (a), (b), (c): T, the
set of roots of f;, as described by Lemma 4.1 for possibilities (a)—(c).
Roots of multiplicity 1 and 2 are represented by X and * respectively,

and elements of S,, = S1,, U Sy, U S3, are represented by e.

Consider f,. First note, since L; = J; = (S_l, +00), (2.11) gives t — 4¢ > S;. Also,
(2.12) givest € L,, = Jin = (m, +00), and 1 — 2¢ > m Also, part (1) of Lemma 2.6
implies that f,, has 2 roots in B(t, &).

Consider part (bl). First note, since possibility (b) of Lemma 2.6, is satisfied, that
{timthntCc@-&t+é)CLy=Jip= (m, +00), t1,n > to.n, and ¢y, and 1, are roots
of f,, of multiplicity 1. Next note, (2.7) implies that (f;)ls, , is real-valued and continuous,
and

lim__ f;(w) = +oo.
weR WSy,
Finally note that part (1) of Lemma 2.6 implies that f, has Orootsin (t =&, t+&)\{t1,n, 12,0},
and Orootsin L, \ (t =&t + &) = Jiu \(t =& 1+ &) = Syt —E] U [t + &, +00). (b])
follows from the above observations. Parts (b2) and (b3) similarly follow from Lemma 2.6,
as do parts (al)—(a3) and (c1)—(c3). O

Next, for convenience, define,

T; := Set of roots of f and T, := Set of roots of f,. 4.1
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Ri(t)=R{(t)=0
R/(t)>0

|
|
|
|
|
|
|
|
|
|
M t
 Ry(in0) = Ry (1,) =0
R;:/(tl,n) >0

|
|
@ | : d R a R
| ] /n\
| | ~/ 3 X
| | . L
| |
[ |
K I a d
S],n Ii,n
R;’,(’Z,n)<0 R;;(tl,n)>o .
| Ru(tn)=0 Ry(x)=0/ a d H
®) 3 T 5 ki T 2
l d ,n d-a H,n a-R
a d
: R, (s) > Oforall s a d
© \/
| % tl,n %
Sl,i{ d a R

Ficure 4.2. Top left: R;|;,. Top right: The directions of steepest
decent/ascent for f; at r. “a” represents ascent and “d” represents
descent. (a), (b), (c) left: R, |, ,, for possibilities (a)—(c) of Lemma 4.1.
(a), (b), (c) right: The directions of steepest decent/ascent for f; at

tl,n/tln-

Then, recalling that f : C\ § — Cand f, : C\ S, — C are analytic, T; and T}, are
discrete subsets of C \ § and C \ S, respectively. The previous lemma discusses the
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locations of the elements of these sets, and this is depicted in Figure 4.1. Note that,
T, =TV, UT5, U{t} and T, =T,V U, U{tinta}, (4.2)

where T;; is the set of roots of f; in [&, E-] \ S;, and similarly for 7; ,,.
Next recall (3.7) gives

Reln) =Dy and (Ruls ) = ()l

and similarly for the higher order derivatives. Above, R; is the real-part of f; and R, is the
real-part of f, (see (3.2) and (3.3)). The functions on the LHSs are the “real-derivatives”
of R¢|y, and Ryl ,,, and the functions on the RHSs are those given in (2.1) and (2.7)
restricted to J; and Jj , respectively. Part (1) of Lemma 4.1 then implies that R;|;, has
the behaviour shown on the top left of Figure 4.2. Also, parts (al), (bl) and (c1) of
Lemma 4.1 imply that R,|;, , have those behaviours shown on the left of Figure 4.2
for the possibilities (a)—(c). Part (3) of Lemma 3.4 also shows that f; and f;, have those
directions of steepest descent/ascent shown on the right of Figure 4.2. The following
lemma examines some of the resulting contours of steepest descent/ascent:

Lemma 4.2. There exists simple contours, D, and A;, as shown on the top of Figure 4.3
with the following properties:

(1) Dy and A; both start at t, enter H in the directions % and 27” respectively, end in

the intervals shown, and are otherwise contained in H.
(2) D; and A; are contours of steepest descent and ascent (respectively) for f;.
(3) Dy and A; do not intersect except at t.

Also, whenever possibility (a) is satisfied, there exists simple contours, D,, and A,,, as
shown in Figure 4.3 with the following properties:

(al) D, and A,, both start at t, ;,, enter H in the directions % and 27” respectively, end
in the intervals shown, and are otherwise contained in H.

(a2) D,, and A,, are contours of steepest descent and ascent (respectively) for f,.

(a3) Dy, and A,, do not intersect except at t .

Next, whenever possibility (b) is satisfied, there exists simple contours, D, and A,, as
shown in Figure 4.3 with the following properties:

(bl) D, and A, start at t1 ,, and tp ,, respectively, both enter H in the direction %, end
in the intervals shown, and are otherwise contained in H.
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(b2) D,, and A,, are contours of steepest descent and ascent (respectively) for f,.
(b3) D,, and A,, do not intersect.

Next, whenever possibility (c) is satisfied, there exists simple contours, Dy, Ay, D, A,,, as
shown in Figure 4.3 with the following properties:

(cl) Dy, An, D;, A, all start at t1,, € H, leave t1, in orthogonal directions in
the counter-clockwise order Dy, Ap, D), A}, end in the intervals shown or are
unbounded, and are otherwise contained in H.

(c2) D,, D), are contours of steepest descent for f,, and A,, A, are contours o
n 4 n
steepest ascent for f,.

(c3) Dy, Dj, Ay, Al, do not intersect except at ty p.

Proof. Consider f,. Recall (see (4.1)) that 7,, is the set of roots of f,/, and the behaviour
of T, is described in Lemma 4.1 and displayed in Figure 4.1. Also, the directions of
steepest decent/ascent for f, at t1 /12, are shown on the right of Figure 4.2. Define:

(i) For possibility (a), let D,, and A,, denote the contours of steepest descent and
ascent (respectively) for f,, which start at 71, € (m, +00), and which enter
H in the directions 5 and ZT” respectively. For possibility (b), let D,, and A,
denote the contours of steepest descent and ascent (respectively), which start
att, € (m, +oo)and tp,, € (m, +00) respectively, and which enter H in the
direction 7. For possibility (c), let {D,, D;,} and {A,, A, } denote the contours
of steepest descent and ascent (respectively) which start at #; ,, € H. All contours
are defined to follow the unique directions of steepest descent and ascent (as
appropriate) at each w € C\ (S,, U T,,) (see part (3) of Lemma 3.4), and are
defined to end whenever/if they first intersect a point in S,, U T,,. Finally, if no

such point of intersection exists, the contours are unbounded.
Then, using the above definition, we will first show:
(ii) For possibility (a), D, and A,, do not intersect except at #1 ,. For possibility (b),
D,, and A, never intersect. For possibility (c), Dy, A,, D;,, A}, do not intersect

except at #1 . For all possibilities, the contours are simple.
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D,
H
A
R ) ( ) ! i !
S35 < 5 < S < S, < Si o< § <t-48< ¢t
D,
(a) H
R | I I 1 I i I
S3n < S5, < Sun < Som < Sin < S ,<t-26<tin
(b) H
R I I ! i I | I
S3n < 83, < Sun < Som < Stn < §,<t-2¢ < bn<tin
Dn unbounded
!
Al’l
() H
R | I I 1 I |

|
S3n < S5, < Sun < Son < Stn < 8 ,<t-2¢ It

Ficure 4.3. The contours of Lemma 4.2.

Next we investigate the possible end-points of the contours in S,, U 7,,. Recall that
these are depicted in Figure 4.1, and that T), = Ty, U T2, U T3, U {t1.n, 12,0} (s€€ (4.2)).
Also, since t; , and , ,, are the start-points of Dy, A, D;, A}, part (i) implies that the
contours do not intersect {t1 ,, 2., } again. Part (i) thus implies that they end whenever/if
they intersect a pointin Sy, UT1, U S2., UTp, U S3, UT3, C R. Next, we will show:
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(iii) Each of D,, A,, D, A,, either eventually intersect and end in Sy, U T}, U Sz, U
Ton U Sz, UTs, CR,orthey do not intersect R and are unbounded. Moreover,
if we exclude the start-points and end-points, the contours are contained in H.

Finally, we use the above observations to show:
(iv) Each of D,,, D], eventually intersect and end in Sy, UT}, U S3, UT3, C R.

(v) Each of A, A;, either eventually intersect and end in S, U 7>, C R, or they do
not intersect R and are unbounded.

(vi) For possibilities (a) and (b), D, ends in S3,, U T3, and A, ends in S2, U T2 5.
For possibility (c), one of {D,, D, } ends in S3, U T3 ,, one of {A,, A} ends
in $5,, U Ty, one of {D,, D, } ends in S; , UT,, one of {A,, A} } does not
intersect R and is unbounded. Moreover, if we label so that D, ends in S3 , UT3
and A, ends in S, U T» ,,, then they leave t; ,, in the counter-clockwise order
Dy, An, D;, A,

The required results follow from parts (i), (ii), (iii) and (vi) since S; , U T;,, C [Sin, E]
foralli € {1,2,3} (see Figure 4.1 and (4.2)). o

Consider (ii) for possibility (a). Recall (see part (i)) that D, A, both start at #1 ,,. Also,
recall (see part (1) of Lemma 3.4) that R, strictly decreases along D,,, where R, is
the real-part of f,, and R, strictly increases along A,. A contradiction argument then
proves part (ii) for possibility (a). Consider (ii) for possibility (b). Recall (see part (i))
that D, starts at #;, € R and A, starts att», € R, and 71, > f»,,. Also, recall (see left
of Figure 4.2) that R, strictly decreases as we move from f, , to #; , along R. A similar
contradiction argument then proves part (ii) for possibility (b). Part (ii) for possibility (c)
also follows similarly.

