ANNALES MATHEMATIQUES

“J‘lb\
367’ T Ja
897 V1)

012 w.
SEEGE 21
8901 2° -1\

' 2345¢ /7 890
WTBE N1 456, V1ML
19077 145\ P20 deg 02

235 590 = QT4
£ 234 i O67¥
17,5678 0
i57/71 9012 A
'ENO . 21454 7
23.765 (35907 &, 220 ” 27
»€RY01234 /T3 1563%\

L CA45)5789( s 01
3450 /Y9012 a5378v 1 434567
0789V 2345 TAD4567890)
20123567890 19123456.

BLAISE PASCAL

ATHANASIOS KATSARAS
P-adic Spaces of Continuous Functions I1

Volume 15, n° 2 (2008), p. 169-188.
<http://ambp.cedram.org/item?id=AMBP_2008__15_2_169_0>

© Annales mathématiques Blaise Pascal, 2008, tous droits réservés.

L’acces aux articles de la revue « Annales mathématiques Blaise Pas-
cal » (http://ambp.cedram.org/), implique I’accord avec les condi-
tions générales d’utilisation (http://ambp.cedram.org/legal/). Toute
utilisation commerciale ou impression systématique est constitutive
d’une infraction pénale. Toute copie ou impression de ce fichier doit
contenir la présente mention de copyright.

Publication éditée par le laboratoire de mathématiques
de luniversité Blaise-Pascal, UMR 6620 du CNRS
Clermont-Ferrand — France

cedram
Article mis en ligne dans le cadre du
Centre de diffusion des revues académiques de mathématiques
http://www.cedram.org/


http://ambp.cedram.org/item?id=AMBP_2008__15_2_169_0
http://ambp.cedram.org/
http://ambp.cedram.org/legal/
http://www.cedram.org/
http://www.cedram.org/

ANNALES MATHEMATIQUES BLAISE PASCAL 15, 169-188 (2008)

P-adic Spaces of Continuous Functions 11

ATHANASIOS KATSARAS

Abstract

Necessary and sufficient conditions are given so that the space C(X,E) of
all continuous functions from a zero-dimensional topological space X to a non-
Archimedean locally convex space E, equipped with the topology of uniform con-
vergence on the compact subsets of X, to be polarly absolutely quasi-barrelled,
polarly X,-barrelled, polarly £°°-barrelled or polarly c,-barrelled. Also, tensor prod-
ucts of spaces of continuous functions as well as tensor products of certain E’-valued
measures are investigated.

Introduction

This paper is a continuation of [3]. Let K be a complete non-Archimedean
valued field and let C'(X, E) be the space of all continuous functions from
a zero-dimensional Hausdorff topological space X to a non-Archimedean
Hausdorff locally convex space E. We will denote by Cy(X, E) (resp. by
Cre(X, E)) the space of all f € C(X, E) for which f(X) is a bounded (resp.
relatively compact) subset of E. The dual space of C,.(X, E), under the
topology t,, of uniform convergence, is a space M (X, E') of finitely-additive
E’-valued measures on the algebra K (X) of all clopen , i.e. both closed
and open, subsets of X. Some subspaces of M (X, E’) turn out to be the
duals of C'(X, E) or of Cy(X, E) under certain locally convex topologies.
In section 1, we give necessary and sufficient conditions for the space
C(X, E), equipped with the topology of uniform convergence on the com-
pact subsets of X, to be polarly absolutely quasi-barrelled, polarly R,-
barrelled, polarly ¢°>°-barrelled or polarly c,-barrelled. In section 2 , we
study tensor products of spaces of continuous functions as well as ten-
sor products of certain E’-valued measures. We refer to paper [3] for the
notations used in the paper as well as some preliminaries needed for the

paper.

Keywords: Non-Archimedean fields, zero-dimensional spaces, locally convex spaces.
Math. classification: 46510, 46G10.
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A. KATSARAS

1. Barrelledness in Spaces of Continuous Functions

We will denote by C.(X, E) the space C'(X, E') equipped with the topology
of uniform convergence on compact subsets of X. By M (X, E’") we will
denote the space of all m € M(X, E’) with compact support. The dual
space of C.(X, E) coincides with M.(X, E’).

Recall that a zero-dimensional Hausdorff topological space X is called a
po-space (see [1]) if every bounding subset of X is relatively compact. We
denote by p,X the smallest of all u,-subspaces of 3,X which contain X.
Then X C poX C 6,X and, for each bounding subset A of X, the set

A%% i contained in 1oX (see [1]). Moreover, if Y is another Hausdorff
zero-dimensional space and f : X — Y, then f%(u,X) C uoY and so
there exists a continuous extension fH° : p,X — poY of f.

