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WEIGHTED MEANS IN NON-ARCHIMEDEAN FIELDS

P.N. Natarajan

§1. INTRODUCTION.

In developing summability methods in non-archimedean fields, Srinivasan [6] defined
the analogue of the classical weighted means (N, p,) under the assumption that the se-
quence {p,} of weights satisfies the conditions :

lpol < Ipal < Ip2|l < ... < Ipal < ..o (1)
and lim |pn] = oo. (2)
n—oo

However, it turned out that these weighted means were equivalent to convergence. In the
present paper, an attempt is made to remedy the situation by assuming that the sequence
{pn} of weights satisfies the conditions :

pn # 0, n =012,..; (3)
and il < I1Pjl,i = 0,1,2,....5, j =0,12..., (4)

J

where P; = Zpk, §=0,1,2,... . Note that (3) and (4) imply P, # 0, n=0,1,2,... .
k=0

(4) is equivalent to

| < i1, 7 =
Orrslia%(]lpzl — lP]Iv J 031723

Since the valuation is non-archimedean,

| o< .
|P;| < 0’2?%%'1’1!

so that (4) is equivalent to |P;| = max. lpjl = Ipjl- (4
<i<y
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The assumptions (3) and (4) make the method of summability arising out of the
weighted means non-trivial in certain cases (Remark 4) and further make it possible to
compare two regular weighted means (Theorem 3) or compare a regular weighted mean
with a regular matrix method (Theorem 4 and Theorem 5). This helps us to obtain (§4) a
strictly increasing scale of regular summability methods in Q,, the p-adic field for a prime
p; analogous to the scale of Cesaro means in IR (the field of real numbers). These arise
out of taking the weights

P = p™, if n isodd;
1 . .
= —, if n iseven,
p

n=0,1,2..., k=0,12,... .

For a knowledge of (N, p,) methods in the classical case, the reader may refer [2],[5]
and for analysis in non-archimedean fields [1].

§2. PRELIMINARIES .

Throughout this paper, K denotes a complete, non-trivially valued, non-archimedean
field and infinite matrices and sequences have their entries in K. Given an infinite matrix

A = (ank),n,k =0,1,2,... and a sequence {zx}, k = 0,1,2,..., by the A-transform of
{zx}, we mean the sequence {(Az),} where
(Az), = Zankxk, n=0,12...,
k=0

it being assumed that the series on the right converge. If lim (Az), = s, we say that {z;}
is A-summable (or summable by the infinite matrix method A) to s. If lim (Az), = s
n—oo

whenever lim z; = s, the matrix method A is said to be regular. It is well-known (see

(3], [4]) th:: : is regular if and only if
(a) sup |ank| < 00
(b) e ank =0, k=01,2... ;
and e (5)
@ Jm(Sew)=
k=0

(cf. For criterion for the regularity of a matrix method in the classical case see [2], p.43,

Theorem 2). If a regular matrix A is such that lim (Az), = s implies klim T = s, the
n—oo — 00

matrix method A is said to be trivial. Given two infinite matrix methods A, B, we say
that A is included in B, written as A C B, if any sequence {z} that is A-summable to s
is also B-summable to s. An infinite matrix A = (ank) is said to be triangular (or, more
precisely, lower triangular) if ape =0, k>n, n=0,1,2,....
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Definition 1. The (N, p,) method is defined by the infinite matrix (anx) where

Ank = ﬂa k S n
P (6)
= 0,k>n
Remark 1. If P}';H I >1, n=0,1,2... and lim |P,| = oo i.e. |Py,]| strictly increases
n n—oo

to infinity, then the method (NV,p,) is trivial. For |pn| = |P, — Paz1| = |Pal, since
|Pal > |Pa-1]- So (1) is satisfied. Since lim |Py| = oo, im |p,| = oo so that (2) is
n—oo n—oo

satisfied too. Hence (N, p,) is trivial because of Theorem 4.2 of [6].
In the sequel we shall suppose that the sequence {p,} of weights satisfies conditions
(3) and (4).
An example of such an (N, p,) method corresponds to {p,} defined by
pn = p*, if n isodd;
1
P’

if n iseven,

where K = Q,.
Remark 2. We note that (4) is equivalent to

IPn+lI Z anl, n = 0,1,2,,... . (7)

Proof. Let (4) hold. Now

P = ;
l n+ll Osr?g_’_l Ipll

max [Org?.sxn pils  |Patal ]

I

max [ ‘Pnlv lpn-Hl }

Z anL n=0)1»27---

Conversely, let (7) hold. For a fixed integer j > o let 0 <: < j. Then

lpil = |Pi— Pi_yl
< max [ |P], |Pi-y]]
< |PA
< | ,

by (7).