Consider (iii) for possibility (a). Recall (see part (i)) that D,, and A, both start at
t1,n € R and immediately enter H. Also, recall that the contours either end in S,, U T},
or they are unbounded. Finally, recall that S,, U 7,, ¢ R. Thus, to prove part (iii) for
possibility (a), it is sufficient to show that contours of steepest descent and ascent cannot
intersect R \ (S, U T,,) from H. To show this, fix s € R\ (S,, UT,). Recall that f,/(s) € R
(see (2.7)), and note that f,/(s) # 0 since T,, is the set of roots of f,/. Therefore f,/(s) > 0
or f,/(s) < 0. Part (3) of Lemma 3.4 then implies that f, has 1 direction of steepest ascent
at 5. Moreover, the direction of steepest ascent is along the positive real axis whenever
fi(s) > 0, and along the negative real axis whenever f,/(s) < 0. Thus a contour of steepest
descent cannot intersect s from H. Similarly for contours of steepest ascent. This proves
part (iii) for possibility (a). We can similarly prove part (iii) for possibilities (b) and (c).
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Consider (iv). First note, part (4) of Lemma 3.4 implies that D,, D], are bounded.
Part (iii) thus implies that each of D,,, D], eventually intersects and ends in Sy, U T}, U
S2.n UThn U S3, UTs, € R Next note, part (5) of Lemma 3.4 implies that D,, D}, do
not intersect S, ,. Thus, to prove part (iv), it remains to show that contours of steepest
descent cannot intersect 7> , from H. To show this, fix s € T ,. Recall (see Figure 4.1
and (4.1)) that s € (x, y) where x and y are consecutive elements of S, ,,, s is a root of f,/
of multiplicity 1, and s is the unique root of f; in (x, y) (see parts (a3), (b3) and (c3) of
Lemma 4.1). Also, (2.7) gives f,/(w) € R for all w € (x, y), and

Welﬂi{ﬂnvlm faw) = +o0 and welﬂiz,rgle fr(w) = —co.
It thus follows that f;/(s) = 0 and f,’(s) > 0. Part (3) of Lemma 3.4 thus shows that
there are 2 directions of steepest descent and 2 directions of steepest ascent for f;, at s.
Moreover, the directions of steepest descent are given by —7 and 7, and the directions of
steepest ascent are given by 0 and nr. Thus a contour of steepest descent cannot intersect s
from H. This proves (iv).

Consider (v). First, recall (see part (iii)) that each of A,, A}, eventually intersects
andendsin S, UT|,US,,UT,,USs, UTs, CR,orthey do not intersect R and
are unbounded. Next note, part (5) of Lemma 3.4 implies that A,, A}, do not intersect
S1,n U S3.,. Thus, to prove part (v), it remains to show that contours of steepest ascent
cannot intersect 71, U T3 ,, from H. This follows from similar arguments to those used in
the proof of part (iv).

Consider (vi) for possibility (a). Recall (see part (iv)) that D, ends either in Sy, U Ty,
orin S3 , UT3,. We argue by contradiction: Assume that D,, ends in Sy, U 77 ,. Recall
(see part (i)) that D, and A, leave t1, in the directions % and 2?” respectively. Next
recall (see part (v)) that A,, ends either in Sy, U T3, or A, does not intersect R and is
unbounded. Thus, since Si , U T1., € [Sias m] and S, UTh, C [Sz,n,g,n], Figure 4.1
clearly implies that A, must intersect D,,. This contradicts part (ii). Thus D,, cannot end
in Sy, UT1,,, and must end in S3 ,, U T3 ,,. Moreover, a similar argument by contradiction
shows that A, cannot be unbounded, and so A, must end in S, ,, U T» ,,. This proves (vi)
for possibility (a). (vi) for possibility (b) follows similarly.

Consider (vi) for possibility (c). Recall (see part (iv)) each of {D,,, D;,} end either in
S1.nUTy, orin 83, UTs,. We argue by contradiction: Assume that both of {D,,, D}, } end
in Sy1,, U T} ,. Recall (see part (i) and right of Figure 4.2) that D,,, D,,, Ay, A,, leave from
t1,» € H in orthogonal directions, and we alternately encounter elements from {D,,, D;,}

and {A,, A, } when proceeding counter-clockwise in a neighbourhood of ¢, ,,. Next recall
(see part (v)) that each of {A,, A, } end either in S, U T5 ,, or they do not intersect R
and are unbounded. Thus, since S1, U Ti, C [Sin, m] and S, UT,, C [SQ’n,E],
Figure 4.1 clearly implies that one of {A,, A/} must intersect at least one of {D,, D, }.
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This contradicts part (ii). Thus both of {D,,, D;,} cannot end in S; , U T} 5. Similarly, both
of {Dy, D;,} cannot end in Sz ,, U T3 ,. Thus one of {Dy,, D;,} must end in Sy, U T ,, and
the other must end S3 , U T3 ,. Also, we can similarly argue by contradiction that one of
{An, A} mustend in S, ,, U T2, 5y, and the other is unbounded. Finally, if we choose the
labelling as described in part (vi), it remains to show that the contours do not leave ¢, ,, in
the counter-clockwise order D,,, A;,, D;,, A,,. This again follows from a similar argument
by contradiction. This proves (vi).

Next consider f;. Recall (see (4.1)) that T; is the set of roots of f, and the behaviour of
T; is described in Lemma 4.1 and displayed in Figure 4.1. Also, the directions of steepest
decent/ascent for f; at ¢ are shown on the right of Figure 4.2. We define:

(vii) Let D; and A, denote the contours of steepest descent and ascent (respectively)
for f; which start ¢ € (S_l, +00), and which enter H in the directions % and 27”
respectively. The contours are defined to follow the unique directions of steepest
descent and ascent (as appropriate) at each w € C\ (S UT) (see part (3) of
Lemma 3.4), and are defined to end whenever/if they first intersect a point in
S UT. Finally, if no such point of intersection exists, the contours are unbounded.

This definition, and similar arguments to those used to prove part (ii), above, then give:
(viii) D, and A, do not intersect except at ¢, and they are simple.

Next we investigate the possible end-points of the contours in S U T;. Recall that these
are depicted in Figure 4.1, and 7, = Ty, U To, U T3, U {¢t} (see (4.2)). Also, since ¢
is the start-point of D, and A;, part (viii) implies that the contours do not intersect
{t} again. Part (vii) thus implies that they end whenever/if they intersect a point in
S1UT,, USUT,; US3UTs, C R. Similar arguments to those used to prove part (iii),
above, then give:

(ix) D; and A; either eventually intersect and end in S; UT; ; US, UT, , US3UT3; C R,
or they do not intersect R and are unbounded. Moreover, if we exclude the start-
points and end-points, the contours are contained in H.

Next, we use the above observations to show:
(x) Dy ends in (S, S3lu [S2, S5).
(xi) A; ends in (S3, S;]u [S2, S,), or it does not intersect R and is unbounded.

Finally, we will show:
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(xii) D, ends in (S, S3).
(xiii) A ends in (S, S5).

The required results then follows from parts (vii), (viii), (ix), (xii) and (xiii).

Consider (x). First note, part (4) of Lemma 3.4 implies that D, is bounded. Part (ix) then
implies that D; ends in $; UTy, U S, UT,, US3 UT3, C R. Thus, since S; UT;, C [S;, Si
for all i € {1,2,3} (see (4.2)), D; ends in [S3, 53] U [Sa, S2] U [S1, S1]. Thus, to show
part (x), it is sufficiently to show that D, does not end in {S3, S} u [S1, S1]. We argue by
contradiction: First assume that D, ends at S;. Then (see parts (vii) and (ix)) D; starts at
t> S_1 in the direction % ends at S_l, and is otherwise contained in H. Consider the simple
closed contour consisting of D; and the interval [Sy, ¢]. Note, Figure 3.1 and part (2) of
Lemma 3.4 implies that the function w + Im(f;(w)) is constant on this contour (indeed,
the constant valve is 0). Therefore, since this function is harmonic, it is also constant in the
domain bounded by the simple closed contour. (3.4) easily shows that this is not true. Thus
we have a contradiction, and so D; does not end at S_1 Next assume that D, ends at a point
dr €[S, S1). Note, as above, w — Im(f,(w)) is constant on D,. In particular, this gives
Im(f;(d;)) = Im(£,(1)). Recall (see (2.2)) that (S| — €, S;] € S for all € > 0 sufficiently
small. (3.5) and Figure 3.1 then give Im(f;(s)) > O for all 5 € [}, S1). However, these
also give Im(f;(¢)) = 0. This contradicts Im(f;(d;)) = Im(f;(¢)), and so D, does not end
in[S), S1). Next assume that D, ends at S, or at S3. Note, (2.2), (3.5) and Figure 3.1 give
Im(f;(S2)) = 7u[S;] > 0 and Im(f;(S3)) = 7 > 0. We then proceed as in the previous
case to get a contradiction, and so D; does not end at S, or at S3. This proves (x). Part (xi)
follows similarly. o

Consider (xii). Part (x) implies that it is sufficient to show that D, does not end in
{S3} U [S2, S»). We argue by contradiction: First assume that D, ends in [S2, S5). Then
(see parts (vii) and (ix)) Dy starts at ¢ in the direction %, ends in [&, S_z), and is otherwise
contained in H. Denote the end-point by d;. Parts (vii), (viii) and (xi) then imply that A,
stars at ¢ in the direction 2?”, A; and D; do not intersect except at ¢, A, ends in (d;, S_z),
and A; is otherwise contained in H. Denote the end-point of A; by a; € (d;, S_z). Note,
part (2) of Lemma 3.4 implies that the function w +— Im(f;(w)) is constant on D, and
A; (indeed, the constant valve is 0). In particular this gives Im(f;(d;)) = Im(f;(a;)). (3.5)
and Figure 3.1 imply that this can only happen when (d;, a,) is entirely contained in a
sub-interval of [S, S»] \ S», in which case w +— Im(f;(w)) is constant on the interval
[d;, a;] also. Therefore w — Im( f;(w)) is an harmonic function which is constant on the
simple closed contour consisting of D; and A; and interval [d;, a;], and so it also constant
in the domain bounded by the closed contour. (3.4) easily shows that this is not true. Thus
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we have a contradiction, and so D; does not end in [&, S_z) Similarly, we can argue by
contradiction that D, does not end at S3. This proves (xii).

Consider (xiii). Part (xi) implies that it is sufficient to show that A; does not end in
(83, 83]U {S2}, and that A; is not unbounded. Using parts (vii) and (xii), this follows from
a?guments by contradiction similar to those used in the proof of (xii). O

Remark 4.3. Note, the nature of D, and A, for case (1) of Lemma 2.2, as described
above, proves an interesting inequality. Recall that D, and A, both start at r € (S}, +c0),
D, ends at a point d; € (83, 53), and A, ends at a point a; € (S, S5). Also recall that
w b Im(f;(w)) is constant_along D, and A;. Figure 3.1 implies that Im(f;(¢)) = 0, and so
0 = Im(f;(¢)) = Im(f;(d;)) = Im(f;(a,)). Figure 3.1 also implies that this can only occur
if u[S1]— (A= w)[S2] < 0. This inequality must be satisfied whenever case (1) is satisfied.
The authors are not aware of a direct proof of this inequality, or of its significance. Though
we will not discuss them, analogous inequalities exist for the other cases of Lemma 2.2.

We are now in a position to define the contours, ytn and Ftn, that satisfy Lemma 3.5
for case (1) of Lemma 2.2. As above, fix £ > 0 sufficiently small such that (2.11), (2.14),
(2.17) and (2.31) are satisfied. Next, fix 6 € (}—P %) as in Lemma 3.5, and {¢,},>1 € R
as in Definition 2.8. Note, since f”/(t) > 0 (see case (1) of Lemma 2.2), Lemma 2.7
and Definition 2.8 imply that {g, },,>1 converges to a positive constant as n — oo. Also,

part (4) of Lemma 2.9 gives t;,, =t + O(n‘%) andtr, =1+ O(n‘%), and so

{timton} € Bt,n %) C B(1,£).

