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Optimal Hardy-Littlewood inequalities uniformly bounded by a
universal constant

NAcIiB ALBUQUERQUE
GusTtavo ARAUIO
MARIANA MAIA
ToNy NOGUEIRA
DANIEL PELLEGRINO
JOEDSON SANTOS

Abstract

The m-linear version of the Hardy-Littlewood inequality for m-linear forms on £, spaces and
m < p < 2m, recently proved by Dimant and Sevilla-Peris, asserts that

p-m
P
(&)
P m-1
DA e e)|P | <27 sup [T, )
ji=1 Il ll<1
1<i<m 1<i<m

for all continuous m-linear forms T : £, X --- X £, — R or C. We prove a technical lemma, of
independent interest, that pushes further some techniques that go back to the seminal ideas of Hardy and
Littlewood. As a consequence, we show that the inequality above is still valid with 2(m-1)/2 replaced by
2(m=1)(p=m)/pP In particular, we conclude that for m < p < m + 1 the optimal constants of the above
inequality are uniformly bounded by 2; also, when m = 2, we improve the estimates of the original
inequality of Hardy and Littlewood.

1. Introduction

Littlewood’s famous 4/3 inequality [19], proved in 1930, asserts that

00 4

Mrepenlt | <VZ s TG,

Jok=1 llxr 1l [zl <1

for all continuous bilinear forms 7: ¢y X cg — C, and the exponent 4/3 cannot be
improved. In some sense this result is the starting point of the theory of multiple summing
operators (for recent results on summing operators we refer to [1, 8, 11, 15] and the
references therein). From now on, for all Banach spaces Ey, ..., E;;, F and all m-linear
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maps T: Ey X --- X E,, = F, we denote
7l == sup 1T (xr, ... xm)ll-
lloet fl ool [ <1
Besides its own beauty, Littlewood’s insights motivated further important works of
Bohnenblust and Hille (1931) and Hardy and Littlewood (1934). The Bohnenblust—Hille
inequality [10] assures the existence of a constant B,,, > 1 such that

m+l
2m

2m
>0 T T < BT
Jseenim=1

for all continuous m-linear forms T: ¢g X --- X ¢¢ — C. The case m = 2 recovers
Littlewood’s 4/3 inequality. Three years later, using quite delicate estimates, Hardy
and Littlewood [18] extended Littlewood’s 4/3 inequality to bilinear maps defined on
tp X ;. In 1981, Praciano-Pereira [25] extended the Hardy-Littlewood inequalities to
m-linear forms on £, spaces for p > 2m and, quite recently, Dimant and Sevilla-Peris [17]
generalized the estimates for the case m < p < 2m. These results were extensively
investigated in various directions in the recent years [2, 3, 5, 6, 7, 13, 14, 17,21, 24]. Asa
matter of fact, all results hold for both real and complex scalars with eventually different
constants.

From now on we denote K = R or C and, for any function f, whenever it makes sense
we formally define f(co) = lim,, .« f(p); moreover, we adopt § = co for all @ > 0.

In general terms we have the following m-linear inequalities:

o If 2m < p < oo, then there are constants BE > 1 such that

m,p —
mp+p-2m
n 2mp
2mp K
Z (e, .. .., ) |7 P < BS I

Jlseejm=1

for all m-linear forms 7" : £, X - -- X £} — K and for all positive integers n.

e If m < p < 2m, then there are constants BX > 1 such that

m,p —
p—-m
n pP
S K
> (e e )P < BT
jls---»jm,:l

for all m-linear forms T : £}, X - - - X ¢, — K and for all positive integers n.

The exponents of all above inequalities are optimal: if replaced by smaller exponents the
constants will depend on n. However, looking at the above inequalities by an anisotropic
viewpoint a much richer complexity arise (see, for instance, [2, 3, 5, 6, 13, 23]).
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The investigation of the sharp constants in the above inequalities is more than a
puzzling mathematical challenge; for applications in physics we refer to [20]. The first
estimates for BE,%’ ,» had exponential growth; more precisely,

. m—1
BE , < (\/5) ,

for any m > 1. It was just quite recently that the estimates for Bff,, p were refined, see for
instance [5, 6, 9] and references therein. It was proved in [9] that

2-log2—y
TlogZy - 036482

R ~
B <Ki-m X K]

C = 0.21139
By <k m?ZI Rky-m )
for certain constants ki, k; > 0, where vy is the Euler—Mascheroni constant, but, as
conjectured in [24], these estimates seem to be suboptimal. For 2m(m — 1)> < p < oo,
among other results it was shown in [5] that we also have
R Zlogay 0.36482
Bm’p</<1-m Y x K| -m R

Iy
<Kk -mT K2~m0'21139.