Let us say that a family F of subsets of a a set Z is finite on a subset
F of Z if the family of all members of F which meet F' is finite.

Definition 1.1. A subset D, of a topological space Z, is said to be w-
bounded if every family F of open subsets of Z, which is finite on each
compact subset of Z, is also finite on D. If this happens for families of
clopen sets, then D is said to be w,-bounded. We say that Z is a w-
space (resp. a w,-space ) if every w-bounded (resp. w,-bounded) subset is
relatively compact.

Definition 1.2. A subset W, of a locally convex space F, is said to
be absolutely bornivorous if it absorbs every subset S of E for which
sup,cg |u(z)| < oo for all u € W The space E is said to be polarly
absolutely quasi-barrelled if every polar absolutely bornivorous subset of
FE is a neighborhood of zero.

Lemma 1.3. Fvery absolutely bornivorous subset W, of a locally convex
space E, absorbs bounded subsets of E.

Proof: Let B be a bounded subset of E and suppose that W does not
absorb B. Let |A| > 1. Since B is not absorbed by W, there exists u € W°
such that sup,cp |u(z)] = oco. Choose a sequence (x,) in B such that
|u(zp)| > | A" for all n. Since B is bounded, we have that y,, = A™"z,, — 0,
and so u(y,) — 0, a contradiction.

Definition 1.4. A subset A, of a topological space Z, is called aw,-
bounded if it is w,-bounded in its subspace topology. The space Z is said
to be an aw,-space if every aw,-bounded set is relatively compact.
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P-ADIC SPACES OF CONTINUOUS FUNCTIONS 11

Theorem 1.5. If D is an absolutely bornivorous subset of G = Co(X, E)
and if H = D° is the polar of D in the dual space M.(X,E') of G, then
the set
Y =S(H)=J supp(m)
meH
18 aw,-bounded.

Proof: Assume the contrary. Then, there exists a sequence (O,) of
open subsets of X such that Z, = O, NY # 0, Z, # Z, for n # k,
and (Z,) is finite on each compact subset of Y. For each n, there exists
an m, € H with O, N supp(m,) # 0. Let W, be a clopen subset of
Oy, such that m,(W,) # 0. Choose s, € E such that m,(W,)s, = 1,
and let |A\| > 1, hy, = XN'xw, Sn. Consider the set F' = {h, : n € N}.
For each m € H, the sequence (W,,) is finite on the supp(m) and thus
m(Wy) = 0 finally, which implies that sup,,| < m,h, > | < oo for all
m € H. Therefore, there exists o # 0 such that F' C aD. But then

1> <a thy,m, > | = a1\,
for all n, which is impossible. This contradiction completes the proof.

Theorem 1.6. Assume that E' # {0}. If the space G = C.(X, E) is po-
larly absolutely quasi-barrelled, then E is polarly absolutely quasi-barrelled
and X an aw,-space.

Proof: Let W be a polar absolutely bornivorous subset of E and let W?°
be its polar in E'. Let x € X and, for u € F’, let u, € G', u(f) = u(f(z)).
Consider the set H = {u, : v € W°}, and let D = H° be its polar in
G. Then D is absolutely bornivorous. Indeed, let M C G be such that
supsen |uz(f)| < oo for all w € W°. Thus, for u € W?, we have that
supsen [u(f(7))| < oco. Let S = {f(z) : f € M}. Since, for u € W°, we
have that sup,cg |u(s)| < oo and since W is absolutely bornivorous, there
exists a € K such that S C aW. But then M C aD. So, D is an absolutely
bornivorous polar subset of G. By our hypothesis, D is a neighborhood
of zero in G. Hence, there exist a compact subset Y of X and p € ¢s(E)
such that

{feG:|fllyvp <1} CD,
which implies that

{seE:p(s) <1} Cc W =W.
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A. KATSARAS

This proves that E is polarly absolutely quasi-barrelled. To prove that X
is an aw,-space, consider an aw,-bounded subset A of X, 2’ a non-zero
element of E’ and define p(s) = |2/(s)|. The set

V=AfeCX,E): flap <1}

is a polar subset of G. Also V is absolutely bornivorous. In fact, let Z C G
be such that sup;cy [u(f)| < oo for each u € V° C G'. We claim that V
absorbs Z. Assume the contrary and let |A| > 1. There exists a sequence
(fn)in Z, fn & A"V. Let

Vi =A{z: p(fu(z)) > [A["}.