Thus, D,, and A,, (see previous lemma) both start inside B(z, n=%¢g,,) and B(t, £). Moreover,
assuming for simplicity that [0, 1] is the domain of definition of these contours, we define:

di,n = Du(sup{y € [0,1] : Du(y) € cl(B(t,n™%qn))}),

dy = Dy(sup{y € [0, 1] : D,(y) € cl(B(1,)}), w3
ain := An(sup{y € [0,1] : An(y) € cl(B(r,n"gn))}), '
azp = A(sup{y € [0,1] : A,(y) € cl(B(t,£))}).

In words, d1,, and d», denote the points where D, “exits” B(t,n"%g,) and B(t,&)
respectively. Similarly for ay ,, a2, and A,,.
Next denote the equivalent quantities for D, and A; by di ¢, dat, a1+, azs. Also, fixing
& > 0 sufficiently small as above, note that case (1) of Lemma 2.2 and (3.1) give
Cg = {w € C: Re(w) > Sy +2¢ or [Im(w)| > &*}.

Recall that D; ends in (S3, S3) c C\ Cg¢, and A; ends in (S, S,) cC\ Cg, and let d3; and
as,; denote the points where D, and A; “exit” C, respectively. Note, it is always possible
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to choose the £ > 0 sufficiently small that d3 ; and a3 ; are on the upper boundary of Cg:
Im(ds, ) = Im(as,) = £*. (4.4)

Also note, since D; and A; end in (&, S_3) and (&, S_z) respectively, it is always possible to
choose the ¢ > 0 sufficiently small such that,

Re(ds;) € (S3+¢,853—c)  and  Re(as;) € (S +¢,8 —c), (4.5)

where ¢ = ¢(t) > 0 is some constant which is independent of &¢. Finally define the
following contours, which are depicted in Figure 4.4:

Definition 4.4. Define y|  to be the simple contour which:

e starts at 7 € (S, +o0),

then traverses the straight line from ¢ to dy ,, € dB(t,n™%q,),

then traverses that section of D,, from d,, € 0B(t, nq,) to don € 0B(t,8),

then traverses the shortest arc of dB(t, &) from dy,, € OB(t, &) to das € IB(t,E),

then traverses that section of D; from d,; to ds;,
o then traverses the straight line from d3; to Re(ds ),
e then ends at Re(ds;) € (S5 + ¢, 83 —c¢).

Next, let D,, and A,, denote the contours of steepest descent and ascent (respectively) for
f,, which are analogous to D,, and A,,. Moreover, let d Lns d~2,,,, dy n, da,n denote analogous
quantities to those defined in (4.3). Finally, define I'{, to be the simple contour which:

e starts at 7 € (57, +00),

then traverses the straight line from ¢ to @y, € dB(t,n™%q,),

then traverses that section of A,, from d,, € dB(t,n"%¢,) to d», € dB(t, ),

then traverses the shortest arc of dB(¢, ¢) from d, , € 0B(t,£) to ap, € dB(t, &),

then traverses that section of A; from ay; to asz;,

then traverses the straight line from a3 ; to Re(as ),
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Ficure 4.4. The contours defined in Definition 4.4. The dashed lines
represent boundaries of C¢. ¢ = ¢(f) > 0 is independent of £.

e then ends at Re(az ;) € (S2 + ¢, 8 —c).

We finally show that the above contours satisfy the requirements of Lemma 3.5:

Proof of Lemma 3.5 for case (1) of Lemma 2.2. Part (1) of Lemma 3.5 follows easily
from Lemma 4.2 and Definition 4.4 (see also Figures 3.2 and 4.4). Consider (2). We will
show that:

(i) Arg(di, —1) = Z +O0(n~3%) and Arg(ar, — 1) = 2 + O(n~3*9).
Similarly, we can show that Arg(dy ,~t) = §+O(n‘%+0)and Arg(d) p—t) = 27”+O(n‘%+9).
This proves (2).

Consider (3). We will show, for all £ > 0 sufficiently small as in the statement of this
lemma, that there exists an integer n(¢) > 0 such that the following are satisfied for all

n > n(é):
(if) Arg(ds, —1) = % + O(¢) and Arg(az,, — 1) = £ + O(¢).

Then, letting R, denote the real-part of f,, (see (3.3)), we will use this to show that there
exists a choice of the above ¢ such that the following are satisfied:

(iii) R,(w) < R,(d1 ) for all w on that section of D,, from d; , to da .
(iv) Rn,(w) < Ry(d.,) for all w on the shortest arc of dB(t, &) from ds , to do ;.
(v) R,(w) < Ry(d\,,) for all w on that section of D, from dy; to d3 ;.

(vi) Ry(w) < Ru(dy,,) for all w on the straight line from d3; to Re(ds ;).
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Ficure 4.5. The contours defined in Definition 4.4 and depicted in
Figure 4.4. Here, we do not depict those sections of the contours in
cl(B(t,£)). Instead, we depict two cones (the shaded areas). For all
& > 0 sufficiently small and n > n(§), Arg(w — 1) = 5 + O(¢) and
Arg(z —t) = 27” + O(¢) uniformly for w and z in the right and left
cones respectively, yin N B(t,¢) and Fin N B(t, £) are contained in the
right and left cones respectively, and ¥, \ B(#,§) and I'f, \ B(#, &) are
independent of .

Definition 4.4 then implies that R,(w) < R,(dy,,) for all w € 7tn \ B(t,n%g,). This
proves (3). (4) follows similarly.

Consider (5). First note, we can proceed similarly to the proofs of parts (i) and (ii)
to show the following: For all ¢ > 0 sufficiently small, there exists an integer n(¢) > 0
such that Arg(w — 1) = 5 + O(¢) for all n > n(¢) and uniformly for w € ytn N cl(B(t, £)),
and Arg(z —t) = 2?” + O(¢) for all n > n(¢) and uniformly for z € Ftn N cl(B(t, &)).
These contour sections are thus contained in the cones shown in Figure 4.5. Next note,
Definition 4.4 implies that th and I’ 1+,n depend on r inside the cones, are independent of
n outside the cones, and the parts outside the cones never intersect. Then, for & > 0 fixed
sufficiently small, Figure 4.5 and a simple geometric argument proves part (5).

Consider (6). Recall (see the proof of part (5)), that for all £ > 0 sufficiently small,
there exists an integer n(¢) > 0 such that Arg(w — 1) = 5 + O(¢) for all n > n(¢) and
uniformly for w on that section of D,, from d , to d5 ,,. Looking at Figure 4.5, this contour
is contained in that section of the right cone in B(t,&) \ B(t,n"%g,). We will show the
following:

(vii) Consider that section of the right cone discussed above. Then, we can choose the
above ¢ and n(¢) such that the direction of steepest descent for f;, at w equals
Z +0(¢) for all n > n(¢) and uniformly for w in that section.
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Finally recall (see Lemma 4.2 and Definition 4.4) that D,, follows the uniquely defined
directions of steepest descent for f;,. The above observations imply that the length of that
section of D,, from d , to d» 5, is of order O(¢) for all n > n(¢). Moreover, Definition 4.4
trivially implies that the remaining sections of y{n are of order at most O(1) for all n
sufficiently large. Therefore we can fix & > 0 sufficiently small such that Iytnl =0(1).
Similarly, we can show that |F1Jtn| = O(1). This proves (6).

Consider (i). First recall (see Lemma 4.2) that D,, is a contour of steepest descent
for f, which starts at 1, and (see (4.3)) di., € dB(t,n"%g,) denotes that point at
which D,, “exits” B(t,n"%g,). Thus, letting R,, and I, respectively denote the real and
imaginary-parts of f;,, parts (1) and (2) of Lemma 3.4 give

Rn(dl,n) < Rn(tl,n) and ]n(dl,n) = n(tl,n)-

Thus, since t1,,, =t + O(n’%) (see part (4) of Lemma 2.9), and since f,,(f) € R, part (1)
of Corollary 3.3 gives

Ra(din) < fu)+0(m™")  and  Li(din) = O(n™"). (4.6)
Similar considerations for the contour, A, of steepest ascent for f,, give
Ru(an) > fu()+O0m™)  and  Iu(arn) = O(n™"). 4.7)
Next note, since 6 € (4—11, _%), part (2) of Lemma 3.2 (take &, = n~?) gives
fult +n7%gne'®) = f,(0) + %n_3963i" + O(n_-%_zg),
uniformly for @ C (—n, 7r]. Therefore, since f;,(f) € R,

: 1
Ru(t 417" qne’®) = fu(1) + 317 cos(3a) + O(n™37%), (4.8)

: 1
Lt +n % e = gn_w sin(3a) + O(n_%_ze), 4.9)

uniformly for @ C (-, ].
(4.9), and the second parts of (4.6) and (4.7) give
sin(3 Arg(dy, — 1) = O(n"3*%) and  sin(3 Arg(ay, — 1) = O(n"3*%).  (4.10)
Then, since 6 € (}P %), (4.8) and (4.10), and the first parts of (4.6) and (4.7) imply the
following:
o Either dy,, = d{,n ordy, = d{:n where Arg(d{’n -1)=5+ O(n‘%’rg) and
Arg(dy’, ~t) = m+0(n”5*9). Ineither case, Ry(d1,n) = fu(t)= 3130 +0(n™572).

. _ _ _ _li0
o Eithera;, = a;’n orap, = a;:n where Arg(a;’n —1)=0(n 3% and Arg(a{fn -

=%+ O(n~3%9). In cither case, Ru(arn) = fut) + 0730 + )
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n=1n

Ficure4.6. The contours A,,, Dy, A;,, D,, of Lemma4.2in B(z, n‘gqn)ﬂ
H for each of the possibilities (a)—(c) of Lemmas 4.1 and 4.2.

These exit points, and each of the possibilities (a), (b) and (c) of Lemmas 4.1 and 4.2, are
shown in Figure 4.6. We will show, for each possibility, that d; , = dl’,n and a;, = a;:n.
This proves (i).

For possibilities (a) and (b), recall that D,, and A,, have the behaviours described in
Lemma 4.2 and shown in Figure 4.3. Note that the contours do not intersect outside
B(t,n"%g,), and it is easy to see that these behaviours are only possible if D,, “exits”
B(t,n"%g,) at d{’n and A,, “exits” at ai:n. Thus dy , = dl,,n and ay, = ai:n, as required,
for possibilities (a) and (b). For possibility (c), proceeding as above, we can show that
ai,n and aifn are the possible “exit” points of both A,, and A;,, and d{’n and di’n are the
possible “exit” points of both D,, and Dj,. Also, the end-points of the contours, and the
fact that they do not intersect outside B(t,n?q,,), implies that one of {A,,, A, } “exits” at
ai,n, one of {A,, A} } “exits” at ai:n, one of {D,,, D} } “exits” at d{’n, and one of {D,,, D}, }
“exits” at d{'n Finally, we can proceed similarly to the proof of part (vi) of the proof of
Lemma 4.2 to show that A/, D,,, A,,, D, respectively “exit” at ai’n, d{’n, ai:n, d{”n. Thus
din = df,n anda;, = ai:n, as required, for possibility (c).