By
The best known estimates of Bffl’ p for the case m < p < 2m are (V2)"! (see [3, 17]).
Recently, Cavalcante [12] has shown that these estimates are a straightforward consequence
of a kind of regularity principle proved in [4], and also investigated monotonicity properties
of the optimal constants. However, the search of the optimal constants in this setting
(m < p < 2m) is still quite intriguing. For instance, if p = m it is easy to show that the

only Hardy-Littlewood type inequality

1

n s

DT e )| < BT
Jlseeofm=1

happens for s = co (of course, here we consider the sup norm in the left-hand-side of
the inequality) and in this case it is obvious that the optimal constants are Bﬁ,m = 1. So,
we have optimal constants equal to 1 for p = m and the best known constants equal to
(V2)"~! for p close to m. In this paper, among other results, we show that in fact the
estimates (V2)"! are far from being optimal: we prove that

(m-1)(p—-m)

By, <2 »
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(m+1)(p—m)
and now, since 2= » — 1, we have a smooth connection between the estimates for
p =mand p > m. From now on, forp = (p1,...,pm) € [l,0]" and 1 < k < m, let
1 1 1
‘— ==+ — and ' ' ‘
Pl D1 Dk

We present below the estimate obtained by Dimant and Sevﬂla—Perls [17] for further
reference:

Theorem 1.1 (Dimant and Sevilla-Peris). Let m > 2 be a positive integer and p =
(p1s. .., pm) € (1,0]™ with

Then

o -

n 1
Z |T (ejl""’ejm)|]7|$| S (\/z)m l ||T”,
Jiseemim=1
Jor all m-linear forms T : £, X ---x {3 ~— Kand all positive integers n. In particular,
ifm < p <2m, then

p-m

n p

D e e | < (VD) i

Jlseesjm=1

Jor all m-linear forms T : £ X - -- X £} — K and all positive integers n.

The exponent (l - ‘I—l)|) 1 is optimal, but if one works in the anisotropic setting the
result is not optimal (see, for instance, [7, 23]). The main results of the present paper are
the forthcoming Theorems 3.3, 3.4 and 3.5 which also improve the original constants
of the bilinear Hardy-Littlewood inequalities. As a consequence of these results, when
m < p < m+ 1, we shall prove that the optimal constants of the Hardy-Littlewood
inequality are uniformly bounded by 2.

2. A multipurpose lemma

Let m > 2 be a positive integer, F be a Banach space, A C I, := {l,...,m},p =
(P1,-->pm) €[1, 0], s, > 1 and

B]‘)A’SF(Z(n) = ]nf C(}’l) Z O . Z Z ||T (ejl’ Tt e]’m)”S N

i \Gio
< C(n), foralli e A
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in which ]7 means that the sum runs over all indexes but j;, and the infimum is taken over
all norm-one m-linear maps 7" : €, X ---X{;; ~— F.The following lemma, fundamental
in the proof of our main results, is based on ideas dating back to Hardy and Littlewood
(see [2, 16, 17, 18, 25]). It is our belief that it is a result of independent interest, with
potential applications in the theory of multiple summing operators:

Lemma 2.1. Let p = (p1,...,pm) and q = (q1, - - -, qm) be such that 1 < pp < gx <
oo, k =1,...,m, and also let Ay, s > 1.

n If 1
1 1 1]
s=>n = [——'—‘—i—‘—“ > 0, 2.1
A [p| |4
then
Byt (n) < Bquo(n)
@ rr |
1 1 1 -
s2n2:=[——‘— ]_ -0,
/10 P m—1 q m—1
then

F
By iy (n) < BImh (n).