Then V,, N A # (). Since A is aw,-bounded, there exists a compact subset
Y of A such that (V},) is not finite on Y. Let g, = f,|y and consider
the space F' = C(Y, F) with the topology of uniform convergence. Let
q € ¢s(F), q(g) = |lg]lp- Then ¢ is a polar seminorm on F' and so the
normed space F is polar. Since (V},) is not finite on Y, it follows that
sup,, ¢(gn) = 00. Let m : F' — F, be the canonical map and g, = m(gn).
Then sup, [|gn|| = oo. Since Fy is polar, there exists ¢ € F, such that
sup,, |¢(gn| = 0o. Let u = ¢ o m. For g € F, we have

[u(g)l = 1o(@)] < 18]l - llgllp-
Let
w:C(X,E) =K, w(f)=u(fly)

Then [w(f)| < [lol - || f|
then v € V°. But

vp and so w € G'. Let |y| > ||¢]. If v = vy lw,

sup [v(f)] > [y - sup [u(gn| = |7 - sup [¢(Gn)| = oo,

fez n n

a contradiction. This contradiction shows that V absorbs Z and therefore
V' is an absolutely bornivorous barrel. Thus V is a neighborhood of zero

in G. Let K be a compact subset of X and r € ¢s(F) be such that
{feG:flgr<1ycv.

Then A C K and so A is relatively compact. This clearly completes the
proof.

Theorem 1.7. Assume that E' # {0}. If E is polarly quasi-barrelled, then
G = C.(X, E) is polarly absolutely quasi-barrelled iff X is an aw,-space.
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P-ADIC SPACES OF CONTINUOUS FUNCTIONS 11

Proof: The necessity follows from the preceding Theorem.
Sufficiency : Let D be a polar absolutely bornivorous subset of G and
let H = D° be its polar in G’. By Theorem 9.17, the set

Y = S(H) = |J supp(m)

meH

ia aw,-bounded and hence compact. Let
o= [ m(K(X)).
meH
Then @ is a strongly bounded subset of E’. In fact, let B be a bounded
subset of E. The set
F={xas:Aec K(X),s e B}

is bounded in G. Since D is bornivorous, there exists a non-zero o € K
such that F' C aD. Thus, for m € H, s € B, A € K(X), we have that
a~tyas € D and so |m(A)s| < |a|. Therefore

sup |o(s)| < [af,
cd,seB

which proves that @ is strongly bounded in E’. But then ® is equicontin-
uous. Hence, there exists p € cs(F) such that

& C{se E:p(s) <1}°
Now
W={feG:|fllyp <1} C H°=D.

Indeed, let || fllyp, < 1 and let V = {z : p(f(z)) < 1}. For each clopen
subset V; of V¢ we have that m(V;) = 0 for all m € H. For A a clopen
subset of V and = € A, we have p(f(x)) < 1 and so |[m(A)f(z)| < 1, which

implies that
/fdm :‘/fdm‘él.
\%4

Thus W C D and the result follows.

Corollary 1.8. C.(X) is polarly absolutely quasi-barrelled iff X is an
aw,-space.

Corollary 1.9. Assume that E' # {0}. If E is a bornological space and
X an aw,-space, then C.(X, E) is polarly absolutely quasi-barrelled. In
particular this happens when E is metrizable.
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A. KATSARAS

Definition 1.10. A locally convex space E is said to be :

(1) polarly N,-barrelled if every w*-bounded countable union of equi-
continuous subsets of E’ is equicontinuous.

(2) polarly £>°-barrelled if every w*-bounded sequence in E’ is equicon-
tinuous.

(3) polarly co-barrelled if every w*-null sequence in E’ is equicontin-
uous.

Theorem 1.11. Assume that E' # {0} and let G = C.(X, E). Consider
the following conditions.

(1) G is polarly X,-barrelled.

)

2) G is polarly € -barrelled .
) G is polarly co-barrelled.
)

(

(3

(4) If a o-compact subset A of X is bounding, then A is relatively
compact.

Then: (a. (1) = (2) = (3) = (4).
(b). If E is a Fréchet space, then the four properties (1), (2), (3), (4)
are equivalent.

Proof: Clearly (1) = (2) = (3).
(3) = (4). Let (Y,,) be a sequence of compact subsets of X, such that
A = Y, is bounding, and choose a non-zero element u of E’. Let p be
defined on E by p(s) = |u(s)|. Then |lul|, = 1. By [5, p. 273] there exists
pn € M-(X) with N, (z) =1if x € Y;, and Ny, () =0if x ¢ Y;,. Let

mp, € M(X,E"), mu(A) = pun(Au

for all A € K(X). Let 0 < |[A\| < 1. For each f € C(X, E), we have

from

It follows that the sequence H = (A"my,) is w*-null and hence by (3)
equicontinuous. Let Y be a compact subset of X and ¢ € c¢s(F) be such
that

< fllyap - lImnllp < 1145

{(feG:|flvg <1} cH
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P-ADIC SPACES OF CONTINUOUS FUNCTIONS 11