Consider (ii). First recall (see (4.3)) that d; ,, and a3 ,, denote the points at which D,,
and A, respectively “exit” B(z, ). Then, proceed as in (i) to get,

Ru(don) < fu) +O(™)  and  Iy(dan) = O(n™"),
Ru(azn) > ) +O(n™")  and  L(azn) = O(n™").
Thus, since f;, (1) — fi(¢),
Ru(don) < fi(®) +0o(1)  and  In(dan) = o(1),
Ru(azn) > fi(t) +o(1)  and  Iy(azs) = o(1).

Next, recall that £ is any positive number for which (2.11), (2.14), (2.17) and (2.31) hold.
Note that this can be fixed arbitrarily small. Also, for all such & > 0 chosen sufficiently
small, part (2) of Lemma 3.2 implies (take &, = £g,") that there exists a positive integer,

172



Universal edge fluctuations

n(¢), such that,
fult + ') = fu(t) + 53 e+ 0,
for all n > n(¢) and uniformly for @ C (-, 7r]. Next recall that f,,(t) — f;(¢) and ¢, — ¢y,

where ¢, is some positive number. It thus follows that there exists a choice of n(¢) such
that,

falt + E€'7) = fi(t) + 53 e+ oY,

for all n > n(¢) and uniformly for @ C (-, 7r] Therefore, since f;(t) € R,
Ru(t + £€') = ﬁ(t) + g3 3 cos(3a) + O(&Y),

I,,(t+§~'em)= 373 sin(Ba) + O(&%),

for all n > n(¢) and uniformly for @ C (-, xr]. Then, for all & > O sufficiently small, it
follows from similar arguments to those used in part (i) that there exists a choice of n(¢)
such that we have the following possibilities for d» , and ay ,, for all n > n(¢):

e Eitherd,, = én ordy, = dZ/,,n where Arg(din—t) = Z2+0(¢)and Arg(dﬁfn—t) =
m + O(é). In either case, Ry(dan) = f;(1) — 33, + O(£*).

e Eitheray, = a), oray, = aj, where Arg(a),, —t) = O(¢) and Arg(a}, —1) =
Z 1+ 0(¢). In either case, Ry(ax,) = fi(t) + 33q,° + O(EY).

(ii) then follows from similar arguments to those used in part (i), above.

Consider (iii). This follows trivially from part (1) of Lemma 3.4, since D,, is a contour
of steepest descent for f,,. Consider (iv). First note, proceeding similarly to the proof of
part (ii) above, we can show that we can choose ¢ and n(¢) such that,

Argv =0 =3+0@)  and R = () - 3897 + O,

for all n > n(¢) and uniformly for w on the shortest arc of dB(t, ¢) from db , to da ;. Also
recall (see proof of part (1)) that R, (d1,,) = fu(t) — 1 n30 4 O(n‘%‘ze). Therefore we can
choose ¢ and n(¢) such that R,,(w) < R,(dy,) for all n > n(£) and w on this arc. This
proves (iv).

Consider (v). Note, that section of D; from dy; to ds; is independent of n and is
contained in Cg, and so part (2) of Lemma 3.1 implies that R,(w) = R;(w) + o(1)
uniformly for all w on this section. Thus, for all ¢ > 0, there exists an integer n(¢) > 0
such that R,(w) = R;(w) + O(£*) for all n > n(¢) and uniformly for w on this section.
Next recall that D, is a contour of steepest descent for f;. Part (1) of Lemma 3.4 thus
gives R;(w) < R;(d»,;) for all w on this section. Finally, proceeding similarly to part (ii)
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above, we can show that for all £ > 0 sufficiently small, we can choose the above n(¢) > 0
such that the following is satisfied for all n > n(¢): Ri(d2;) = fi(t) — %63%‘3 +0(&£Y).
Combined, these observations give

Ru(0) = Ri() + O(E") < Ri(dy) + O(E) = i) = 3667 + 0, (A1)

for all n > n(¢) and uniformly for w on that section of D, from d,; to d3 ;. Finally recall
(see proof of part (1)) that R (dy,n) = f(t)— 3n73% + O(n~329). Therefore we can choose
¢ and n(¢) such that R,(w) < R, (dy, ) for all n > n(¢) and w on this section.

Consider (vi). Note that we trivially have |w — x| < |d3, — x| for all w on the vertical
straight line from d3; to Re(ds ;) and x € R. (3.3) then gives

1 1 1
Raw) <~ > logldse —xl=— > loghw—x+~ > loglds, - x|
Xx€S1n X€SHn X€ES3n
for all w on the vertical line. Next recall that S, , > xy + 17— 1+ 0(1) (see (1.18) and (2.5))

and y +n-12> S_3 (see (2.2)). (4.5) thus implies that S, , > Re(d3,) + %c forallé >0
sufficiently small and » sufficiently large chosen independently, where ¢ = ¢(t) > 0 is
some constant independent of ¢ and n. (4.4) and the above expression thus give

1 1 1
Ro(w) <~ D logldy =] =~ > (logldy, x| + 0@+~ > log|ds, x|,

xGSlyn XGSZYH x€S3,n

uniformly for w on the vertical line. Then, (3.3) gives R,(w) < R,(ds) + O(¢*) for all
such n, w. Next note, substituting ds; in (4.11) gives R,(d3,) < f;(t) — %63%_3 +0(£Y
for all n > n(£). Combined, these give R,(w) < f;(t) — 1&3¢,3 + O(&*) for all n > n(¢)
and uniformly for w on the vertical line. Finally recall (see proof of part (i)) that
Ru(dyn) = fult) — 30737 + O(n~3729). Therefore we can choose ¢ and n(¢) such that
R,(Ww) < Ry(d,,,) for all n > n(¢) and w on the vertical line. This proves (vi).

Consider (vii). Fixing a constant ¢ > 0, and recalling that {g, },>; is a convergent
sequence with a positive limit, note that it is sufficient to show the following:

e We can fix the ¢ sufficiently small, and choose the n(¢), such that the direction
of steepest descent for f, at t + rg,e'® equals %+ 0(¢) for all n > n(¢) and
uniformly for r € [n7%,ég;, 1 and @ € (5 - ¢&, § + cé).

To see this first note, for all such r, @, part (3) of Lemma 3.4 implies that the unique
direction of steepest descent for f,, at ¢ +rg,e'® is m — Arg(f.(t + rgne'®)). Then, we can
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proceed as in part (2) of Lemma 3.2 to show that we can choose the above n(¢) > 0 such
that,

—16210 2

. 2 1 1
fa(t +rgue'®) = rzqn +0Om 3 +n3r+n3r2 + %)

1 2 2 1 1
=r2qn162”’(1+0(n Srten 3l ens +r)),

for all n > n(¢), and uniformly for all such r, @. Also note, since 6 < % andr € [n79, &4,
that n=3r2 + n~3r~1 + 173 = o(1), and r = O(¢). Therefore we can choose the above
¢ sufficiently small, and we can choose the n(¢) > 0, such that f(t + rg,e'®) =
r2q; ' (1 + O(&)) for all n > n(¢) and uniformly for all such r, @. Finally recall that
@ € (5 —c&, 5 + ¢&) for some ¢ > 0. Thus we can choose the above ¢ sufficiently small,
and we can choose the n(¢) > 0, such that

. 2
ATg(f(t +rqu€)) = 20+ 0&) = 5+ 0(&),

for all n > n(¢), and uniformly for all such r, @. Thus the direction of steepest descent for
fu att +rg,e'® equals m — Arg(f1(t +rgne'®)) = Z +0(¢) for all n > n(¢) and uniformly
for all such r, @, as required. O

Remark 4.5. Note, it may happen that Re(ds;) € P, (see (1.22)). If this happens, for
simplicity, we deform yin (see Definition 4.4) in neighbourhoods of Re(ds ;) to avoid
this. Note, since such deformations are arbitrarily small, they do not significantly affect
the proof of the previous lemma.

4.2. Lemma 3.5 for case (2) of Lemma 2.2

Assume the conditions of Lemma 3.5. Additionally assume that case (2) of Lemma 2.2
is satisfied. Fix & > O sufficiently small such that (2.11), (2.14), (2.17) and (2.31) are
satisfied. Note, many of the arguments in this section are similar to those used in Section 4.1
for case (1). Therefore, we shall not go into as much detail here, but we shall highlight the
differences where necessary.

We begin by consider the roots of the functions f}, f,, and fn’ in this case. We consider
/. and state that fn’ can be treated similarly. Recall the definitions given in (1.12), (2.3),
(2.4), (2.5), (2.10) and (2.12), and the properties discussed in (2.2) and (2.9). These, and
case (2) of Lemma 2.2, give the following:

e [, is an open interval witht € L, € {K%l), Kgl), N L;} c Supp(u), and
Si>L >t> L; > S; > x. Moreover, f/(t) = f/'(t) = 0and £’ (t) > 0.

175



E. Duse & A. Metcalfe

e [, is an open interval with r € L, € {Kl(lr)l’ Kélz, b L, and L_n are two

consecutive elements of S} ,, and L, — L; and L_n — L_,

Moreover:

Lemma 4.6. Assume the above conditions. Then, one of the following is satisfied:
(A) f/ has 1 rootin (t, L,), denoted by s;.
(B) f/ has 0 roots in (t, L))

Moreover, whenever possibility (A) is satisfied:

(A1) f/(s)>Oforalls € (Lyt), f{(t)= f'(t) = 0and f/"(t) > 0, f/(s) > 0 for all
se(ts) f/(s:)=0and f"(s) <0, and f/(s) <0 forall s € (81, Ly).

(A2) f/ has O roots in each of {C\ R, J1, J2, J3, J4}.
(A3) f/ has at most 1 root in each of Ule {K(i), Kéi), OV {L )
Also, whenever possibility (B) is satisfied:

B1) f/(s) > 0foralls € (L, 1), f/(t) = f"(t) = 0 and f"'(t) > 0, f{(s) > 0 forall
s € (t,Ly).

(B2) f/ has 0 roots in each of {C\ R, Ji, J2, J3, J4}.
(B3) f/ has at most 1 root in each of U?zl{K](i), Kg), N {L )

Next, fixing & > 0 as above, then (t — 4&,t + 4€) C Ly, and (t — 2&,t + 2€) C Ly,
Also, f,, has 2 roots in B(t,§) (denoted by {t,n, t2,n}), 0 roots in (Ln, t — £], and 1 root in
[t + & Ly) (denoted s,). Moreover, whenever possibility (a) of Lemma 2.6 is satisfied:

@@l) 1, € t—&t+ &) and ty,, = ty,. Moreover f)(s) > 0 forall s € (ﬂ,tl,,,),
Jaltin) = fi'(te) = 0 and f"(tin) > 0, f(s) > 0 for all s € (t1,n, sn),
Sa(sn) =0and f'(sy) <0, and f,(s) < 0forall s € (sp, Ly).