Proof. To prove (1), let s, A9 be such that (2.1) is fulfilled. Let us define

1 1 1 .
Aj= === +|= , Jj=1...,m.
Ao Pi; 14l;
Notice that A,,, = 171. Moreover, forall j = 1,...,m, we have 4;_1 < 4; and
D * A
[ q;jPj ] =4 2.2)
Ai-1(gj = pj) Aj-1

where the notation above denotes the conjugate number, i.e, if a > 1, then 1/a+1/a* = 1.
Let us suppose that, for k € {1, ..., m}, the inequality

1
1
sAk-1\ k-1

Ul < Bimh m)|IT)|
Ji=l\ji=1
is true for all m-linear maps T' : {5} X --- X {5 Xy X---x{g — F and for all
i =1,...,m. Letus prove that
DUl < Byt |7 2.3)

Ji=l'\j;=1
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for all m—linear maps 7 : K;’I Xoooe xf,’}k Xft’;k” X -+ X fc'j’m — Fandforalli=1,...,m.
Consider

. n .« .. n n .« e n
T.fm X ><€],k><£qk+l X qum — F,

am-linear map and, for each x € Bgnqkpk ,define TW) : f,’,‘l XX xf;‘k X+ ~><€C’l’m —F

Pk-1
by

dk—Pk

T (z(”, o .,z(’”)) =T (z(l), 28D M D .,z('")),

n
where xz®) = (ij;k))' € {5, - Observe that
j=

[|IT|| = sup {HT(X) :x € By

n .
© 4Pk
dk =Pk

By applying the induction hypothesis to 7™, we get, foralli = 1,...,m,

1
1
sAk-1\ k-1

n n
N N
2 25T (e ) i
Ji=l\ji=1
n n %/lk—l /‘k]i—l
= Z Z”T(ej],...,ejkfl,xejk,ejkﬂ,...,ejm)HS
Ji=l\j;=1

1
1 R
5 A=\ -1
A

n

(3585l
I'\j;=1

Ji=

< By,

In, F
< Byo o, T
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By (2.2), using the characterization of the dual of £,-type spaces, we have

L
n %/lk A

n
S
2| 2T (e e

Je=1\ji=1

= ||T (ejp HRRS e]’m)”s
e=l =Wt

= sup Z A Z I (ejys---vei)|l”

€B
yeZen qdK Pk Jik=1
A—1@r-prr)

We continue the proof by making some other changes on the arguments borrowed
from [17, 18, 25] to encompass our relaxed hypotheses. The main difference is that we
now work in a broader scenario with g; < oo for all j, and for this task some technical

modifications are in order. Since for all positive integers N and all scalars wi, ..., wy,
we have

sup Z|wl||y,|— sup Z|wl||xl : 2.4)
yEB,N i=1 zI’JV i=1
forall 1 <v < p < oo, we get
L L
n n 5|
S
22T (e e
=\ o
-
" Lo\ e
S
= sup Z [y | IT (ejps-- -5,
yEBgn aipk zl; 1
/lk_l(qkfpk)
1
n n %/lk_l et
A s
= sup Dl DT (e
x€B;n 4K Pk Jik=1 f)::]
qdk—Pk
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. . Lo\ o
= s [ DD (e e ) L
x€Ben di Pk Jrk=1 1:1
qdk—Pk
< BT )T, (2.5)

9.5, 4o

and this concludes the proof of (2.3) for i = k. To prove (2.3) for i # k let us initially
consider k # mor s > A, = n;. Foreachi = 1, ..., m, to simplify our notation, let us

denote

n
DT (e eI
ji=1

Note that

1
5 Ak

Zn: i ”T(ejl"",ejm)Hs
Ji=1\7=1
= Z S’lk - Z S/lk S§8 = Z Z |T(ejl,.s./lkejm)||

Ji=l J=

?/lk
= 1

jiml
z": T (e, ... eI

s(s=Ay)

n n K
17 (e, - - s el = SOy
=2 2 T T e T
jk=1j;:] i
From Hoélder’s inequality with exponents
s = /lkfl s — /lk 1
r=———and r -
§ = Ak T A — i
we have
n n sl'/lk
P It el
Ji=l\ji=1
s(s )
17y e 0 gt
) T g,

Jk]Jkl l
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STk A=A
s= /lk 1 n S=Ag-]

S < 1Ty e )P
<2\ X leT(e,p.--,ejmw

Jie=1[\jr=1 i

Now, by the Holder inequality with exponents

Ak (s — k1) o Ak (s — A1)
== % and =2
A1 (s = ) s (A = Ak-1)

we have

1
s Ak

n n
Z Z HT(ejl, .. "ejm)HS

Ji=1'\j;=1

’{k—l
i o T e eI
S—Ak_1
i\ S

<

1 Qg =Ag-1)s

T4\ s T

Z Z ITCej,s .- ej)lI° . (2.6)