But then A C Y and so A is relatively compact. Finally, suppose that F is
a Fréchet space and let (4) hold. Let (H,,) be a sequence of equicontinuous
subsets of the dual space M.(X,E’) of G such that H = |JH, is w*-
bounded. For each n, the set

Y, =S(Hy) = |J supp(m)
meH,

is compact. Also, the set
A=SH) =Y,
is bounding by [2, Prop. 6.6]. By our hypothesis, A is compact. Since F is
a Fréchet space, the space F' = (Cy.(X, E),7,) is a Fréchet space whose
dual can be identified with M (X, E"). As H is o(F”, F')-bounded, it follows
that H is 1,-equicontinuous. Thus, there exists p € c¢s(F) such that
{feCre(X,E): | fll, <1} C H”.
If [A| > 1, then ||m||, < |A| for all m € H. Now
{feG:|flap <IN} cH

This clearly completes the proof.

2. Tensor Products

Throughout this section, X, Y will be zero-dimensional Hausdorff topolog-
ical spaces and FE, F' Hausdorff locally convex spaces. Let By, (X ) denote
the collection of all ¢ € KX for which |¢| is bounded, upper-semicontinuous
and vanishes at infinity. For ¢ € B,,(X) and p € cs(E), let py be the semi-
norm on Cp(X, E) defined by

pe(f) = sup p(op(x) f(x)).
reX

As it is shown in [4], the topology [, is generated by the family of semi-
norms

{pg : ¢ € Bou(X), p € cs(E)}.
For ¢1,¢2 € By (X), it is proved in [4] that there exists ¢ € Boy(X)
such that |¢| = max{|¢)1|, |¢2’} If (bl € Bou(X)7 ¢2 € Bou(Y)a then the
function

d=01 xp2: X xY =K, ¢(z,y) = ¢1(x)02(y),
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A. KATSARAS

is in By, (X x Y') and, for each locally convex space G, the topology 3, on
Cy(X x Y, Q) is generated by the seminorms

Déixdss @1 € Bou(X), ¢2¢€ BOU(Y), p € cs(G).

Let F ® F be the tensor product of E, F' equipped with the projective
topology. For f € Cy(X, E), g € Cy(Y, F), define

fOg:XxY -E®F, fogry) =Ff(z)gy).
The bilinear map
V:EXF—-FE®F, (ab =a®b,

is continuous. Also the map (z,y) — (f(z),g(z)), from X x Y to E x F,
is continuous. Hence the composition f ® g is continuous. Since

p@q(f©g(z,y)) =p(f(x) a(gW) < fllp- lgllg:
f ® g is also bounded.

Theorem 2.1. The space G spanned by the functions
(xas) © (xpt), A€ K(X), BE K(Y), s€ E, t€F,
is Bo-dense in Cp(X XY, E® F).

Proof: Let p € cs(E), q € ¢s(F), 1 € Bou(X), ¢p2 € B (Y), ¢ =
@1 X ¢2. Consider the set

W={feCX xY,ERF): (p®@q)s(f) <1}
and let f € Cyp(X x Y, E ® F). We will finish the proof by showing that
there exists h € G such that f — h € W. To this end, we consider the set
D ={(z,y) : [$1(x)d2(y)| - p® q(f (2, 9)) = 1/2}.

Then D is a compact subset of X x Y. Let D1, Dy be the projections of
D on X,Y, respectively. Then D C D; x Dy. Choose d > ||¢1]|, ||¢2]| and
let € Dy. There exists a y such that (z,y) € D and so ¢1(z) # 0. The
set

Zy ={z € X t|¢1(2)] < 2|1 (2)[}
is open and contains x. Using the compactness of Dy, we can find a clopen
neighborhood W, of = contained in Z, such that p®q(f(z,y)— f(z,y)) <
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P-ADIC SPACES OF CONTINUOUS FUNCTIONS 11

1/ d? for all z € W, and all y € Ds. In view of the compactness of Dy,
there are x1, 22, ,2m € D; such that Dy C UL Wy, . Let

k
AL =Wey, A1 =W  \UWo,, k=12,...,m-1
j=1
Keeping those of the A; which are not empty, we may assume that Ay # ()

for all 1 < k < m. For kK = 1,...,m, there are pairwise disjoint clopen
subsets By 1,..., Bgn, of Y covering Do and y; € By ; such that

@ q(f(x,y) — f(xr,yr;)) < 1/d°
it y € By ;. Let

m Nk

h = Z ZXAk X XBy,; f(xkvykj)'

k=1j=1
Then h € G. We will prove that
[¢1(z)d2(y)| - p @ a(f(z,y) — h(z,y)) <1

for all x € X,y € Y. To see this, we consider the three possible cases.
Case I. = ¢ UjL; Ak. Then h(x,y) = 0. Also (z,y) ¢ D and thus

[¢1(@)d2(y) - p @ q(f(z,y)) < 1/2.
Case II. x € Ay, y € Dy. There exists j such that y € By ;. Now
p@q(f(z,y) = f(zr,y) <1/d® and p@q(f(ek,y) = f(or yr)) < 1/d%
Since h(z,y) = f(xk, yx;), we have

|p1(x)d2(y)| - p @ q(f(z,y) — h(z,y)) < 1.