(a2) f, has 0 roots in each of {C\ R, J1.n, J2.ns J3.0 Jan }-
(a3) f,, has 1 root in each of U?zl{K(i) ngl, O\ {L )

L

Moreover, whenever possibility (b) is satisfied:
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(bl) {tinton} C (@—E&t+&)andty, > trn. Moreover f,(s) > 0 forall s € (L, tap),
Filtzn) = 0 and £/(t2.) < 0, £1(s) < 0 for all s € (trns 1), f1(t1,0) = 0 and
F7(tn) > 0, f1() > O for all s € (1 50), f(sn) = 0 and f/(s,) < 0, and
£!(s) < O forall s € (sp, Ly).

(b2) f,) has O roots in each of {C\ R, J1.n, J2.n, J3.1, Jan }-
(b3) f, has 1 root in each of U?:] Kiizl, Kéizl, O\ {L. )
Finally, whenever possibility (c) is satisfied:

(cl) t1,n € B(t,¢€) NH and t,,,, is the complex conjugate of t| ,. Moreover, f,/(s) > 0
Jorall s € (L, sn), f,,(sn) = 0and f,"(sn) <0, f,/(s) <0foralls € (sn, Ln).

(c2) f,, has 0 roots in each of {C\ (R U {t1 5, t2,n} ), J1,n J2,1> 3,15 Jan }

(c3) f,, has 1 root in each ofU?zl{K(i) KO I\ {L,}.

Ln " 2,n

Proof. Consider f;. First recall, since case (2) of Lemma 2.2 is satisfied, thatt € L, €
(k" k",..}, and f/(t) = f"(1) = 0 and f/”(1) > 0. Part (1) of Lemma 2.1 then
implies that f;’ has at most 1 root in L, \ {¢t}. Thus we have three possibilities:

e f¢ has O roots in (L, 1), and 1 root in (, L,) (denoted s;).
e f; has O roots in (L, 7), and O roots in (z, L,).
e f/has 1 rootin (&, t) (denoted s;), and 0 roots in (¢, E).

Whenever the first possibility is satisfied, we will show that possibility (A) and parts (A1)—
(A3) are also satisfied. Moreover, whenever the second possibility is satisfied, we can
similarly show that possibility (B) and parts (B1)—(B3) are also satisfied. Finally, we will
show that the third possibility is never satisfied.

Suppose that the first possibility is satisfied. Possibility (A) is then trivially satisfied.
Moreover, f;" has O roots in (L, 7), f{(t) = f/'(t) = 0 and f;"”’(z) > O, f{ has O roots in
(t,s1), f/(s:) = 0 and f(s;) # 0, and f/ has O roots in (s, L,). Thus, since (f/)|z, is
real-valued and continuous (see (2.1)), the above observations are only possible if part (A1)
is satisfied. Moreover, since L; € {K (1), Kél), ...}, parts (2) and (3) of Lemma 2.1 imply
parts (A2) and (A3). Thus, whenever the first possibility is satisfied, possibility (A) and
parts (A1)—(A3) are also satisfied.
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H
(A) R ——i — — v e
55 < 5 s % o< 5 < o< L oYL <5
H
B) R-+——4 I _ * _—
S5 < 5% < % <5 o< 5 o< L ! L. < S
B(t, &)
(a) R-exexe o . X 0.X ® o X 80X ® * Px o X 0 X ®
S$3n < 85, < San < 85, < Sin < L " fm 2Sn Sin
B(t, &)
H R
n
(b) Rexexe ® X 0. ® X 0X @ X o X 0 X ®
Sin < S3n < Son < Son < Sin < ﬁ ‘tz,n Sn fn < Sin
B(t,£)...
H Soxtin
(c) R-exexe X 0.X ® X 0X ® L X 0 X ®
Sin < Sz, < San < S5, < S o< La ‘ v><12,n S LD < Sia

Ficure 4.7. (A), (B): T;, the set of roots of f’, as described by
Lemma 4.1, for possibilities (A) and (B). Note, for each i € {1, 2,3},
the subintervals of [S;,S;] \ S; contain at most 1 root (except Ly).
(a), (b), (¢): T,,, the set of roots of S/, as described by Lemma 4.1 for
possibilities (a), (b) and (c). Roots of multiplicity 1 and 2 are represented
by X and * respectively, and elements of S,, = Sy, U Sz, U S3,, are
represented by e.

Suppose that the third possibility is satisfied. First, recall that s, € (L;, t) is a root of f
of multiplicity 1. Thus, we can fix an € > O sufficiently small such thatft +e< s <t—Fg,
and s; is the unique root of f;” in B(s;, €). Next, we can proceed similarl?to part (iii) in the
proof of Lemma 2.6 to show that f,/ has 1 root in B(s;, €). Also, since roots of f,/ occur in
complex conjugate pairs (see (2.7)), this root must be contained in (s; — €, s; + €). Finally,
note that (2.12) implies that we can choose € and ¢ such that (s; — €, s; + €) C (Lp, t — &].
Therefore f,/ has aroot in (L,, t — £]. However, as we will shortly show below, such a root
does not exist. Thus we have a contradiction, and so the third possibility is never satisfied.

Consider f, . First recall that (t — 4&,1 + 4¢) € Ly, and (¢ — 2¢,¢ + 2¢) C L, comes
from (2.11) and (2.12). Also, part (1) of Lemma 2.6 implies that f,, has 2 roots in B(z, &).

Suppose that possibility (a) of Lemma 2.6 is satisfied, i.e., that#; , € (t =&, +&) C Ly,
andty , = 1, isrootof f,, of multiplicity 2. Thus f,/(t1.,) = f,/'(t1,,) = Oand £, (t1,n) # O.
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Ficure 4.8. (A), (B), left: R;|;, for possibilities (A) and (B) of
Lemma 4.6. (a), (b), (c), left: R,|r, for possibilities (a)—(c) of
Lemma 4.6. (A), (B), right: The associated directions of steepest
decent/ascent in C for f; for possibilities (A) and (B). (a), (b), (c),
right: The associated directions of steepest decent/ascent in C for f,
for possibilities (a)—(c).
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Indeed, f,"’(t1,n) — f’(t) > O (see part (4) of Lemma 2.9, and Lemma 3.1). Next note,
(2.7) implies that (f,)|L, is real-valued and continuous. Moreover, recalling that L, and

L,, are two consecutive elements of Sy ,, this equation gives

lim  f,/(w) = +c0 and lim __ f/(w) = —co.
weRw|Ln weRwIL,

Also, recalling that L,, € {K ilr)l, Ké’lr)l ,...},part (1) of Lemma 2.6 implies that f,, has 0 roots
in(t—&t+&)\{t1,n},and 1 root (denoted s,,) in L, \ (t =&, 1 +€) = (Ln, t —€]U[t +&, Ly,).
The above observations are only possible if s, € [f + &, L,) and part (al) is satisfied.
Finally, since t; , € (t — &, + &) and t1, = 12, (see possibility (a) of Lemma 2.6), and
since L,, € {K flr)l, Kélr)l, ...}, parts (1)—(3) of Lemma 2.6 imply parts (a2) and (a3). Thus,
whenever possibility (a) of Lemma 2.6 is satisfied, we have parts (al)—(a3). Similarly,
whenever possibilities (b) and (c) are satisfied, we have parts (b1)—(b3) and (c1)—(c3)

respectively. o

As in Section 4.1, let T; ¢ C\ S and 7, c C\ S, respectively denote the set of
roots of f;" and the set of roots of f,/. The previous lemma discusses the locations of the
elements of these discrete sets, and this is depicted in Figure 4.7. Next recall, similarly to
Section 4.1, (3.7) gives (R;|1,)’ = (f/)|r, and (Ru|L,)’ = (f))|L,, and similarly for the
higher order derivatives. Parts (A1), (B1), (al), (bl) and (c1) of Lemma 4.6 then imply
that R;|r, and R,|;, have those behaviours shown on the left of Figure 4.8 for the various
possibilities. Part (3) of Lemma 3.4 also shows that f; and f,, have those directions of
steepest descent/ascent shown on the right of Figure 4.8. For possibility (B), in anticipation
of the following lemma, we also display the directions of steepest descent/ascent in the
neighbourhood of an arbitrary point s, + ie € H, where 5; € (1, L;) and € > 0. Note,
part (B2) of Lemma 4.6 implies that f/(s; + i€) # O for any such s, + i€, and so part (3)
of Lemma 3.4 implies that there is a unique direction of steepest descent and a unique
direction of steepest ascent as shown. The following lemma examines the resulting
contours of steepest descent/ascent:

Lemma 4.7. Whenever possibility (A) of Lemma 4.6 is satisfied, s, € [t+&, L;) (see (2.11)
and part (Al) of Lemma 4.6). Moreover, there exists simple contours, Dy, A,, A}, as
shown in Figure 4.9 with the following properties:

(Al) Dy, A;, A} start at t, t, s, respectively, enter H in the directions %, 27”,

(S

respectively, and end in the intervals shown or are unbounded.

(A2) Dy is a contour of steepest descent for f;, and A;, A are contours of steepest
ascent for f;.
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(A3) Dy and A; intersect at t, and Dy, A;, A}’ do not otherwise intersect.

When possibility (B) is satisfied, fix an arbitrary s; € (1, L,). Moreover, fix the & > 0
sufficiently small such that s; € [t + £, L,), and fix an arbitrary € > 0. Then, when the
€ > 0 is fixed sufficiently small, there exists simple contours, Dy, A;, D;’, A{’, as shown in
Figure 4.9 with the following properties:

(B1) D, and A; both start at t, enter H in the directions 5 and 27” respectively, and
end in the intervals shown. D}’ and A;’ both start at s; + i€ € H, leave s; + i€
in opposite directions, and end in the interior of the intervals shown or are
unbounded.

(B2) Dy, D are contours of steepest descent for f;, and A;, A;’ are contours of steepest
ascent for f;.

(B3) D; and A, intersect at t, D)’ and A}’ intersect at s; + i€, and Dy, A;, D', A do
t t t t
not otherwise intersect.

Also, whenever possibility (a) is satisfied, there exists simple contours, D, Ay, A;;, as
shown in Figure 4.9 with the following properties:

(al) Dy, Ap, A start at t1n, t,n, Sy respectively, enter H in the directions %, 27”, %

respectively, and end in the intervals shown or are unbounded.

(a2) Dy, is a contour of steepest descent for f,, and A,, Al are contours of steepest
ascent for f,.

(a3) D, and A,, intersect at t| ,, and Dy, Ay, A, do not otherwise intersect.

Next, whenever possibility (b) is satisfied, there exists simple contours, Dy, An, A/, as
shown in Figure 4.9 with the following properties:

(b1) Dy, Ap, A} start at ty p, 1 n, sn respectively, all enter H in the direction 5, and
end in the intervals shown or are unbounded.

b2) D, is a contour of steepest descent for f,, and A, A, are contours of steepest
P n p
ascent for f,.