Jk=l\ji=1

Let us estimate separately the two factors of this product. It follows from the case i = k
that

| 1 (Qe=Ag_1)s
AR S
K A =Ag-1)s

SUS 17l | < (Blwh lT) T @)

Jie=1\ji=1

In order to estimate the first factor of the product in (2.6), we first observe that, by (2.4),
we obtain
A1

Ak A
-1

znl i ”T(ejw .. .,ejm)||s
SS—/lk—l

Jie=1\jr=1 i

IT(ejps .. sej)I°
= Sup Z | ]"| Z g5~ k-1 ’

B
YEeBn qdK Pk Je=1 Jr=1
e—1(ak=PK)
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Straightforward computations give us

||T(e] 9 eim,)”x
sup Z|y1k|z lS Ak

dkPi Jr=1
/lk_l(qk*Pk)

IT(ej,,....ei)° 1
wp 2 3 Mmoo
i

X€E€B,n
¢ Ak Py Jk= ]k 1
di Pk

LSRRI
sup ZZ e e

X€EB/n
e R34 Ji=
dk~Pk

yEBfn

|S—/lk-1

T(ej,...,e;
= sup ZZ” oo i g e g [,

s -4
XEB(»n k=1

“apy Ji=1ji=1
qk-Pk

By the Holder inequality with exponents

s s
r= — and rf = ——
§ = k-1 Ak-1
we have
n n —Ap—
||T(€j1,...,€j )”S k-1 m 1
i Z Z Ss—m: T Cejis s I 3 [
YRy oy Ji=1 =1 i
qk Pk
s—Ap_1
n n s
T(ei,....,e; |*
< ap Z Z ITCejps .. .ej )
Byn £ S?
xe [qkpk Ji=1 ji=1 4
qdk Pk

1
5 Ak-1

n
Z IT(ejys- - - eI x5 °
ji=1

Since

o T Cejis eI Z": ITCejps-- s eip)l®
2o (e v ey, I

10



we finally conclude that

Aol _S—Ag

A\ A S A
A1

Z": Z": IT(ejys- - -5 )I°
S:Y—/lkfl

Je=1\ji=1 i

n

IA

X€B,n .
¢ 4K Pk Ji=1
dk~Pk

wp D[S e

X€B/n =
Capri Ji=1\j;
4k Pk

(8t i)

Plugging (2.7) and (2.8) in (2.6), we obtain

1
5 Ak

i i ”T(é'jl, .. "efm)”S

Ji=1\j;=1

< (Bt i)

s=Ay
B E (n) S ey
qwlo
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1

1
5 Ak-1

n
sup | D ITCejys e, L I
ji=1

1
sAk-1
S
(x) .
e‘ll, M '76.1}’")

2.8)

s—1 (A -Ap_1)s

k
k=1 5=15 0 Blm 5=k
- (Bl i)

@ k‘/’:kfl)s
1, I,,, F s=Ap_1
(Baa, )

(g =2g_1)s

s=A
X I

= (8Lt o))" v,

that is,

1
1 L
;ﬂk A

2\ 2l el

Ji=l \j;=1

Im;
< BImF (|17,

11
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It remains to consider k = m and s = 4, = n7;. Fortunately, this case is simpler than
the previous and we have

1 1
1 e 1 e
s\ sm\m

n n n n
DD T eI =[ D1 D) ITejis e IF
Ji=l\j;=1 Jm=1\j, =1
I, F
< Bk I,

where the inequality is due to the case i = k.
The proof of (2) is similar, except for the last step (case k = m) where one may use an
argument as (2.5), but it is somewhat predictable and we omit the proof. O

Remark 2.2. The case gy = co forall k = 1,...,m in (1) is known and follows the ideas
from [18, 25]; our approach follows the lines of the modern presentation of [17].

3. Main results

We begin this section by recalling a particular instance of the Contraction Principle of [16,
Theorem 12.2]. From now on r;(¢) are the Rademacher functions.

Lemma 3.1 (Corollary of the Contraction Principle). Let N be a positive integer, and
A and B be subsets of {1,...,N} such that A C B. Regardless of the choice of scalars

a,...,an,
1 1
a;ri(t) dtS/ a;ri(t)
[ e 1Y an

i€A i€eB
The next lemma seems to be a by now standard consequence of the Contraction
Principle (it was recently proved, for instance, in [22, Lemma 1]) but we present a proof
here for the sake of completeness.

dr.