Case III. x € A,y ¢ Ds. Then (z,y) ¢ D and so |¢1(x)d2(y)| - p @
q(f(z,y)) < 1/2.If h(z,y) # 0, then y € By, ;, for some j, and so h(z,y) =

f(xr, yij) and p@q(f (g, y) — f(xr, yrj)) < 1/d?. Since x € W, , we have
|p1(x)] < 2|¢p1(x)|. Thus

[P1(z)d2(Y)| - p @ a(f (2, y)) < 2[P1(zk)d2(y)| - p @ q(f(zk,y)) <1
since (zg,y) ¢ D. It follows that

[¢1(x)d2(y)] - p @ q(f (2, y) — h(z,y)) < 1.
Thus f — h € W, which completes the proof.

Lemma 2.2. Letp € cs(E), g € c¢s(F) andu € EQ F. Then :
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(1) If w=3i12i®y =>"a;®b;, then for all 2’ € E', we have

n

> (xi)yi = Y a'(ay)b;.
j=1

=1

(2) If p is polar, then, for any uw =Y 1 x; ® y;, we have

n
p®q(u) =sup{g(Y_a'(zi)y:) - o’ € E',|2'] < p}.
i=1
Proof: (1). Let h € F* and consider the bilinear map
w:ExF—K, wy) =2 (x)h(y).

Let @ : E® F — K be the corresponding linear map. Then

Zx'(:vz)h(yz) = <Z T X y1> =w (i a; & bj) = ix’(aj)h(bj).
i=1 i=1 J=1 J=1

Since this holds for all h € F*, (1) follows.
(2). Let d = supj,/<, ¢(3oi21 2'(24)y;). For any representation

m
UZZCLJ‘@b]’
j=1

of u and any 2/ € E', with |2'| < p, we have

q (Z x’(@j)bg‘) < Sup 2" (a5)]q(bs) < supp(a;)q(by)

j=1 J

and so d < supjp(a;)q(bj), which proves that d < p ® g(u). On the other
hand, let u = }i* ; x; ® y; and let G be the space spanned by the the
set {y1,...,Yn}. Given 0 < t < 1, there exists a basis {w1,...,wy} of G
which is t-orthogonal with respect to the seminorm ¢q. We may write u in
the form u = Y7 2z ® wy. For 2/ € E’||2'| < p, we have

m
/ >t /
q (gw (Zk)wk> = 12%8271 |z (Zk:)\Q(wk),
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P-ADIC SPACES OF CONTINUOUS FUNCTIONS 11

and so

o' (zp)wg | >t sup max|z’(2;)|q(wy)
ja/|<p

e

lz'1<p  \g=1

=t - max l sup !a:/(zk)fl q(wi)
|l='|<p

= t-maxp(zp)g(wy) 2 1-p® q(u)-
Since 0 < ¢ < 1 was arbitrary, we get that d > p®q(u) and so d = p®q(u).

Lemma 2.3. If p € cs(F) is polar and ¢ € B,y (X), then py is a polar
continuous seminorm on (Cy(X, E), B,).

Proof Let py(f) > 6 > 0. There exists € X such that |¢(z)|p(f(x)) >
6 and so p(f(xz)) > a = 6/|¢(x)|. Since p is polar, there exists 2/ €
E',|2'| < p, such that |2/(f(x))] > «a. Let

v:Cp(X,E) =K, v(g9)=¢(x)r'(g9()).

Then v is linear and |v| < pgy. Moreover, |v(f)| > 6, which proves that py
is polar.

Theorem 2.4. If E is polar, then there exists a linear homeomorphism
w: (Cp(X, E), Bo) @ (Co(Y, F), Bo) — (Co(X XY, E® F), B)

onto a fy-dense subspace of Cp(X XY, E®F'). Moreover w(f®g) = fOg
forall f € Cy(X, E), g € Cp(Y, F).