(b3) Dy, Ay, Al do not intersect.

Next, whenever possibility (c) is satisfied, there exists simple contours, Dy, An, D), AL, A/,
as shown in Figure 4.9 with the following properties:
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(cl) Dy, An, D;, A, all start at t,, € H, leave t1,, in orthogonal directions in the
counter-clockwise order Dy, Ay, D), A, and end in the intervals shown or are
unbounded. A)] starts at sy, enters H in the direction %, and is unbounded.

(c2) Dy, Dy, are contours of steepest descent for f,, and A,, A;,, A, are contours of
steepest ascent for f;.

(c3) Dy, A, D;, A, intersect at ty,, and Dy, An, D,, A, Al does not otherwise
intersect.

Proof. Many of the arguments here are similar to those used in Lemma 4.2, so we do not
go into as much detail here.

Consider f;,. First, for possibilities (a) and (b), define D, and A, as in Lemma 4.2. Also,
for possibility (c), define D,,, Ay, D;,, A;, as in Lemma 4.2. Moreover, for possibilities (a)—
(c), let A}’ denote the contour of steepest ascent for f;, which starts at s, € L,;, and which
enters H in the direction 5. Then, proceeding similarly to the proof of Lemma 4.2, we
can show that each of D,, D;, end in S, U T},, each of A,,, A}, A} either end in S,, U T,, or
are unbounded, and the contours are otherwise in H. We will show:

(i) There exists a § € (0, &) for which A;/ does not intersect cl(B(z, 6)).

(ii) For possibility (a), D, and A, do not intersect except at t; ,, and D,, and A},
never intersect. For possibility (b), D, and A, never intersect, and D,, and A,/
never intersect. For possibility (c), D,, A,, D;, A;, do not intersect except at ¢,
D,, and A} never intersect, and D;, and A,/ never intersect. For all possibilities,
the contours are simple.

Then, we can investigate the possible end-points of Dy, A, D;,, A,,, A, using arguments

by contradiction similar to those used in the proof of Lemma 4.2. We omit the details,
and simply state that this investigation gives the required results.

Consider (i). First recall that A;; starts at s,,, and R, strictly increases along A;;. It is
thus sufficient to show that there exists a ¢ € (0, £) for which the following is satisfied:

R,(w) < R, (sy,) for all w € cl(B(t, 6)). (4.12)

To see this first note, part (2) of Lemma 3.1 implies that R,,(w) = R;(w) + o(1) uniformly
for w € B(t,&). Also, since R, is continuous, R;(w) = R,(t) + O(6) = f;(¢t) + O(6) for all
6 > 0 sufficiently small and uniformly for w € cl(B(t, §)). Next recall (see statement of
this lemma) that s, € [t + &, L;) for possibilities (A) and (B), and so parts (A1) and (B1)
of Lemma 4.6 imply that f;(r) < f;(t + £). Moreover, part (2) of Lemma 3.1 implies that
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Ficure 4.9. The contours of Lemma 4.7.

fi(t + &) = f,(t + &) + o(1). Finally, parts (al), (bl) and (c1) of Lemma 4.6 imply that

[ut + &) < fu(sn) = Ry(s,). Combined, the above imply (4.12). This proves part (i).
Consider (ii) for possibility (a). Recall that D,, and A, start at #; ,, R, strictly decreases

along Dy, and R, strictly increases along A,,. Also recall that D,, starts at 71 , € L, and A}/
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starts at s,, € L,,, Ry, strictly decreases along Dy, R, strictly increases along A/, s, > t1 ,,
and R, strictly increases as we move from ¢, , to s, along L, (see left of Figure 4.8). A
contradiction argument then proves part (ii) for possibility (a). Part (ii) for possibility (b)
follows similarly.

Consider (ii) for possibility (c). This follows from similar arguments to those used in
the proof of Lemma 4.2, except we need to additionally argue that D,, never intersects A},
and D;, never intersects A, . Recall that D,, and D), start at ¢, ,,, A, starts at s,,, R, strictly
decreases along D, and D;,, R, strictly increases along A);, and Ry (#1,,) < Rn(s,) (recall
that #1,,, — ¢, and apply part (i) above). A contradiction argument then proves that D,,
and D;, never intersect A;,. This proves part (ii) for possibility (c).

Consider f;. First, define D, and A; as in Lemma 4.2. Next, for possibility (A) of
Lemma 4.6, let A7’ denote the contour of steepest ascent for f; which starts at s, € L;, and
which enters H in the direction 5. For possibility (B), let D;” and A;" denote the contours
of steepest descent and ascent (respectively) which start at s; + ie € H. Then, proceeding
similarly to the proof of Lemma 4.2, we can show that each of D;, D;” end in S U T;, each
of A,, A7 either end in S U T; or are unbounded, and the contours are otherwise in H. We
will show:

(iii) For possibility (A), D, and A; do not intersect except at ¢, and D, and A;” never
intersect. For possibility (B), D, and A, do not intersect except at ¢, D;" and A;’
do not intersect except at s; + i€, and we can fix the € > 0 sufficiently small such
that D;’, A;’ never intersect D;, A;. For both possibilities, the contours are simple.

(iv) For possibilities (A) and (B), D, ends in [S3, S3), and A, ends in (S2, S5).

(v) For possibility (A), A}’ is unbounded. For possibility (B), fixing the € > 0
sufficiently small as above, A;” is unbounded and D;” ends in [&, d;), where d;

denotes the end-point of D; (thus, necessarily, we must have d; € (&, S_3)).

These prove the required results.

Consider (iii) for possibility (A). This follows from similar arguments to those used to
show part (ii) for possibility (a), above. Consider (iii) for possibility (B). Similar arguments
show that D, and A, do not intersect except at , D;” and A;" do not intersect except at s; +i€,
and the contours are simple. It thus remains to show that we can fix the € > 0 sufficiently
small such that D;’, A’ never intersect Dy, A,. Recalling that Im(f;(w)) = Im(f;(¢)) and
Im(f;(z)) = Im(fi(s; + i€)) for all w on D; U A; and z on D;” U A} (see part (2) of
Lemma 3.4), and Im( f;(¢)) = Im(f;(s;)) (recall that ¢ and s are both in L, c R\ S, and
see Figure 3.1), it is thus sufficient to show that Im(f;(s; + i€)) # Im(f;(s;)) forall e > 0
sufficiently small. To see this recall that s; € (, L;), and so part (B1) of Lemma 4.6 implies
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that f/(s;) > 0. Also, a Taylor expansion gives f;(s, + i€) = f;(s;) + i€ f/(s;) + O(€?) for
all € > O sufficiently small. Therefore, for all € > 0 sufficiently small,

Im(f;(s; +i€)) > Im(f;(s,)) + 3€ £/ (s1). (4.13)

This proves part (iii) for possibility (B).

Consider (iv). Recall that D, ends in S U T;, and A, either ends S U T; or is unbounded,
where T; is the set of roots of f;'. The behaviours of 7; for possibilities (A) and (B) are
discussed in Lemma 4.6, and these behaviours are displayed in Figure 4.7. It follows that
SUT; € [S5 831U [S2, 21 U [S1, L] U {1, 5¢} U [Ly, Si] for possibility (A), and SUT; C
[S3, 53] U [S2, S2] U [S1, L] U {t} U [Ly, Si] for possibility (B). Next recall that D, and A,
start at t,and A’ starts aat for possibility (A). The above observations, and part (iii), thus
imply the following for both possibilities: D; ends in [S3, S;]u [S2, S]u [S1, L, JU (L, S1],
and A, either ends in [S3, S_3] U [S2, S_g] U [S1, L] U [L_,, S_l] or is unbounded. Then, since
D, and A; startat t € L_t , part (i\; follows from similar arguments to those used to show
parts (xii) and (xiii) in the proof of Lemma 4.2.

Consider (v) for possibility (A). Recall that A;’ starts at s, € (z, L,), and ends either in
S UT; or is unbounded. Then, similar considerations to those used in part (iv), above,
show that A’ either ends in [S, S;]u [S2, S]u [S1, L] U [L;, S1] or is unbounded. We
must thus show that A}” does not end in [, S;]u [S2, SJu [S1, L JU [L;, S1]. We argue by
contradiction: First assume that A;” ends in [dy, S3]U [S2, S, Ju [S1, L¢], where d; € [S3,3)
denotes the end point of D, (see part (iv)). Then D, starts at ¢ e_L, and ends at CZ, A
starts at s; € (f, L;) and ends in [d;, 1), and D, and A}’ are otherwise contained in H.
A7 must therefore intersect D,, which contradicts part (iii). Next assume that A;” ends
at a point a; € [S3,d;]. Then D, starts att € L, and ends at d; € [S;, S3), A}’ starts at
s; € (1, L;) and ends at a;’ € [S3,d;], and D; and A/’ are otherwise contained in H and do
not intersect (see part (iii)). Consider the simple closed contour consisting of D; and A}’
and [a;’, d;] and [t, s,]. We can proceed as in part (xii) in the proof of Lemma 4.2 to show
that w +— Im(f;(w)) is a constant harmonic function on the above simple closed contour,
and so it also constant in the domain bounded by the closed contour. (3.4) easily shows
that this is not true. Thus we have a contradiction, and so A;" does not end in [S3, d;].
Finally suppose that A;’ ends in [L;, S;]. Then A}’ starts at s; € (f, L;), ends in [L;, S1],
and is otherwise contained in H. We can then proceed as in part (xii) in the proof of
Lemma 4.2 to show that this gives a contradiction, and so A;” does not end in [E, S_l].
This proves (v) for possibility (A).