Lemma 3.2. Regardless of the choice of the positive integers m, N and the scalars a;,,.. .,
iy oo sim=1,...,N, we have

Cmax ai,...i,| <
lkzl,...,N [O’I]m
k=1,...m

N

Z ri(t) .. i, Em)ai, i,

i],...,i,n=1

dey ... dt,.

Proof. We will proceed by induction over m. For the case m = 1 consider [ € B :=
{1,...,N}and A := {l}. Thus, from Lemma 3.1,

/01 D ar()|de < /01

ie{l}

N

Zairi(f)

i=1

dr

12
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and this implies
N

Zairi(f)

i=1

dr

1
la;| S/
0
forall/ € {1,...,N}. Hence,

1
max |a;| < /
i=1,..,.N 0

Let us suppose, as the induction step, that the result is valid for m — 1. For all positive

integers iy, . .., im,
Z ri(t1) - i, (t)aiy, i,

'/[0,1]'" ilyeenim=1
1| N ¥
:/ / Zm(n)x Z 7o (12) - Ty ()l
o171 [Jo i i

N
> [
(0, 1}t 25wl =1

Z riy(t2) .. 1, (tm)aiy, i,
2 |ai1,...,im|,

N

> airi(t)

i=1

dr.

N
dey...dt,

dtll dry ...dt,

12,.nim=1

de, . ..dt,

where we have used the case m = 1 and the induction hypothesis on the first and second
inequalities, respectively. This concludes the proof. O

Now we are able to prove our first main result, providing better constants for Theorem 1.1.
The main difference between the proof of our next result and the original proof of [17] is
that here we use Lemma 3.2 in order to get better estimates.

Theorem 3.3. Let m > 2 be a positive integer and p = (p1,...,pm) € (1, 00] with
1 1

25 b
integers n,

< 1. Then, for all m-linear forms T : € x---x{; ~— K and all positive

1—‘l
n P

1
_|L
Z |T (ejl""’ejm)|l |p|

T jm=1

< 2 0]} 7y

In particular, ifm < p < 2m, then, for all continuous m-linear formsT : {, X---x{, — K

p-m
o0 P
P (m-1)(p-m)
3T (epeene )| <2
jl»---vjm:l

13
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Proof. LetS : € x---x{L — Kbe an m-linear form (note that S has a different domain

-1
from the domain of T'). Consider s = (1 - ‘%D . Since s > 2, from Lemma 3.2, Holder’s
inequality and Khinchin’s inequality for multiple sums we have

S35 e

1

s
s

J1=1\j =1
n n ; % 17%
2
<, S (ej1s- v )] (m§X|S (ejw---,ejm)|)
Ji=1 ‘A]=1 J1
1 3 2
m-— s
<y (((\/E) Rn) R,‘[s),
Ji=1
where
R, = /’ Z rp (@) .oy, (tm)S (€js - - v €),,)| dia .. diy,
j1=1
and 7 := [0, 1]™~!. Since
n m—1 % 1-2
S0 ) )
J1=1
2D (-[3]) Z/ zn: (1) (t)S ( )|dr, .. .d
= Pl X rp,(82) .- 7, (tm €jis s €l tr...dly,
=171 j1=1
= 2(m_1)(1_|%|) X /Z Slej, Z rjz(tz)ejz, ey Z rjm(tm)ejm dry ...dt,
lji=1 =l Jm=1
< 2(m—1)(1—|$|) X sup Z S €j, Z }"jz(tz)ej'z, ceey Z rjm(tm)ejm
Iz,...,tmE[O,l]J-l:1 j2:1 jrn:l
< 2<m_1)(1_|$|)
n n
X S| -, i (12)€i0y v oy i (L im
tz,...,st:I;[O,l] jzzzl rjz( 2)ej2 jmzzl Ty ( m)ej

< 2]

14
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we conclude that

DIt vesl] <27 0D sy

J1=1\j =1

Repeating the same procedure for other indexes we have

1

S s (e )| < 20D sy,

Ji=l'\j;=1

foralli =1, ..., m. Hence, from Lemma 2.1 (1), we conclude that, for all m-linear forms
T:¢, x---x{; — Kand all positive integers n,

1

” 0 <o)
Z IT (ejis-vei)| ]| <2 o7 o

j]»---sjmzl

The above result shows that for m < p < m + ¢, with a fixed constant ¢, we have a
kind of uniform Hardy-Littlewood inequality, in the sense that there exists a universal
constant, independent of m, satisfying the respective inequalities. For instance, choosing
¢ = 1, we have

p-m
n r

S (e )P <28 T <2017

Jlseejm=1

for all m-linear forms 7' : £} X - - - x {;; = Kwithm < p < m+ 1, and all positive integers
n.