Proof: Let
G = (Cb(X7 E): ﬁo) & (Cb(Y7 F)v ﬁo)'

The bilinear map
T: (Cb(X7 E)7 60) X (Cb(Y7F)7 50) - (Cb(X X Y7E®F)7 60)7

T(f,9) = f ® g, is continuous. Indeed, let p € cs(F) be polar, ¢ €
CS(F)7 ¢1 € BOU(X)v ¢2 € BOU<Y)7 ¢ = ¢1 X ¢2- Then

(P@q)e(fOg) = Sup |p1(2)P2(y)lp ® q((f(x) ® g(y))

= sup lp(z,y)|p(f(2))a(9(y)) = pg, (f)as.(9),
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and hence T is continuous. Let
w:G@— (Co(X XY, EQF), 3,)

be the corresponding continuous linear map.
Claim. For each u € G, we have

(P @ q)p(w(u)) = pg; @ qg, ().

Indeed, if u = >}_; fr ® gk, then

|91(2)P2(y)| - p @ q(w(u)(z,y)) = [¢1(z)P2(y)| - p @ ¢ (i: fi(z) @ gk(y)>
k=1

< [¢1(w)2(y)| 'm]?Xp(fk(x))Q(gk(y))
< max pg, (fi)dg, (98)-

Thus
(p @ g)g(w(w)) < maxpy, (f)ds, (95),
which proves that
(P @ @)p(w(w) < po; @ gg,(u).
On the other hand, given 0 < t < 1, there exists a representation u =

Yor—1 fx®gk of u such that the set {g1, ..., gn} is t-orthogonal with respect
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P-ADIC SPACES OF CONTINUOUS FUNCTIONS 11

to the seminorm g¢4,. Now

(P ® q)p(w(u)) ZS}EI@( Y)lp®q (Zn: )
= S;g) ’¢1( ) ’ sup{q (Z ) : ’1‘/’ Sp}

= sup |[¢1(z)[ - sup {Supldn( )| 'Q(Zx’(fk(ﬂ?))gk(y))}]

r | lz’|<p k=1

= sup |[p1(z)] - sup gg, (Z xl(fk(ﬂf))gkﬂ

z | |z |<p k=1

> ¢t - sup [|¢1($)| ' |St|1p mgXlx’(fk(fE))\ s (gk)l
z ' |<p

=t sup [l61(0)] - (ms (i) (1) )
=t maxpg, (fi)dsz(9) 2 1 Por © don ()-

Since 0 < t < 1 was arbitrary, we get that (p ® q)g(w(u)) > Py, ® ¢4, (1)
and the claim follows.

It is now clear that w is one-to-one and, for M = w(G), the map w :
G — (M, 3,) is a homeomophism. Since, for A € K(X), Be€ K(Y), a €
E, b € F, we have that (yaa) ® (xgb) € M, it follows that M is 3,-dense
in (Cyo(X xY,EQF),,) in view of Theorem 2.1. This completes the proof.

For ' € F' and ¢y € F’, we denote by 2’ ® 3/ the unique element of
(E® F)" defined by
' @y (51 ® s2) = 2'(51)y' (52).

Theorem 2.5. Assume that E is polar and let m; € My(X,E'), mg €
MY, F"). Then there exists a unique m € My(X xY,(E® F)") such that

m(A x B) =mi(A) ® ma(B)
for Ae K(X), Be K(Y). Moreover, forg € Co(X,E), f € Co(Y,F), h =

g © f, we have
/hdm: (/gdm1>-(/fdm2>.
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Proof: Since my is Bo-continuous on Cy(X, F), there exist ¢1 € Boy(X)
and a polar continuous seminorm p on E such that | [ gdmi| < pg, (g) for
all g € Cp(X, E). Similarly, there exist ¢2 € By, (Y) and g € e¢s(F') such
that | [ f dma| < gg,(f) for all f € Cy(Y, F). Consider the bilinear map

T: (Cb(X7 E)aﬁo) X (Cb(}/v F)>ﬁ0) - K,

T(g,f) = (/gdml) : (/fdmg).

Then T' is continuous since |T'(g, f)| < P, (9) - ¢4, (f). Hence the corre-
sponding linear map

Y:G= (Cb(X’ E)aﬁo) & (Cb(Y7F)vﬂo) - K

is continuous. Let w be as in the preceding Theorem and M = w(G). The
linear map

vi(M,Bo) =K, v=¢ouw

is continuous. Since M is f,-dense in Cp(X x Y, E ® F), there exists a
unique f,-continuous linear extension ¥ of v to all of Cp(X X Y, E® F).
Let

m e MyX x Y,(E® FY)
be such that 0(h) = [ hdm for all h € Cy(X x Y, E® F). Taking
h = (xas1) © (XBS2) = XaxBS1 ® 2,
where A € K(X), Be K(Y), s1 € E, sy € F, we get that

(A B)(s19 59) = [ hdim = w((xas1) © (xps2)

= (m1(A)s1) ® (m2(B)s2))
= [m1(A) @ ma(B)](s1 ® s2).