Consider (v) for possibility (B). Recall that D;” and A;’ start at s, +ie where s; € (t, L)),
Dy’ ends in SUT;, and A}’ ends either in SUT; or is unbounded. Then, similar considerations
to those used in part (iv), above, show that D;’ ends in [S3, S3]u [S2, SJu [S1, L, ]V [L, S1],
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and Ay’ either ends in [S3, S3] U [S2, S]u [S1, L]V [L;, S;] or is unbounded. Also, letting
d; € [&, S_3) denote the end point of D, (see part (iv)), similar considerations to those
used above (in the proof of part (v) for possibility (A)) show that both D;” and A;’ do
not end in [d;, S3] U [S2, S, U [S1, L;]. It thus remains to show that D;” does not end
in [L;, S1], and A}’ does not end in [S3, d;) U [L;,S;]. We argue by contradiction: First
assume that D;” and A;” both end in [S3.d,), at d;’ and a;’ respectively. Then D;’ starts at
s¢ +ie and ends at d;” € [S3,d;), A;’_starts at s; + ie and ends at a;” € [S3,d;), and D;’
and A;’ are otherwise contained in H and do not intersect except at sy + ie_(see part (iii)).
Consider the simple closed contour consisting of D;” and A;" and [a;" A d,’,a;" vV d]']. We
can proceed as in part (xii) in the proof of Lemma 4.2 to show that w — Im(f;(w)) is a
constant harmonic function on the above simple closed contour, and so it also constant in
the domain bounded by the closed contour. (3.4) easily show that this is not true. Thus
we have a contradiction, and so D;” and A;’ cannot both end in [&, d;). Next assume that
D’ ends at a point d,’ € [L;, S1]. Recall (see part (2) of Lemma 3.4) that w — Im(f;(w))
is constant on D;’. In particular this gives Im(f(d;")) = Im(f;(s; + i€)). Also recall (see
case (2) of Lemma 2.2 and (2.4)) that s, € L, C [S1,$1]\ S1 and [L;, L, + &) C S for
all § > O sufficiently small. (3.5) and Figure 3.1 then give Im(f;(s;)) > Im(f;(s)) for
all s € [L;,S)]. (4.13) thus gives Im(f;(s; + i€)) > Im(f;(s)) for all s € [L;, S;]. This
contradicts Im(f;(d!")) = Im(f;(s, + i€)), and so D’ does not end in [L;, S;]. We can
similarly show that A}’ does not end in [L;, S1]. This proves (v) for possibility (B). O

As in the Section 4.1 for case (1) of Lemma 2.2, we are now in a position to define the
contours, ytn and Fin and l"z ,» that satisfy Lemma 3.5 for case (2) of Lemma 2.2. We
do not go into as much detail here as the Section 4.1, as the construction is quite similar
to that used for case (1), but we will highlight the differences.

Fix £ > 0, 0 € (3,3) and {gs}n>1 C R as in the Section 4.1. Note, since
f"'(#) > 0 (see case (2) of Lemma 2.2), Lemma 2.7 and Definition 2.8 imply that
{gn}n>1 converges to a positive constant. Then, part (4) of Lemma 2.9 implies that
{timtan} € B(t,n™%g,) c B(t,£). Thus, D,, and A, both start inside B(t,n%¢,) and
B(t,&). Define dy p, dapn, a1,n, a2, as in (4.3). Denote the equivalent quantities for D; and
A; by dy s, dyy, a1y, azy. Also, fixing € > 0 sufficiently small as above, define Cg isin (3.1).
Recall that D, ends in [S3, S3) ¢ C\ Cg, and A; ends in (S5, S)) cC\ Cg, and let ds;
and a3 ; denote the point? where D; and A; “exit” C¢ respe?tively. We choose the & > 0
sufficiently small such that (4.4) is satisfied in this case also: Im(ds ;) = Im(as ;) = &*.
Moreover, we choose the & > 0 sufficiently small such that Re(ds ;) € (—oo, S5 —¢) and
Re(as;) € (52 + ¢, Sy — ¢), where ¢ = ¢(r) > 0 is some constant which is independent of
£. Next, define € := 0 whenever possibility (A) of Lemmas 4.6 and 4.7 is satisfied, and fix
€ > 0 as in Lemma 4.7 whenever possibility (B) is satisfied. Finally, fix £ > 0 such that
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nigqn )
Ficure 4.10. The contours defined in Definition 4.8. The dashed lines

represent boundaries of C¢. ¢ = ¢(f) > 0 is independent of £.

B(0, E) contains S1 U S» U S3 and the point s; + i€, and let as, € dB(0, E) denote that
point where A;" “exits” B(0, E) for the first time. We then define the following contours,
which are depicted in Figure 4.10:

Definition 4.8. Define y{, and I'{ similarly as in Definition 4.4 (they both start at
teLl; = (L, L_,)y;’n ends at Re(ds ;) € (=0, S3—c), 7, endsatRe(as,) € (S2+c, S,—c)
etc.). Moreover, define I';, to be the opposite (traversed in the opposite direction) of the
simple contour which:

e is independent of n,

e starts at s; € (1, L_,),

o then traverses the straight line from s, to s; + i€,

e then traverses that section of A;’ from s; + i€ to as, € 0B(0, E),

o then traverses (clockwise) the arc of dB(t, &) from a4, € dB(0, E) to E,

e then ends at E € (S}, +o0).

We finally show that the above contours satisfy the requirements of Lemma 3.5:

Proof of Lemma 3.5 for case (2) of Lemma 2.2. The proof for case (2) of Lemma 2.2 is
very similar to the proof for case (1) (see the end of Section 4.1). Parts (1), (2), (3), (5)
and (6) follow from similar arguments. Similarly for part (4), except that we need to
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additionally show that R,(z) > R, (@ 1n) forall z € F+n, where R, denote the real-part of
fu- We will show that there exists a sufficiently small choice €, & in Definition 4.8, and a
sufficiently large choice of the E > 0, such that the following are satisfied:

(i) R.(z) > Ru(ayp) for all z € cl(B(sy, €)).
(ii) Rn(z) > R,(d,,) for all z on that section of A}’ from s, + i€ to as, € B(0, E).
(iii) R,(z) > R,(dy,,) for all z € B(0, E).

Definition 4.8 then implies that R,,(z) > R, (d; ) forall z € T 7, This proves (4).

Consider (i) for possibility (B). First, we fix the &, € > O sufficiently small such that
cl(B(s;, €)) C C¢ (see Figure 4.10 to see that this can be done). Then, part (2) of Lemma 3.1
implies that R,,(z) = R;(z) + o(1) uniformly for z € cl(B(s;, €)). Next note, since R; is
continuous at s;, that R,(z) = R,(s;) + O(e) for all € > 0 sufficiently small and uniformly
for z € cl(B(s;, €)). Next recall that s, € (¢, L;), and so R,(s;) > R;(t) (see part (B1) of
Lemma 4.6 and Figure 4.8). Finally note, since d; , =t + o(1), (2.8), (3.2) and (3.3) give
R:(t) = Ry(d1,,) + o(1). Combined, the above proves part (i) for possibility (B). Part (i)
for possibility (A), where € = 0 by the remarks preceding Definition 4.8, can be shown
similarly.

Consider (ii). First, we fix £, € sufficiently small such that A;” C C¢ (see Figure 4.10 to
see that this can be done). Then, part (2) of Lemma 3.1 implies that R,,(z) = R;(z) + o(1)
uniformly for z on that section of A}’ from s; + i€ to as; € B(0, E). Next note, part (1)
of Lemma 3.4 gives R;(z) > R:(s; + i€) for z on A;’. Moreover, since R; is continuous at
S, R(s; +i€) = Ri(s¢) + O(e) for all € > 0 sufficiently small. We can then proceed as in
the proof of part (i), above, to prove part (ii).

Consider (iii). First note, letting log be natural logarithm, (3.3) gives the following
when z # 0:

- 1 . - -
Ru(z) = = (ISunl = 1S2,nl + 183,01) log |2
n
ol > logli - 1l > logli - ! > o -2
o2y log|l=== ) log , log|l——.
xESl,n XESz,n XES&"

Recall (see (2.2) and (2.9)) that 1(1S),| = 1S2.] + [S54]) = 1 € (0, 1). Also recall
(see (2.2)) that supycg, s, ,us,, 1X| = O(1). Thus R.(z) > %nlog |z| for all n and |z|
sufficiently large, chosen independently. Finally recall (see the proof of part (i), above)
that R,,(d1,,) — R;(¢). Combined, the above prove part (iii). O
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4.3. Lemma 3.5 for cases (3-12) of Lemma 2.2

In Sections 4.1 and 4.2 we proved Lemma 3.5 for cases (1) and (2) of Lemma 2.2. In this
section we discuss cases (3)—-(6). We will be very brief here, as no new ideas are needed.
Instead we seek to highlight some differences which may cause confusion. Indeed, we
only recall the possible behaviours of the roots of f; in L, for cases (1) and (2), and state
the possible behaviours of the roots of f in L; for cases (3)—(6). For cases (3)-(6), the
behaviour of the remaining roots of f;, the behaviour of the roots of f,, the contours of
steepest descent/ascent, and the definitions of the contours 7tn, etc., then follow from
similar considerations to those used for cases (1) and (2). Similar considerations also
apply for cases (7)—(12).

First recall the situation for case (1) of Lemma 2.2 (see Section 4.1). Here, ¢t > y,
t €L, L =J = (S, +), and f'(t) > 0. Moreover f/(s) > 0 for all s € (L, 1),
ff@®) =f/()=0and f/”(t) > 0,and f/(s) > Oforall s € (z, L,).

Next recall the situation for case (2) of Lemma 2.2 (see Section 4.2). Here, ¢t > y,
tel;, L; € {Kfl), Kél), ...}, and f/”(t) > 0. Moreover, one of the following is satisfied:

(A) There exists an s; € (7, L;) for which: f{(s)>Oforalls € (L, 1), f{ (t) = f{'(t) =
Oand f/”(t) > 0, f/(s) > Oforall s € (t,s:), f/(s¢) = 0 and f;'(s;) < 0, and
f/(s) < Oforall s € (s;, Ly).

(B) f/(s)>O0forall s € (L, 1), f/(t) = f'(t) = 0and f"(r) > 0, f/(s) > 0 for all
s € (t,L).

Consider case (3). Lemma 2.2 gives t > y,t € L;,, L, € {Kil), Kél),...}, and
f{"'(t) < 0. Moreover, we state that one of the following is satisfied:

(A) There exists an s; € (L, t) for which: f/(s) > 0 for all s € (L, ), f{(s:) =0
and f’(s;) <0, f/(s) < Oforall s € (s5,2), f/(t) = f"(t) = 0and f/"(r) <O,
and f/(s) < 0 for all s € (z, ;).

(B) f/(s) <Oforalls € (L,1), /(1) = f/'(t) =0and f’(t) <0, f/(s) < 0 for all
s €(t,Ly).

Consider cases (4) and (5). Lemma 2.2 gives t > y forcase (4),andr € (y +n -1, x)
for case (5). Moreover, for both cases, 7 € L, x € Ly, L, = J3 = (52, 81) and f;"”'() < 0.
Moreover, we state that f/'(s) < 0 for all s € (L, 1), f/(t) = f’(r) = 0 and f/"(¢) <0,

f/(s) < Oforall s € (¢, L;).
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Consider case (6). Lemma 2.2 givest € (y +n—1, ), t € L;, L, € {Kfz), Kf), b
and f/”(¢) < 0. Moreover, we state that one of the following is satisfied:

(A) There exists an s; € (z, L,) for which: [ (s) <Oforalls € (L, 1), f/(t) = f"(t) =
Oand f/”(t) < 0, f/(s) < Oforall s € (t,s,), f/(s¢) = 0and f'(s;) > 0, and
f/(s) > 0forall s € (s;, Ly).

(B) f/(s) <Oforalls € (L, 1), f/(z) = f/"(t) = 0 and f/"(¢) < 0, and f/(s) < O for
all s € (¢, ).

4.4. Lemma 3.6 for cases (1)-(4) of Lemma 2.2

Note, many of the arguments in this section are similar to those used in the previous
sections. Therefore, we shall not go into as much detail here. Assume the conditions of
Lemma 3.6. Additionally assume that one of cases (1)—(4) of Lemma 2.2 is satisfied. Fix
& > 0 sufficiently small such that (2.11), (2.14), (2.17) are (2.31) are satisfied. Define U,
and V,, as in (2.29), and recall (2.30).