The next result shows that when p < 2m — 2 it is possible to improve both exponents
and constants:

Theorem 3.4. Let m > 2 be a positive integer and m < p < 2m — 2. Then, for all positive

integers n, all m-linear forms T : f,’,’ X+ X €;’ — Kandalli =1,...,m, we have
p=om-1) _p \ 5"
D —m
}’l n (17 5 P ! (m-1)(p—m+1)
D —(m-—
E E I (e, .ej,)| <2 > Tl .

Ji=1'\j;=1

Proof. Consider s = p_(”Tl) Since p < 2m — 2 we have s > 2. From Lemma 3.2,
Holder’s inequality and Khinchin’s inequality for multiple sums we have, as in the proof
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of Theorem 3.3, foralli = 1,...,m,

S e

Ji=l \j;=1

p—(m-1)
P
P (m-1)(p—-m+1)
p—-(m-1) <2 P ”T”

for all m-linear forms T € £ ("™¢%;K) and all positive integers n. Note that

I | 1 p
0 = Pj d4j - p
From Lemma 2.1(2), we conclude that
p=(m-D) _p_ p;*;m
n n P p-m
)2 (m-1)(p—-m+1)
MU (e e ) [T < 2" )
Ji=1\Gi=1
for all continuous m-linear forms 7' : £, X - -- X £, — K. O

In our final result we will show that if we have the additional hypothesis
.11
27 p po
then the optimal constants of the respective Hardy—Littlewood inequalities are always
bounded by 2!~ (7172

Theorem 3.5. Letm >3 andp = (p1, ..., pm) € (1,00]™ be such that

1 1 1
- < |- and ’— < 1.
2 Iph p
Then
L\ ol
n n ST - 3] 1_|l|
Z Z |T(€jl,...,Ejm)|]7|§|m*1 <2 p2||T”a
Jm=1 T,:L=l

Jor all m-linear forms T : £ x---x €, ~— Kand all positive integers n.

Proof. Since |ll—)‘2 > %, by Theorem 3.3 we have

e ) 2ot
> Maenepl B | <2 lhymy

ij=1
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for all bilinear forms 7, : € x {;; — K and all positive integers n. By the Khinchin
inequality we conclude that

L& zé‘l-lﬁlz )y
DD (e eguen)] < 2" Iy

ij=1 \k=1

for all 3-linear forms 73 : €} X £, x £, — K and all positive integers n. In fact, for all
positive integers n we have

[ 2 EREHIN
] oAy
ij=1 \k=1
|1
NS
-1 ’|§|2
<A rk(t)T3 e,,ej,ek) dr
el \ij=1
1
o oy R
= / Z T3 (e,-, ej,Zrk(t)ek) dr
0 =1 k=1
1-|L
g . i)
< sup Z T3 |ei e, » 1i(t)ex
tG[O,l] i,j=1 k=1
<2l
where A |1]| is the constant of the Khinchin inequality, and in our case this constant is 1.
5l
Thus,
|1
n 1] ! |P|2 | |1|
DT (enejren)] el <2 Bk zl,

i,j.k=1

for all 3-linear forms 753 : £} X £}, X {5, — K and all positive integers n. This means that

for any Banach spaces E|, Ez, Ej3, every continuous 3-linear form R : E} X E» X E3 — Kis

-1 B
multiple ((1 — |ll)|2) ;p’l‘, P;’ 1)-summing and the associated constant is 21 ’p '2 (see[17]).
Since
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using the inclusion theorem for absolutely summing linear operators, we conclude that:

Every continuous 3-linear form R : E; X E; X E3 —» K

, |11 , il i D)» Dy» D | -summing with the same constant.
Pl P2 P
(This is an anisotropic notion of multiple summing operators; we refer to [4] for further
details.) Using the canonical isometric isomorphisms for the spaces of weakly summable

sequences (see [16, Proposition 2.2]) we know that this is equivalent to assert that

is multiple |11
1-

b
-5, P
1\ sl

n n
2o Do IS (enegen)| ok

k=1 \i,j=1

<2 ik sy,

for all 3-linear forms S : £ x {5 x £}, — K and all positive integers n. The proof is
completed by a standard induction argument. O
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