193
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§3. MAIN RESULTS.
Theorem 1. (N, pn) is regular if an only if

lim |P,] = o0 (8)

n—oo

Proof. Let the (N,p,) method be regular Using (6) and (5)(b), we note that (8) holds.
Conservely, let (8) hold. In view of (6) and (8) it follows that lim an, = 0, k = 0,1,2,... .
n—oo

Now, |ank] =0, k> n. fk < n, |ag| = ||1P;k]| < 1, in view of (4).

o0 [o o]
Also Zank =1, n = 0,1,2,... so that lim (Z a,,k) = 1. Thus, by (5) the method
n—0o0

k=0 k=0
(N, pn) is regular.

Remark 3. If (NV,p,) is non-trivial, then (1) cannot be satisfied. Suppose (1) holds,
then |pa| = |Pa| so that (2) also holds. Thus (N, p,) is trivial by Theorem 4.2 of [6], a

contradiction. This establishes the claim.

Remark 4.  There are non-trivial (N, p,) methods. Let a € K suchthat0 < ¢ = |a]| < 1,
this being possible since R is non-trivially valued. Let

1 1
{pn} = {a,'&a,as,gz, }

1
(Lol )
a ol

It is clear that {s,} does not converge. If {t,} is the (N, p,) transform of {s;},

and

{sn}

bl = |—

[tok41] =

AN
(o}
N
E
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so that lim ¢, = 0. Thus {s,}, though non convergent, is summable (N, p,) ( in fact, to
n—oo

0). This establishes our claim.

Theorem 2. (Limitation theorem) If {s,} is summable (N,p,) to s, then

lsn—s|=o( i

Pn

), n — oo.

Proof. If {t,} is the (NV,p,) transform of {si}, then

pn(sn - 3) l . PnSn — pns)‘
P, P,
_ Potpn — Ppn_ita—) ’"s(Pn"‘Pn—l|
= P,
 {Palta=$) = Pacs(tnos — 5)
= 7.
Pn—l
< - —
o[t |52 o]
< max [ |th —s|, [tam1 —s|]

PI";I | <1, by (7). Since lim t, =s, it follows that lim

n—0o0

since

IL(S}'},,_—S‘)I= 0. Thus

P

Is,,-s]:o(

),n—»oo.

Theorem 3. (Comparison theorem for two regular weighted means). If (N,pn), (N,qn)
are two regular methods and if

Pn

Pn

Qn

qn

< H

, n=0,1,2,..., (9)

oo
where H > 0 is a constant and Q, = qu, then (V,pn) C (N, ¢a).
k=0

Proof. Let, for a given sequence {s,},

PoSo + P1S1+ ...+ PnSn
t, = )

P,

w, = q050+qlsl+"-+q"3n’n=0,1,2,~"'

Q@n
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Then poso = Poto, PnSn = Pntn — Pn_ytn_y, n=1,2,... . Now,
up = [ Poto+ S (Pity = Poto) +... + 2Pty = Potoy)]
Qn DPn
= chktk,
k=0
here P,
w ek = (Qk ¢1k+1) & k< n;
P Pr+1/ Qn’
P
= _‘_1_!:__1:’ k=n;
Pk Qk
= 0, k>n.

Since hm |Qr| = o, hm k=0, k=0,1,2,... . Ifs,=1,n=0,1,2,...,

th =up, = 1, n=0,1,2,..‘sothathnk=1, n=0,1,2,...and so lim (chk)

k=0 n—oo k=0
Let k<n
9 qk41| | P
Icnki = —_— = |5
Pk Pk+1 Qn
9k gk+1] | Pr
< max[ |2 |50 o] I
p Pk+1l Qn ]
< max |2 |gh] [ [ ]
Prt1! 1 Qr41
< H,
1 1 1
by (9) , since k < n implies |Q|, |Qk+1] £ |@»| and so — < o O —— and | Pg| < |Pryal-
k +1
n Pn
Ifk=n, |can| = =0 < H, k > n. Consequently sup |ank| < H..

n

The method (cqk) is thus regular, using (5) and so (N,p,) C (V,qn) . The proof of the
theorem is now complete.

Remark 5. Note that the classical counterpart of Theorem 3 (see [2], p.58, Theorem
14) has an additional hypothesis.

Theorem 4. (Comparison theorem for a regular (N, p,) method and a regular matrix).
Let (N,p,) be a regular method and A be a regular matrix . If

P |
Ink’k _0, n=0,1,2,...; (10)
k—oo Dpg

and (ank Qn k+1

P|< , 11
Pk Pk+1) K|S ( )
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then (N, p,) C A.