Thus m(A x B) = m1(A) @ ma(B). If g € Co(X, E), f € Cp(Y, F) and
h=g® f, then

[ ham =) = vige 1) = ([ gdm) - ( [ fams).

Finally, let p € My(X x Y, (E ® F)') be such that u(A x B) = m1(A) ®
ma(B) for all A € K(X), B € K(Y). The map

v CX XY, E@F) =K, uv(h)= /hd,u,
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is B,-continuous. Taking

h = (xas1) ® (xBS2) = XAxBS1 ® 52),

where A € K(X), Be K(Y), s1 € E, s2 € F, we have that v;(h) = 9(h).
In view of Theorem 2.1, we see that v1 = ¥ on a (,-dense subspace of
Cy(X xY,E ® F) and hence vy = 0, which implies that m = p. This
completes the proof.

Definition 2.6. If m, mo,m are as in the preceding Theorem, we will
call m the tensor product of m1, my and denote it by m; ® ms.

Theorem 2.7. Assume that E is polar and let m; € M; (X, E'), mg €
M, 4(Y, F'). Suppose that p is polar. Then

(1) m=m1 ®@mg € Mypaq(X XY, (E®F)') and
Imlpeq = lImallpllmallq-
(2) If ¢1 € Bou(X), ¢p2 € Bou(Y) are such that | [ gdmi| < pg,(9),
forallg € Co(X, E), and | [ fdma| < pg,(f), forall f € Cy(Y, F),
then for ¢ = ¢1 X ¢o, we have

‘/hdm' <(p®q)y(h), forall heCy(X xY,EQF).

Proof: Let ¢1 and ¢2 be as in the Theorem. For g € Cy(X, E), f €
Cy(Y,F) and h = g ® f, we have

’/hdm‘ = ‘(/gdrm) : (/fdm2>’ < Pg,(9)d, (f)-

It is casy to see that [ 6h]peq = |19l - 9[- Thus

[ ham] < ol

Since both maps h — (p® ¢)4(h) and h — [ hm are ,-contiuous and M
is B,-dense, it follows that

[ | < ohlc.
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for all h € Cp(X X Y,E ® F). Hence m € M; pz4(X x Y, (E ® F)'). For
g€ (X, E), feCy(Y,F), h=g0® f, we have

Jram|=|([oim)-(f ram2)
=l Imala] - DAl

Thus [|[m|peq < [[millp - [|mellq = d. If d > 0 and 0 < €1 < ||mlp, 0 <
€2 < ||mal|q, then there are A € K(X), B € K(Y),s1 € E, sy € F, such
that

< [lmallp - llgllp - llmzllq - 1 £1lq

|m1(A)s1]
P(Sl

[ma(B)s2]
Q(Sz)

> [[mallp — e, > [[mally — €2

Now
‘77_”0(14 X B)81 &® 82‘
P ®q(s1 @ s2)

Taking €1 — 0, e2 — 0, we get ||m||peq > [|m1]lp - |m2]lq, which completes
the proof.

Lemma 2.8. Let m € M,(X,E'), V € K(X) and
a =sup{|m(A)s|: A e K(X),AC V,p(s) <1}.

172 ]|peq = > ([lmallp =€) - (lmallq — €2)-

Then
(1) for any A € K, with |A| > 1, we have a < m, (V) < |Aa.

(2) If the valuation of K is dense or if it is discrete and p(E) C |K]|,
then
mp(V) = a.

Proof: (1). If p(s) < 1 and A € K(X), A C V, then |m(A)s)| <
mp(V) - p(s) < m,(V) and so a < m,(V).On the other hand, if p(s) > 0,
then there exists v € K with |y| < p(s) < |yA|. Now, for A C V, we have

Sy - A)s|
o> m(A) (A g > (A sl
> () (k) 2 ot I

It follows that a|A| > m,(V).
(2). It is clear from (1) that o = m,, (V) if the valuation is dense. Suppose
that the valuation is discrete and p(E) C |K|. If p(s) > 0, then there exists

~v € K, with p(s) = |y|. For A C V, Wehave‘miss—| (A (v 1s)] < «
and so m, (V') < «, which completes the proof.
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Theorem 2.9. Assume that E is polar and let p € cs(E) be polar, q €
es(F). If mp € My, (X, E"), mg € My o(Y,F') and m = my ® mg, then,
for |A| > 1, we have

N p(@) - Ning,g(y) < Ninvpg (@5 4) < [A[Nmy p(2) - Nimg,q(y)-
If the valuation of K is dense or if it is discrete and q(F) C |K|, then

le,p(@ 'Nmm(y) = Nm,p@q@vy)