First, since one of case (1)—(4) of Lemma 2.2 is satisfied, and since v > u, we can
proceed as in the proof of Lemma 3.13 to show the following:

Vo>, and vy +s,—1>u,+r,+1 and VU™ £0 and UV, %0,
and
1=2¢ > x +2¢ > max(VU™) > min(VU™) > y - 2¢
>y +n—1+2¢&>max(UVyy)) > min(UV,) > xy +7-1-2¢. (4.14)
Also, (2.32) gives

F.(w) = —% Z log(w — x) + % Z log(w — x),

xevum XEU‘/(H.>

forall w € (C\ R) U (z — 24, t + 2¢), where the branch cuts are all (—oo, 0]. Therefore,

, I T I
F"(W):_; Z w_x 1 Z w—x

X
xevVum x€UV(y)

and F, extends analytically to C\ (VU™)U (U Vin)). Finally define G, as in (2.26). Recall
that this is also analytic in (C\ R) U (¢ — 2¢, ¢ + 2£), and recall (see (2.27)) that G, extends
analytically to C\ {x, x +n — 1}.

We now consider the roots of G; and F);:

190



Universal edge fluctuations

Lemma 4.9. Assume the above conditions. Then, t € (y,+). Indeed, t — 4¢ > y.
Moreover:

(1) Gi(s) <O forall s € (x.t), G,(t) = 0 and G;'(t) > 0, and G;(s) > O for all
s € (1, +0).

(2) G; has no other roots in C\ {x, x +n - 1}.

Next, note t € (max(VU™), +c0). Indeed, t — 26 > y +2¢ > max(VU™). Also F
has 1 rootin (t — &,t + £). We denote this by w,, as in Lemma 2.12. Finally:

(3) F!(s) < 0 for all s € (max(VU"™),w,), F/(w,) = 0 and F!(w,) > 0, and
F/(s) > 0 forall s € (wy, +).

(4) F; has 1 root in each interval of the form (x,y), when x and y are any two
consecutive elements of either VU™ or U Vin)-

(5) F) has no other roots, other than those listed above.

Proof. Consider G. (4.14) gives t —4¢ > y. Also, Lemma 2.10 implies that G; has a
root of multiplicity 1 at ¢, has no other roots in C \ { y, y + 7 — 1}, and that,

. eCOC(1)?

G/ (1) = eCT—(l)'

Thus, since one of cases (1)—(4) of Lemma 2.2 is satisfied, Lemma 2.3 gives G;’(¢) > 0.
This proves parts (1) and (2).

Consider F,. First note, (4.14) implies that t — 2¢ > y + 2¢ > max(VU™). Next
note, part (1) of Lemma 2.12 implies that F,, has 1 root in (t — &, 1 + £). We denote this
by w;,, and we recall that w,, — ¢ (see part (5) of Lemma 2.12). Moreover, part (2) of
Lemma 2.11 gives

n%F,'l’(w) = mu(v —u)G{,(w) + O(n_%),
uniformly for w € B(¢, ¢). Recall that v — u > 0 by assumption. Also recall that {m,, }, >
is a convergent sequence of real-numbers with a non-zero limit (see Definition 2.8),
mu(e€n® — 1)/e€n®) > 0 (see Definition 2.8), and ¢ — 1 — ¢€®) — 1 > 0 (see
cases (1)-(4) of Lemma 2.2, Lemma 2.3, and (1.27)). Therefore m,, — m, for some
m; > 0. Moreover (see Lemma 2.10), G/, (w) = G{'(w) + o(1) uniformly for w € B(t, ).
Finally (see part (5) of Lemma 2.12), w,, — ¢. Combined, the above observations give
n’ F;'(wy) — m¢(v —u)G/'(t) > 0. Therefore F,’(w,) > 0. Parts (3)—(5) then follow from
parts (2)—(4) of Lemma 2.12. ]
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H
R \ | \ X
x+n-1 X t—4¢ t
H
R e X 0.X e | o X & X P
| S~ x-2% S~ x+2 [ rme ] ree
UV, )
x+n—-1-2¢ MW xy+n-1+2¢ vu t-2¢& Wn
Ficure 4.11. Top: The roots of G;. Bottom: The roots of F;,. Roots of
multiplicity 1 are represented by X, and elements of VU™ and U Vin)
are represented by e.
H D;
R | |
x+n-1 X t—4¢& t
H

R R R N A

x4n-1-2¢6 YV L in110¢ vy r—2¢ Wn
Ficure 4.12. The contours of Lemma 4.10.

A depiction of (4.14) and the root behaviours described in Lemma 4.9 is given in
Figure 4.11. Next we state (without proof) a result which follows from similar arguments
to those used to show Lemma 4.2:

Lemma 4.10. There exists simple contours, D, and D,,, as shown in Figure 4.12 with
the following properties:

o D, starts at t, enter H in the direction 5, ends at x + 1 — 1, and is otherwise
contained in H. Moreover, D, is a contour of steepest descent for Gy.

e D, starts at w,, enters H in the direction %, ends in the interval shown, and is
otherwise contained in H. Moreover, Dy, is a contour of steepest descent for F,,.
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Similarly to the previous sections, we are now in a position to define the contour, ',
that satisfies Lemma 3.6 for cases (1)—(4) of Lemma 2.2. As in those sections, recalling
(see part (5) of Lemma 2.12) that w, = ¢ + O(n’%), then w,, € B(t,n % q,|) c B(,&).
Also, similarly to the previous section, we let D; , and D, , denote the points where D,
“exits” B(t,n"%|q,|) and B(t, £) respectively. We denote the equivalent quantities for D,
by D1, Do ;. Finally, define C¢ as in (3.1), and let D3, denote the point where D; “exits”
Cg. Similarly to the previous sections, note that it is always possible to choose the £ > 0
sufficiently small such that,

Im(D3,) =¢*  and  Re(Ds) € (—o0, x =),
where ¢ = ¢(¢) > 0 is some constant which is independent of ¢. Finally define:

Definition 4.11. Define «;' to be the simple contour which:
e starts at f € (y, +0),
e then traverses the straight line from ¢ to Dy, € dB(t,n"%|qy|),
e then traverses that section of D,, from D1, € dB(t,n"%|q,|) to D, € 0B(t, ),
o then traverses the shortest arc of dB(¢, &) from D, , € dB(t,&) to Dy € dB(1, £),
o then traverses that section of D, from D, ; to D3,
o then traverses the straight line from D3, to Re(Ds ),
o then ends at Re(Ds ;) € (—co, y — ),
where ¢ = ¢(t) > 0 is some constant which is independent of £.

We finally show that the above contour satisfies the requirements of Lemma 3.6:

Proof of Lemma 3.6 for case (1)—(4) of Lemma 2.2. Note, Lemma 4.10 and Figure 4.12
and Definition 4.11 imply that «;" starts at 7, ends in the interior of the intervals shown
in Figure 3.3, is otherwise contained in H, and is independent of n outside cl(B(z, &)).
Moreover, using similar arguments to those used in the proof of Lemma 3.5 (see end of
Section 4.1), we can show that Re(F,(w)) < Re(F,(Dy.,)) forall w € & \ B(t,n™%|q,|),
and that |,y | = O(1). It thus remains to show that Arg(Dy,, — ) = § + O(n‘%”’).

To see the above, first recall (see Lemma 4.10), that D,, is a contour of steepest descent
for F,, which starts at w,, € (t — &t + &), and which “exits” B(t,n%|q,|) at Dy ,. Thus
parts (1) and (2) of Lemma 3.4 give

Re(Fn(Dl,n)) < Re(F,(wn)) and Im(Fn(Dl,n)) = Im(F,(wy)).
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Thus, since w,, = ¢ + O(n‘%) (see part (5) of Lemma 2.12), and since F;,(¢) € R, and since
F,=f,— fn (see (2.25)), parts (1) and (2) of Corollary 3.3 give

Re(Fy(D1,n)) < Fu(t) + O(n") and Im(F,(Dy,)) = O(n™").
Next note, since § € (}T’ %)’ and since F,, = f,, — f,, parts (2) and (3) of Lemma 3.2 (take
& =n9) give
Fult + 170 ge™®) = Fy(0) + 075720 (v —u)e®® + 0(n™379),
uniformly for @ C (-, nr]. Therefore, since F,(t) € R,
Re(Fy (1 +n70g,e™®)) = Fy(1) + n™ 372 (v — 1) cos2a) + O(n™79),
Im(F,(f + n_g%em)) = n—%—zg(v —u)sina) + O(n‘%‘e),

uniformly for @ C (-, ]. Finally recall that v > u. We can then proceed similarly to
the proof of part (i) of Lemma 3.5 (see end of Section 4.1) to show that Arg(D;,, — ) =
Z+ O(n~35+9), as required. o

4.5. Lemma 3.6 for cases (5)—(12) of Lemma 2.2

In Section 4.4 we proved Lemma 3.6 for cases (1)—(4) of Lemma 2.2. In this section we
discuss cases (5) and (6). As in Section 4.3, we will be very brief, as the considerations
are very similar. We only seek to highlight the differences here. Similar considerations
also apply for cases (7)—(12).
Assume the conditions of Lemma 3.6, and that one of cases (5) and (6) are satisfied.
Note, since v > u, we can proceed similarly to the proof of Lemma 3.13 to get:
Vo >u, and v, +s, <u, +r, and VU™ #0 and VU # 0,

and

x +2& > max(VU™) > min(VU™) > y =26 > 1 +2¢ > 1 - 2&
>y +n—1+2¢ > max(VUy)) > min(VU,y) > x +17—1-2€.
Also, (2.32) gives
1 1
F, =—= —x)— - -
n(w) . Z log(w — x) " Z log(w — x),
xevuym XEVU(n)

forall w € (C\R) U (r — 2&, t + 2¢), where the branch cuts in the 1st sum on the RHS are
all [0, +00), and the branch cuts in the 2nd sum are all (—co, 0]. Therefore,

) 1 1 1
FO==0 X Th 2wy

X
xevum x€VUpy)
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and F! extends analytically to C \ (VU™) U (VUy). Finally, define G, as in (2.26).
Recall that this is also analytic in (C \ R) U (r — 2&, ¢ + 2¢), and recall (see (2.27) that G;
extends analytically to C\ {y, y +n— 1}. Thent € (y + n — 1, x), and we can proceed
as in the proof of Lemma 4.9 to show that G;(s) < Oforall s € (y +n—1,1), G;(1) =0
and G;'(¢#) > 0, and G/(s) > O for all s € (¢, x). Moreover, G; has no other roots in
C\ {x, x +n— 1}. The behaviour of the roots of F,,, the contours of steepest descent, and
the definitions of the contour «;7, then follow from similar considerations in the previous
section.
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