Proof. Let {s,} be any sequence , {t,}, {7n} be its (N, p,), A transforms respectively

so that
Poso + 151+ ... + PnSn

th, = s
P,
)
Tn = Zanksk, n=20,1,2,....
k=0
Now,
Pty — Pp_151tng
Sp = 2 = ,P_1 =0

Pn
(e <]

Let lim t, =s. 7, = E ankSk exists . n=0,1,2... and in fact
n—0oo
[o o]

k=0
o o]
Pty — Pr_iti—
Thn = Zanksk Z ank{ }

k=0 k=0 Pk

[ o}
3o (Bt - Skt pyg

k=0 Pk Pk+1

. . an k+1
since lim —=*Pt,
k—oo prt1

bounded and i P
Pyy

0 by (10) and using the fact that {t;} is convergent and so

‘S 1. We can now write

oo
Th = Z bnktk ’
k=0

bnk = (.an_k _ ————an’k+l)Pk .
Pk Pk+1

where

By (11) , sup |bnk| < 00. Since A is regular , lim anx =0, k=0,1,2,... so that
n,k n-—0oo

lim b,y =0, k=0,1,2,... .Let s, =1, n=0,1,2,.... Thent, =1, n=0,1,2,... .

n-—+00

o] (o] oo
It now follows that ank = Zank, n = 0,1,2,... . Consequently nlin;o(z b,,k)—-—-
k=0 k=0 k=0
o
lim (Z ank)= 1. The method (b,x) is thus regular and so lim ¢, = s implies lim 7, =
k=0

s. i.e. (N,pa) C A.

Theorem 5. (N,p,) is a regular method and A = (aa) is a regular triangular matrix.
Then (N, p,) C A if and only if (11) holds.



198 P.N.Natarajan

Proof .  Let (11) hold. Since A4 is a triangular matrix, (10) clearly holds. In view of

Theorem 4, we have (N,p,) C A. Conversely, let (N,p,) C A. Following the notation of

Theorem 4, let lim t, = s. As in the proof of Theorem 4,
n—oo

) =)
Th = Zanksk = Z bnktkv
k=0 k=0

where

bok = (-an—k — ———an’k+l)Pk .
Pk Pk+1

Since (N, pn) C A, for every sequence {t;} with klim ty = s, im 7, = s. This means that
—_— 00 n-—0oo

(bnk) is a regular matrix and so (11) holds. This complices the proof.

§4. A SCALE OF STRICTLY INCREASING WEIGHTED MEANS.
We conclude the present paper by obtaining a strictly increasing scale of regular

summability methods in Q,. We define, for k = 0,1,2,..., the method (¥, ps.k)) by
(k) nk

pn. = p*, if n is odd;
= —, if n 1is even;
Pnk
We now establish that
—_ Cc
(N.pP) # (N, plEth). (12)

We apply Theorem 3 to prove this assertion. For convenience, let p, = pg,k) and

qn =p£;k+1), n=0,1,2,... . If nis odd,

P, 1 1 _ 1
P c(n=Dk "~ onk T @rn-Dk
Qn| _ 1 1 1 B
"qji T =D+ on(k+1) = c(2n=1)(k+1)° c=|pl <1,
so that & < lQﬁ
Pn dn
If n is even, P, 1 ”
—| = e =1
Pn ¢
1
% = ot =1
Thus I& < Q_ﬁ
Pl 7 lgn
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in this case too. Consequently, by Theorem 3, (N, pg,k)) c (N, pg,kﬂ)). Let now

s = 0, if n iseven;

1

= ;,;{'ﬁm, if n isodd .

Let {r,} be the (N,q,) transform of {s,}.
If n is odd,

1 1
k+1 3(k+1) k+1
0+ p*tt. k1+0+p( .m+“.+0+pn( ).

199

1

pr(k+D+k(n=1)

1 1
k+1 n(k+1)
1+p + PR +ooF P DD +p
1

_ Clc(n-—l)
- 1
clk+1)(n-1)

— Cn—l

If n is even,

1 1
_ k+1 3(k+1) | ____
Irnl = ‘0‘*‘? F +0+p PGSR +...+0 ‘
+ (n=1)(k+1) | 1 +0
| p p(n—1)(k+1)+k(n-2)
1 — |
1+pF+t 4+ RCTErS RUREE 4 p(nmD=(k+1) o —OFD
p p
L)
cn(k+1)
= "2k

In both the cases , lim 7, =0 . Thus {s,} is summable (N, q¢,) to 0. Let , now , {tn} be

the (N, p,) transform of {s,}.
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If n is odd

1

1 1
k 3k k
0+ pk+1 +0+p7 p3(k+1)+2k to+0+p™ pr(k+1)+k(n-1)

'Tnl - I k 1 1 nk
1+p +;ﬁ+...+m+p

1

k(n-1)
= _Q’i_l__

c(n=1)k

1
cn

1 . . ~
Since = > 1, nhm [tn| = oo that {t,} cannot converge. Thus {s,} is not (N, p,) summable
~—00

and consequently (12) holds.
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