Proof: Let Z be a clopen neighborhood of (x,y). There are A €
K(X), B € K(Y) such that (z,y) € Ax B C Z. For s; € E, sy €
F, s = 51 ® so, with p(s1) <1, q(s2) < 1, we have

[m1(A1)s1] - [ma(B1)sa|

sup < |Mlpeqe(Z)
A1CA,B1CB p®q(s) ’ ‘p q(

and so

Ny p(@) - Ninyg(y) < [map(A) - |malg(B) < |mlpgqe(Z).
Hence
Ny p(@) * Ningg(y) < Nigvpgg(@, ).
On the other hand, let Ny, p(z) - Ny, q(y) < 6. There are clopen sets
Vi, Va,
zeWVi,y e Va, Imi|p(V1) - Ima|y(Va2) < 6. Let

d =sup{|m(D)u|: D C V4 x Vo, p® q(u) < 1}.
Let u € F® F with p® ¢(u) < 1. Given 0 < ¢ < 1, there exists a
representation u = Zé-v:l s; ® aj of u such that the set {ai,...,an} is
t-orthogonal with respect to the seminorm q. Now

N
1>p®q(u) = sup q (Z 3?’(8;‘)%‘)

lz'|<p - \j=1

>t- sup max!xl(SjNQ(aj)
lz'|<p 7
=t. mjaxp(Sj)Q(aj)‘

Let 0 < € < 0. There exists a compact subset G of X x Y such that
|| peq(W) < € if the clopen set W is disjoint from G. Let D be a clopen
subset of V; x V. For each z = (a,b) € GN D, there are clopen neighbor-
hoods W, M, of a, b, respectively, with (a,b) € W, x M, C D.

185



A. KATSARAS

In view of the compactness of GN D, there are z; = (x;,y;) € GND, i =
1,...,n, such that

n
GNDcC Dy =)W, x M, CD.

i=1
There are pairwise disjoint clopen rectangles A; x Bj, j = 1,...,k, such
that
k
D1 = U Aj X Bj.
j=1
Now
k
m(D)SZ X a; = m(D \ Dl)Si & a; + Z m(A] X Bj)Si X a;.
j=1

Since D \ D is disjoint from G, it follows that
[m(D\ D1)si © ai| < [Mlpog(D\ D1) - p @ q(si ® a;) < €/t <0/t.
Also,
[m(Aj x Bj)si @ ai| = |ma1(Aj)si] - [m2(Bj)ail
< [malp(Vi)p(si) - [malq(Va)g(as)

< [malp(V) - Im2ly(V2)
t

< 0/t
Thus |m(D)s; ® a;| < 8/t and hence
[m(D)u| < max [m(D)s; ® ai| < 0/t.

This proves that d < 6/t and so |m|pee(V1 x V2) < |A|-0/t, which shows
that Ny, peg(z,y) < |A|0/t. Therefore

Al
v thp(f)Nmmq(y)-

Since 0 < t < 1 was arbitrary, we get that

Nm,p@q (xu y) <

Ninp@q(®,5) < AL+ Ny p(2) Nims g (1)-
If the valuation of K is dense or if it is discrete and ¢(F') C |K|, then

d = [mlpee(V1 X V2) < 6/t
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and hence Ny, poq(z,y) < 0/t. Since 0 < t < 1 was arbitrary, we have that
N poq(z,y) < 0, which shows that

Nm,p@q(x) S le’p(l') ' Nmz,q(y)7
and the result follows.
Note 1. Assume that K is discrete. If p is polar and q(F') C |K| , then
p®q(E®F) C K|
This follows from the fact that, for u = Y ;' | x; ® y;, we have
n
p®q(u) = sup g (Z l"(l‘i)%) :
lz'I<p \i=1
We have the following easily established

Theorem 2.10. Let my, ma, m be as in Theorem 2.9. If Vi € K(X), Vo €
K(Y) and |\ > 1, then

Imalp(V1) - [malg(Va) < [mlpeq(Vi x Va) <AL= fmalp(V1) - [male(V2).
If the valuation of K is dense or if it is discrete and q(F') C |K|, then

Imalp(V1) - [malq(Va) = [Mpeq(V1 x Va).
Theorem 2.11. Let mq, mo, m be as in Theorem 2.9. Then
supp(m) = supp(mi) x supp(msz).

Proof: Let A1 ={z € X : Ny, p(x) # 0}, Ao ={y €Y : Ny, 4(y) #
0}, and A = {(z,y) : Nmpaq(x,y) # 0}. Then A = Ay x Ay. The result
now follows from [3, Thm. 2.1].
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